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We investigate how resonant excitation near exceptional points manifests in Kerr black hole
ringdown waveforms and examine its extraction. Using waveforms generated by localized initial
data, where quasinormal mode amplitudes are given solely by excitation factors, we establish a
controlled benchmark for overtone extraction. Applying an iterative fitting method with mirror
modes, we analyze a mild resonance in the (I,m) = (2,2) multipole and a sharp resonance in the
(3,1) multipole occurring as part of a sequence of successive resonances. For (2,2), we extract the
fundamental mode, the first three overtones, and the fundamental mirror mode with relative errors
below 10%, and show that residual waveforms exhibit the expected damped sinusoids together with
distinctive resonance signatures. For (3,1), we demonstrate that resonances can not only amplify
but also reduce quasinormal mode excitations, reshaping the overtone hierarchy and rendering the
sharp resonance more pronounced in ringdown. Our results clarify the imprint of resonance in
Kerr ringdown and highlight both the robustness and limitations of current extraction techniques,
providing a foundation for more reliable extraction of higher overtones and for applications to

observational data analysis.

I. INTRODUCTION

The ringdown phase of gravitational waves emitted
by perturbed black holes encodes fundamental informa-
tion about the spacetime geometry in the strong-field
regime [IH3] (see reviews [4H0]). In this phase, the sig-
nal is well described by a superposition of quasinormal
modes (QNMs), whose complex frequencies are deter-
mined solely by the background spacetime. In addition
to the QNM frequencies, their complex amplitudes also
carry key information about the strong-field physics, such
as the excitation process and the spacetime structure,
because the amplitudes can be factorized into a term de-
pendent on the initial data and an excitation factor, the
latter of which depends only on the background space-
time.

Recent studies have revealed that the excitation fac-
tors play a dominant role in determining the overtone
hierarchy, particularly for prograde modes in ringdown
signals. This behavior has been confirmed through fit-
ting analyses of the ringdown signal in multiple contexts:
waveforms sourced by plunging particles [7, [§], numerical
relativity simulations of binary black hole mergers [9HIT]
(see also Sec. 5.1.3 in Ref. [0]), and direct evaluations of
the source term in the Schwarzschild case [12]. E| While
the absolute amplitude depends on the initial data, the
relative ratios among prograde overtones are largely gov-
erned by the excitation factors and exhibit only a weak
dependence on the initial data and source configuration.

1 However, the ratio between the prograde mode and retrograde
mode depends on the initial data [9].

Consequently, a reliable extraction of QNM amplitudes
across multiple overtones would open a new window for
probing the strong-gravity field and diagnosing the black
hole parameters beyond what is accessible from frequency
measurements alone.

A particularly intriguing feature arises when QNM fre-
quencies approach each other in the complex plane. This
leads to an avoided crossing in which the QNM frequen-
cies trace a hyperbolic trajectory, together with resonant
amplification of the corresponding excitation factors in
a lemniscate pattern [I3], [14], which has been proposed
recently as a resolution of the longstanding mystery of
the “dissonance” anomaly in Kerr QNM spectrum [I5],
as well as a novel diagnostic of black hole structure and
a potential probe of new physics. Furthermore, it has
been derived in Ref. [I3] that this phenomenon univer-
sally occurs near exceptional points [16], a characteristic
feature of non-Hermitian systems that were identified in
gravity for the first time. Similar behavior has also been
reported in Einstein-Maxwell-axion system [17], reinforc-
ing the potential of the resonance to probe new physics.

From the symmetric amplification of excitation factors,
one might expect that such paired modes with destruc-
tive interference do not cause obvious signatures and only
mildly affect the ringdown signal [I8]. However, in gen-
eral, exceptional points generate a qualitatively different
time dependence in non-Hermitian systems [19,20]. Such
a peculiar time dependence has been indeed confirmed in
the ringdown waveform through fitting, as demonstrated
for the resonance involving the fundamental mode in the
perturbed Regge-Wheeler potential [2T]. Still, since res-
onance phenomena in Kerr QNMs occur between higher
overtones, it remains unclear both how such resonances
manifest in the ringdown waveform and how reliably they
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can be extracted.

In general, the extraction of overtone amplitudes re-
mains a challenging problem. Traditional fitting ap-
proaches face ambiguities in determining the ringdown
start time [22H24] and are prone to overfitting [25H29].
The standard mismatch metric is often insufficient to
guarantee that the fit captures the true physical content
of the signal [25] [26]. The practical way to evaluate the
quality of the fit is to examine the stability of the param-
eters when varying the fitting window. While it depends
on the fitting method, criteria of stable extraction, and
the waveform of interest, the robust fitting of overtones
has so far been limited to roughly the second [30}, B1],
third [IT}, B2], or fourth overtone [29]. Developing meth-
ods to reliably fit higher overtones, as well as identifying
better indicators of fit quality, remains an important and
pressing task.

One promising approach is the iterative fitting algo-
rithm proposed in Ref. [29], which extracts QNM contri-
butions sequentially and mitigates the overfitting issue.
In this algorithm, we first identify the longest-lived QNM
in the waveform and subtract it from the data. The re-
sulting residual is dominated by the next-longest-lived
mode. By iteratively repeating this process, we can sys-
tematically peel off one mode after another. The iter-
ative method has shown promise in extracting multiple
overtones with improved stability [29]. This strategy has
been employed in both linear and nonlinear fitting in re-
cent studies 10} 1], BT, B2].

The aim of the present work is to identify and char-
acterize the features of resonant excitation in the Kerr
ringdown waveform. Our analysis combines three key in-
gredients: recently computed excitation factors [I3] [14],
the iterative extraction method [29], and a Kerr ringdown
waveform generated by localized initial data [7, B3]. In
this waveform, modeled as a delta-function source term,
the QNM amplitudes are given solely by the excitation
factors. This setup provides a controlled and idealized
environment for exploring resonance features and test-
ing their extraction from a waveform composed of an
infinite QNM sum and power-law tails. While the re-
sponse of a localized source has been studied in previous
work [7, 18, 33 34], to our knowledge this is the first
time that the fitting of the resulting waveform is explic-
itly performed. Since QNM amplitudes in more realistic
waveforms are also largely governed by excitation factors,
the insights gained from this analysis can be directly ap-
plied to the fitting of observational signals.

The rest of this paper is organized as follows. In Sec.
we summarize the Teukolsky formalism, the QNM de-
composition of the ringdown, and the waveform we inves-
tigate. We also address the ambiguities in the definition
of excitation factors, which can sometimes be a source of
confusion in practice. In Sec. [[TI, we describe the itera-
tive fitting algorithm of QNMs as well as the fitting of the
power-law tail. We present the results of our analysis of
mild and sharp resonances found in Kerr QNMs recently
in Sec.[[V] including a detailed analysis of extraction sta-

bility, the comparison with the excitation factors, and
characteristic resonance features. Finally, we conclude
with a summary and outlook in Sec. [V} Throughout this
work, we adopt geometrical units ¢ = G = 1 and use
Boyer-Lindquist coordinates.

II. RINGDOWN AND QNMS

In this section, we first review the Teukolsky formalism
for linear perturbations of Kerr black holes, and the QNM
decomposition of the ringdown. We also clarify the ambi-
guities in the definition of excitation factors. We then in-
troduce the waveform induced by a localized initial data,
which we mainly investigate in the present paper.

A. Teukolsky formalism

Gravitational waves emitted in the ringdown phase of
binary black hole mergers are described by linear per-
turbations on a background black hole spacetime (see
[35, [36] for reviews). The perturbations on the Kerr
spacetime are governed by a master equation called the
Teukolsky equation [37H39] derived within the Newman-
Penrose formalism [40]. The master variable for the
Teukolsky equation is p~*W,, where p = (r — iacos )~
and ¥, is a component of the Weyl tensor projected
onto null tetrads in the Newman-Penrose formalism. In
the asymptotic region far from the perturbed Kerr black
hole, ¥, is related to the gravitational wave strain by
Uy = %%(M — ihy) at infinity [35]. Decomposing the
master variable by the Laplace transform
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the Teukolsky equation reduces to separate radial and
angular equations:
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where K = (r? + a*)w — ma and A = r?> — 2Mr + a® =
(r—ry)(r —r_) with ro = M + VM? —a?. X\ is the
separation constant, and Ty, is the source term (see [30]
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where Bin¢, B{ﬁf, Cin¢, and Cﬁ‘jf are complex asymptotic
amplitudes and k = w — am/(2Mr,). 7. is the tortoise
coordinate which satisfies dr,/dr = (r? + a?)/A. We
fix the integration constant and employ the conventional

tortoise coordinate,
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Other choices generate a complex exponential factor in
the asymptotic amplitudes (see Sec. [[1C)).
The radial Green’s function is then given by
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Equation (2.13) highlights that the behavior of the
Green’s function on the real frequency axis plays a crucial
role in understanding ringdown [47].

(2.14)

Substituting the asymptotic solution (2.5) and (2.6 at
infinity into this expression, we obtain

WIRE, R)P] = 2iwBjne. (2.10)
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The Wronskian vanishes when RI? and R} become lin-
early dependent. In this case, the solution simultaneously
satisfies the ingoing boundary condition at the horizon
(r — r4) and the outgoing boundary condition at in-
finity (r — oo). This occurs only for a discrete set of
complex frequencies, which define the QNM spectrum.
Equivalently, the QNM frequencies are determined by the
condition Bi"¢(w) = 0, and are identified as the poles of
the Green’s function.

Using the Green’s function , the inhomogeneous
solution is given by
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Therefore, the asymptotic behavior at infinity is
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Substituting this into Eq. (2.1]), we obtain
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B. QNM decomposition

While Eq. involves an integration along the real
frequency axis, by enclosing the integration contour on
the complex frequency plane, we can rewrite it as a su-
perposition of QNMs together with a power-law tail, pro-
vided that no pole arises in the source-dependent term
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FIG. 1: Integration contour for Eq. . The cross
markers and the jagged line denote the QNM poles and
the branch cut, respectively. The integral along the real
frequency axis in Eq. is equivalent to closing the

contour in the lower half-plane, provided that the
contributions from the branch cut and the semicircular
arc at infinity are properly taken into account. By the
residue theorem, the integral over the closed contour
yields the sum over QNMs, while the integral along the
branch cut gives rise to the power-law tail. The
contribution from the semicircular arc vanishes by
Jordan’s lemma.

(see Fig. . By evaluating the complex frequency inte-
gral using the residue theorem, we obtain
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where By, is the excitation factor [7, 42 43] defined by
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Iy is the source-dependent term evaluated at the QNM
frequency,

(2.17)
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and the index n labels the QNM overtones.

A caveat here is that, while it is generally understood
that the ringdown waveform is described by QNMs and
the power-law tail, it is worth noting that a distinct
damped sinusoidal component—referred to as a “horizon
mode” or “redshift mode”—has also been reported [44}-
40]. These modes arise from the pole of the source-
dependent term Ij,,, and exhibit a frequency that differs
from the conventional QNMs. In this work, we shall focus
on the ringdown waveform induced by a localized initial
data (see Sec. [ID])), which does not include the redshift
mode.

In what follows, we clarify the notation and conven-
tions regarding positive- and negative-frequency QNMs,
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characterized by Re(w) > 0 and Re(w) < 0, respectively
(see Fig. . The positive frequency modes are often
referred to as “ordinary modes,” whereas the negative
frequency modes are called “mirror modes.” This ter-
minology originates from the fact that, in nonrotating
black hole spacetime, the QNM spectrum is symmetric
with respect to the imaginary axis, such that the mirror
modes are reflections of the ordinary modes, analogous
to virtual images in a mirror placed along the imaginary
axis. For a rotating black hole, this symmetry is broken,
and the mirror modes are no longer located at symmet-
ric positions. Nevertheless, the term “mirror modes” is
conventionally retained for the rotating case. The mirror
modes can sometimes play an important role [34, 47H50].

Throughout this paper, we adopt a convention where
positive overtone indices n = +40,+1,+2,--- corre-
spond to ordinary modes, and negative indices n =
—0,—1,—2,--- to mirror modes. Note that we explic-
itly include £0 to distinguish the original fundamental
mode from its mirror counterpart.

It is also common to classify QNMs into “prograde”
(or “corotating”) and “retrograde” (or “counterrotat-
ing”) modes, defined by sign(Re(wimn)) = sign(m) and
sign(Re(wimn)) = —sign(m), respectively. This classifi-
cation reflects the behavior of the field phase, which is
expressed as e {(Re(@)t=m®)  For prograde modes, sur-
faces of constant phase move in the direction of increas-
ing azimuthal angle, whereas for retrograde modes they
move in the opposite direction. This classification does
not apply to modes with m = 0. In our analysis, we fo-
cus on modes with m > 0, for which the original /mirror
distinction coincides with the prograde/retrograde clas-
sification.

There exists a useful symmetry relation between the
QNM frequencies and excitation factors of the original
and mirror modes. The homogeneous radial Teukolsky
equation is invariant under the combined operation of
complex conjugation and the replacements m — —m and
w — —w*. This symmetry implies that the mirror mode
frequency is related to the ordinary mode frequency via

(2.18)

*
Wim—n = —Wi_mn-

Using this relation, we can derive an alternative expres-
sion for the contribution of the mirror modes in the ring-
down. The derivation of this expression, together with a
resolution of some confusion in the literature, is summa-
rized in Appendix [A]

Since the same symmetry applies to the radial Teukol-
sky solutions, the “in” solution satisfies W) =
i (—w*).  Consequently, the asymptotic ampli-

l—m
tudes also satisfy a similar relation, Blr:;f/ mc*(w)

Bref/inc(fw*). Using this relation with Eqgs. (2.16]) and
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(2.18]), the excitation factor of the mirror mode is related
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FIG. 2: QNM frequencies (left column) and excitation factors (right column) for the (I,m) = (2,2) mode (top row)
and (I,m) = (3,1) mode (bottom row) with spin parameter 0 < a/M < 1 —1075. The cross marker in the left
column panels denotes the Schwarzschild value. For (I, m) = (2,2), the range 0.85 < a/M < 0.95, which corresponds
to the repulsion between n = +5 and +6, is highlighted with thick curves, and the arrow in the right panel shows
the direction of increasing spin. For (I,m) = (3,1), the ranges 0.952 < a/M < 0.96 and 0.972 < a/M < 0.99725,
which correspond to the repulsion between n = +4 and +5 and between n = +5 and +6 respectively, are
highlighted. All figures involving QNM frequencies or excitation factors use the reference dataset (RD) [I3] [14].
Animations of these figures are available in Ref. [51].

to that of the ordinary mode via [

Bim—n = B} 1n- (2.19)

Figure [2] shows the QNM frequencies and excitation
factors for (I,m) = (2,2) and (I,m) = (3,1) up to the
seventh overtone. Throughout this paper, as a reference
for the QNM frequencies and excitation factors, we adopt
a publicly available dataset [I3, [14], hereafter referred
to as the reference dataset (RD). For (I,m) = (2,2),

2 Equation (2.19) exactly matches Eq. (39) of Ref. [52] aside from
notation, while it is inconsistent with Eq. (7) of Ref. [18], which
can only be obtained by assuming the opposite sign on the right-

hand side of Eq. (2.19)).

we highlight the region with the spin parameter 0.85 <
a/M < 0.95 using thick curves where the avoided cross-
ing and resonant excitation occur. As seen in Fig.
the excitation factors of the fifth and sixth overtones ex-
hibit a significant enhancement around a/M = 0.9, where
the corresponding QNM frequencies approach each other.
This resonant excitation phenomenon universally occurs
in the QNMs in the vicinity of exceptional points [I3].
Near this spin value, the excitation factors exhibit a dis-
tinctive knot-shaped loop, serving as a unique tool to
characterize the underlying spacetime structure.

The (I,m) = (3,1) modes show a complex structure
characterized by multiple avoided crossings and reso-
nances [13]. Within this sequence of successive reso-
nances, the resonance between n = +5 and +6 in the
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spin range 0.972 < a/M < 0.99725 stands out as a sharp
resonance. In Fig.[2] in addition to this sharp resonance,
we also highlight the range 0.952 < a/M < 0.96 for the
mild resonance between n = +4 and +5 as one of the
successive resonances. We shall discuss the role of the
mild resonance in the extraction procedure in Sec. [V D}

Finally, we highlight an important property of the ex-
citation factors in the near-extremal regime. In the ex-
tremal limit a/M — 1, QNMs whose frequencies ap-
proach the accumulation point (2Mw = m) have exci-
tation factors that tend to zero [7, 53], implying that
modes with zero damping rates are not excited. The RD
provides high-precision numerical evidence of this behav-
ior at an unprecedented proximity to extremality, up to
a/M =1—1075. For instance, the (I,m,n) = (2,2, +6)
mode, whose frequency approaches the accumulation
point, already shows a nearly vanishing excitation fac-
tor at this spin value, whereas the (2,2, +5) mode, which
does not approach the accumulation point, retains a finite
excitation factor. This evidence strongly suggests that
undamped QNMs are not emitted, offering insights into
the open problem of the stability of extremal Kerr black
holes [54]. It also suggests that in the extremal limit,
only a restricted subset of modes—such as the (2,2, 45)
mode—retain finite excitation, while others are not ex-
cited. This selective excitation raises the possibility that
such modes play a special role in the ringdown of ex-
tremal Kerr black holes, an intriguing direction for future
work on their stability and dynamics.

C. Ambiguities in the definition of excitation
factors

The definition of excitation factors is not unique and
involves several conventional choices. The RD provides,
for 0 < a/M <1—10"% QNM frequencies, angular sep-
aration constants, and renormalized angular momenta in
the Mano-Suzuki-Takasugi (MST) formalism [36}, [55] 56]
to 40-digit precision, as well as excitation factors to 16-
digit precision. All these quantities are available for
gravitational, electromagnetic, and scalar perturbations,
while in this paper we focus on gravitational waves. All
figures presented in this paper that involve QNM fre-
quencies or excitation factors are based on the RD, either
directly or for comparison.

The excitation factors in the RD are defined for the
master variable ¥, in the Teukolsky formalism with the
normalization 2M = 1 and the conventional tortoise co-
ordinate . Other conventions found in the literature
include excitation factors defined for the master vari-
able X in the Sasaki-Nakamura formalism [57H59], those
adopting M = 1 normalization, those defined for the
gravitational-wave strain h = hy — ihy, and/or those
adopting alternative choices for the integration constant
of the tortoise coordinate.

In particular, the integration constant of the tortoise
coordinate introduces an inherent ambiguity in the exci-

tation factors [34,[52]. This makes the choice a subtle but
important one, and it can sometimes be a source of con-
fusion in practice. If we shift the tortoise coordinate by
a constant C as r, — r, + C, the asymptotic amplitudes

in Eq. (2.5)) are modified as

Bt — Biefe=iwC pine , pinceiwC, (2.20)
Consequently, the excitation factors (2.16]) transform as
Bimn — Bimpe 2@mn €, (2.21)

Note that, since the QNM frequency wj,,, has a nonzero
imaginary part, the shift C' affects the amplitude of the
excitation factors in addition to their phase.

One might expect that one could make use of this am-
biguity to adjust excitation factor values when compar-
ing them to a ringdown waveform. This is the case when
the integration constant C of the tortoise coordinate for
a given ringdown waveform is unknown. However, an
underappreciated fact is that, for a theoretically com-
puted waveform with an explicit choice of C, one should
simply use the same C for the excitation factors, and
there is no degree of freedom to introduce an adjustment
only to the excitation factors. It is clear that, when one
introduces a shift r, — r, + C' and change the excita-
tion factors Bj,, with a factor e~2imnC according to
. (2.21), the same factor also appears from Bf<f/Binc

im m

in Eq. (2.13), maintaining the exact agreement between
Egs. (2.13) and . In other words, since Eq.
is directly derived from Eq. via the residue theo-
rem, such a shift in the integration constant would con-
sistently appear in both equations. The adjustment by
introducing this factor only to the excitation factors is
inconsistent.

Related to these ambiguities, earlier works on comput-
ing excitation factors reported different values [8 12, [60].
Table [ summarizes this comparison, where we do not
include the excitation factors provided in Ref. [60] since
they differ from the RD in a way that could not be traced
back to a specific convention. As pointed out in Ref. [I3],
the excitation factors obtained in Ref. [12] included an

erroneous factor ¢ =V1=9*/M?) injherited from the ear-
lier version of Ref. [36]; correcting this yields consistency
with the RD. On the other hand, the excitation factors
in Ref. [§] differ by a factor of (1 — a?/M?)™. This
likely indicates that the tortoise coordinate employed
there involved a corresponding shift of the integration
constant, —% ln(l —a?/M 2), relative to the conventional
one —a shift that diverges in the high-spin limit,
which limits the reliability of analyses based on the ex-
citation factors of Ref. [§], particularly in the high-spin
regime. That shift coincides with the one later intro-
duced in Ref. [34] to reconcile Egs. and for
the localized source [or more explicitly, Egs. (2.24) and
(2.25)) below], interpreted as a “start time” of ringdown
(see also Sec. 4.2.3 in Ref. [6]).

In contrast, the RD was recently computed with high
precision and established using two independent meth-
ods: an improved Leaver-Nollert-MST calculation and




Dataset Variable Normalization Integration constant shift Method
Zhang, Berti, Cardoso [12] [61][62] W4, X 2M =1 —3 1 —/1—a2/M?) Leaver-MST
Oshita [8] — h 2M =1 —1In(1-a®/M?) HeunG A — 0 extrapolation
Motohashi (RD) [13] [14) Uy 2M =1 Leaver-Nollert-MST & Norm squared
Lo, Sabani, Cardoso [52] [63|[64] ¥4 M=1 0 Sasaki-Nakamura
This work — Uy 2M =1 0 HeunC

TABLE I: Comparison of excitation factors for gravitational waves in the literature. The “Integration constant
shift” column indicates the shift of the integration constant in the tortoise coordinate relative to the conventional
choice in Eq. (2.7). Each nonzero shift in the first and second rows corresponds to a multiplicative factor

ciw(l=v/1-a?/M?) . (1 — a?/M?)™ relative to the RD.

a formula based on the norm squared, defined via a
regularized biorthogonal product [I3]. This marks the
first time the excitation factors were rigorously verified
through multiple independent methods. Further, the RD
was later corroborated by a third independent calculation
based on the Sasaki-Nakamura formalism [52], which are
also publicly available [63] along with interactive plots of
the QNM frequencies and excitation factors [64].

Here, we provide yet another consistency check of
the RD using the Black Hole Perturbation Toolkit [65].
Specifically, we compute the excitation factors by
numerically evaluating the asymptotic amplitudes using
TeukolskyRadial function in Teukolsky package, em-
ploying either MST or HeunC method. Both methods yield
mutually consistent results and show excellent agreement
with the RD. Together with the previous three calcula-
tions, this provides four independent and mutually con-
sistent validations, firmly establishing the RD as a robust
reference for studies of QNMs.

In summary, the definition of excitation factors in-
volves several conventional choices, including the normal-
ization, the master variable, and in particular the inte-
gration constant C of the tortoise coordinate. Among
these, the tortoise coordinate choice is the most prone
to confusion, and using excitation factors and waveforms
with different values of C' leads to an apparent inconsis-
tency. In this paper, we adopt the conventional tortoise
coordlnate 1 7) employed in the RD. With this setup,
we find that Eqgs. 1 2.13) and ([2.15)) induced by a localized
source [see Egs. ) and (2.25) below] agree without
the need for any add1t1onal factor. We shall confirm this
agreement numerically in §IVC]

D. Waveform

With the general theory of ringdown waveform and ex-
citation factor established, we can now discuss a specific
waveform model to study. Conventionally, QNM fitting
has been studied using three main approaches: (i) fit-
ting synthetic waveforms constructed as a finite sum of
damped sinusoids, (ii) fitting numerically generated grav-
itational waveforms from perturbation or numerical rela-
tivity simulations, and (iii) fitting observed gravitational
wave data. Ultimately, the goal is to apply approach

(iii) to extract QNM frequencies and amplitudes from
observational data for black hole spectroscopy. However,
observational noise makes this challenging, so approaches
(i) and (ii) have been used complementarily to test and
validate fitting algorithms under controlled conditions.

Approach (i) is particularly useful for verifying
whether a fitting method can correctly recover the known
input QNMs, since the true QNM parameters are set
by hand. Nevertheless, because the synthetic waveform
consists of only a finite number of damped sinusoids, it
does not capture the full structure of a realistic ringdown,
which includes an infinite sum of QNMs plus a power-law
tail. Approach (ii), in contrast, provides waveforms that
include all QNMs in principle and are free from obser-
vational noise, but they still suffer from numerical er-
rors. Moreover, the QNM amplitudes in such waveforms
are not known a priori, since they also include source-
dependent contributions that cannot be separated from
the excitation factors. Although recent studies suggest
that QNM amplitudes are largely determined by excita-
tion factors as mentioned above, there is no straightfor-
ward way to directly validate the amplitudes obtained
through extraction.

We address this gap and benchmark the iterative QNM
extraction by considering a Kerr ringdown waveform gen-
erated by localized initial data, modeled as a delta-
function source term [7, B3]. The ringdown waveform
is obtained by integration in the frequency domain [see
Eq. below], rather than evolving the initial data.
In this special case, the QNM amplitudes are given solely
by the excitation factors. Combined with the crossval-
idated excitation factors from the RD, our analysis en-
ables a direct and reliable comparison of the time-domain
ringdown waveform with the frequency-domain resonant
excitation.

Hereafter, we focus on a contribution from single (I, m)
multipole. Let us consider the gravitational waveform
generated by a localized source. Specifically, we adopt
the following delta-function source term [7, [33]

T2e—2iwr*
2m
Substituting this source term into Eq. (2.14]), we have

Tim(r') = 5(r' —r). (2.22)

TWT s

Iy = —re "7, (2.23)



—a/M =0.85
—a/M =0.86
s —a/M =0.87
w0-r —a/M =0.88| ]
—a/M =0.89
_ —a/M =0.9
-~ —a/M =0.91
— —a/M =0.92
—a/M =0.93
10710 | - |—a/M=0.94]
a/M =0.95
0 100 200 300 400 500 600

t/M

FIG. 3: Time-domain ringdown waveforms of
(I,m) = (2,2) mode induced by a localized source. The
waveform can be found in Ref. [67].

where r (or equivalently r,) specifies the fixed location of
the source, rather than an argument of I;,,. Neglecting
the angular dependence, i.e., the factor Sj,,e"™%/\/2T,
the (I, m) component of Eq. reduces to

1 [ wt 1 B
\If4vlm(t) = — dweﬂ“’t% bm,
27 J_ o 2iw B¢

(2.24)

To numerically evaluate the integral , we employ
the Teukolsky package in the Black Hole Perturbation
Toolkit [65] to compute the asymptotic amplitudes Bin
and B{f,f These coefficients are also available via the
GeneralizedSasakiNakamura package [66]. In Fig.
we show the ringdown waveforms of (I,m) = (2,2) mode
obtained by numerically evaluating Eq. for the spin
parameter 0.85 < a/M < 0.95.

On the other hand, we can analytically calculate the
same integral usin% the residue theorem, yielding

the following expression:

oo
Wy m(t) = = Z Bipe” it + (power-law tail).
n=—o00

(2.25)

The expression shows that ¥, can be expressed
as a superposition of an infinite number of QNMs plus
power-law tails. Importantly, the QNM amplitudes in
this expression are precisely equal to the excitation fac-
tors Bin-

In summary, we compute the waveform by numerically
integrating along the real frequency axis in Eq. ,
and then extract the QNM amplitudes from the result-
ing time-domain waveform using the fitting method de-
scribed in Sec. With Eq. , these amplitudes are

3 Note that the clockwise integration contour introduces a negative
sign in the first term.

directly compared with the excitation factors from the
RD. This setup provides a controlled and idealized en-
vironment for testing the extraction of QNM amplitudes
from a waveform composed of an infinite sum of QNMs
and power-law tails.

Moreover, this setup serves not only as a theoretical
testbed, but also as a simplified model for realistic wave-
forms, such as those produced in binary black hole merg-
ers. As mentioned in Sec.[l} the dependence of QNM am-
plitudes on the overtone index n in such waveforms is pri-
marily determined by the excitation factors. Therefore,
although idealized, the waveform employed here captures
essential features of realistic gravitational wave signals.
The insights gained from this analysis can thus be applied
directly to the fitting of observational waveforms.

III. FITTING METHOD

In this section, we describe the fitting procedure to
extract QNM amplitudes from the ringdown waveform.
Our method consists of two main steps: (i) fitting and
subtracting the leading power-law tail, and (ii) decom-
posing the residual signal into a superposition of QNMs
(including mirror modes) using an iterative fitting algo-
rithm [29]. We describe the treatment of the tail and
the QNM fitting process in detail below. For notational
simplicity, we omit the indices [, m in this section.

A. Power-law tail

While the ringdown contains a superposition of an in-
finite number of power-law tails, we focus on the leading
contribution. In principle, we could fit the tail using a
fully nonlinear fitting procedure. However, in general,
nonlinear fitting is often numerically unstable compared
to linear fitting. To address this, we reduce the problem
to considering a single-tail term

A

Uiail(t) = ma

(3.1)

characterized by complex amplitude A, power-law index
p, and starting time ¢o. Taking the logarithm, we have

log Ui = log A + plog(t — to). (3.2)
This reduces the problem to a linear regression for log A
and p for a given nonlinear parameter tg.

We perform a linear least-squares fit to log A and p
for a range of candidate ty values, calculating the sum of
squared residuals for each trial. The optimal tg is chosen
as the value that minimizes the sum of squared residuals,

and the corresponding log A and p values are adopted as
the best-fit parameters.



B. QNM

After subtracting the leading tail contribution, we fit
the remaining signal with a superposition of QNMs us-
ing the iterative fitting method [29]. We improve the
original study by including mirror modes. While mirror
modes are small for spin-aligned, nearly equal-mass bi-
nary black hole mergers, which was the primary focus of
Ref. [29], they become significant in the asymmetric mass
ratio cases [9], which we investigate here.

1. Fitting algorithm at each iteration

Let us first explain the fitting algorithm at each iter-
ation. We employ the fitting function constructed by a
superposition of QNMs

o) = Y

ne{QNM}

Cthn (1), (3-3)

where {QNM} denotes the set of included modes, ¥, (t) =
e~ "wnt represents the damped sinusoid with n-th QNM
frequency, and C), is complex mode amplitude. The set
{C.,} serves as fitting parameters.

We introduce the overlap p between the waveform W
and the fitting function 1/

s [ @Me) P
P = Tay (i gy (34

with

(1) = / " yradt, (3.5)

where t; and t, denote the start and end times of the
fitting interval.
We rewrite the overlap using the notation F, =

<(bn \Il> and Dnm = <¢n|¢m> = (@i(w:;fwm)te _
e/n=m)i) [(i(wy, — win)) as
2 |20 CrEnl®

7= W) S CaDo G (3:6)

The coefficient C,, is determined by minimizing the over-
lap as [68]

Cpn=(DYmEm (3.7)
The maximum overlap p2, .. is then given by
2 an E:L(D_l)’ﬂmEm
= 3.8
We define the mismatch as
M =1— pmax, (3.9)

which serves as a measure of the goodness of fit.

2. [Iterative fit

We iteratively perform the fitting described above, ex-
tracting QNM amplitudes, basically in order of their
damping times. We first determine the amplitude of the
longest-lived mode, C ¢, in the following way. We em-
ploy the fitting function fit(¢) with the QNM set shown
in the first row of Table [[] and extract the amplitude
of the longest-lived mode C;o. We set the end time
of the fit near the time when the mode we extract falls
below the noise level or the next-leading tail component.

To ensure a stable extraction, we check the variation
of C,, with respect to the start time ¢;, using [29]

|1 ac,
e, di

Yn , (3.10)

which measures the flatness of the plateau of the mode
amplitude C,,. We select the start time t¢; of the fitting
interval at which v4¢ reaches its minimum value. Using
this ¢;, we extract the mode amplitude Cly.

Next, we determine the amplitude of the next-longest-
lived mode, C_y. We subtract the previously extracted
contribution, ¥(t) — Cyoe~“+(") and fit the residual
waveform using the QNM set in the second row of Ta-
ble E We then extract C'_g, which is now the effective
longest-lived mode in the residual, by the same flatness
criterion, adopting the start time ¢; that minimizes v_g.
This process is then iteratively repeated for subsequent
modes, basically following the order of their lifetimes.

However, we find that, when mode amplitudes are
small, it is more efficient to adjust the extraction order
based on the amplitude hierarchy. In this study, since
|C_,| are small for n > 1, we skip them and instead
proceed to extract the prograde higher overtones. The
QNM sets employed at each iteration are summarized in
Table[[T, where the “Extract” column indicates the mode
determined at each step.

Note that each step carries numerical uncertainties,
which propagate to subsequent steps. These numeri-
cal uncertainties contaminate the residual waveform and
may eventually affect the extracted amplitudes, in par-
ticular those of higher overtones. Such contamination
should be taken into account in addition to the stabil-
ity of the extraction procedure, which we also address
explicitly below.

IV. RESULTS

In this section, we present the results of the iterative
QNM fitting procedure with mirror modes described in
§I11] We analyze waveforms generated by localized initial
data given in Eq. and assess the stability and ac-
curacy of the extracted QNM amplitudes by comparing
them with the excitation factors from the RD. Below, we
focus on two representative cases of resonant excitation
in Kerr QNMs [I3]: a mild resonance in (I,m) = (2,2)



Step Extract {QNM}

1 +0 {+0,+1,+2,+3,-0,—-1,-2, -3}
2 -0 {+1,+2,43,-0,-1,—2, -3}
3 +1 {+1,+2,+3,+4,-1,—-2, -3}
4 +2 {+2,+3,+4,+5, -1, -2, -3}
5 +3 {+3,+4,+5,+6,—1, -2, -3}
6 +4 {+4,+5,4+6,+7,—-1,—2, -3}
7 -1 {+5,+6,+7, -1, -2, -3}

8 +5 {+5,+6,+7, -2, -3}

9 +6 {+6,+7,-2,-3}

10 +7 {+7,-2,-3}

TABLE II: Progression of extracted (I, m) = (2,2)
overtones and the corresponding QNM sets at each
step. The “Extract” column indicates the overtone
index of the QNM extracted in each step, while the
“{QNM}” column lists the set of QNMs included in the
fitting function at each step.

at a/M ~ 0.9, and a sharp resonance in (I,m) = (3,1)
at a/M ~ 0.9722 occurring as part of a sequence of suc-
cessive resonances. In addition to the fitting analysis, we
also explore iterative subtraction of exact QNMs, which
serves as a benchmark mimicking an ideal iterative fit-
ting. Our analysis reveals characteristic contributions
from resonance modes and elucidates their distinctive
features.

A. Stability of mode extraction

Figure[dillustrates the stability of the mode extraction
for (I,m) = (2,2) at /M = 0.9. In the top panel, the
solid line shows the extracted amplitude as a function of
the starting time for the fitting interval, while the dashed
line indicates the mismatch. The dotted line represents
the relative error between the extracted amplitude and
the excitation factor. Circular markers represent the ex-
tracted amplitude at the starting time where ~,, reaches
its minimum.

This analysis demonstrates that we can extract am-
plitudes within a plateau region, indicating that the ex-
tracted amplitude is stable with respect to variations in
the starting time. For modes up to the third overtone,
the relative error remains below 10%, confirming that
the amplitudes are extracted correctly. In other words,
the excitation factors from the RD are consistent with
the amplitudes extracted from the waveforms induced
by the localized source. However, for the fifth and sixth
overtones, while the amplitudes are extracted in a stable
(plateau) region, they are accurate only to within O(1)
erTors.

B. Residual waveform and contamination

Figure [5]illustrates the iterative extraction process for
(I,m) = (2,2) at a/M = 0.9. Snapshots for steps 1

10

=2, m=2, a=0.900

[Cl

/M

n=+0
n=-0
n=+1
n=+2
n=+3
n=+4
n=-1
n=+5
n=+6
n=+7

0 10 20 30 40 50

FIG. 4: Stability of QNM amplitude extraction for
(I,m) = (2,2) at a/M = 0.9 with respect to variations
of the fitting start time ¢;. The top panel shows the
extracted amplitude (solid line), the mismatch (dashed
line), and the relative error between the extracted
amplitude and excitation factor (dotted line). Circular
markers indicate the extracted amplitudes and their
corresponding extraction times, where +,, is minimized.
The bottom panel shows the phase of the extracted
amplitude in the complex plane.

through 5 are displayed in the left column (top to bot-
tom), while steps 6 through 10 are shown in the right
column (top to bottom). In each panel, the solid line
represents the (residual) waveform to be fitted, and the
dashed line denotes the extracted QNM at that step.
We observe that the damped sinusoid matches the ex-
tracted QNM. However, after a certain number of steps,
the waveform contamination appears.

To diagnose the source of this contamination, we
perform an iterative subtraction of exact QNMs from
the waveform. In contrast to the iterative extraction,
where the QNM amplitudes are determined by fitting at
each step, the iterative subtraction simply removes ex-
act QNM damped sinusoids with amplitudes fixed to the
excitation factors from the RD. This approach enables a
case study of how an ideal extraction would behave and
provides further diagnostics of the fitting procedure.
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FIG. 5: Snapshots of iterative extraction from the waveform for (I,m) = (2,2) at a/M = 0.9. Shown are the residual
waveform (solid line) after subtracting the fitted single tail and fitted QNM(s) from the original waveform, and the
extracted QNM (dashed line) at each step.
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FIG. 6: Snapshots of iterative subtraction of exact QNMs from the waveform for (I,m) = (2,2) at a/M = 0.9. Line
styles are the same as in Fig.



In Fig. [6] we show snapshots of iterative subtraction of
exact QNMs from the (I,m) = (2,2) waveform. In this
case, no such contamination is observed, and we clearly
see the next-leading tail contribution. Therefore, we con-
clude that the contamination observed in Fig. [5| origi-
nates from errors in the extracted amplitudes during the
iterative fitting. Such contamination propagates through
subsequent steps, limiting the extraction accuracy to ap-
proximately the third overtone in our setup, even though
higher modes are in principle present.

It is interesting to see that, in step 8, the extracted
QNM (dashed line) does not coincide with the damped si-
nusoid in the residual waveform (solid line). This discrep-
ancy is attributed to the fact that the residual waveform
at step 8 is dominated by fifth and sixth QNMs, which
have similar damping rates. While the fifth and sixth
QNMs do not individually match the residual damped
sinusoid, their combined contribution reproduces the ob-
served oscillation, as shown in Fig. [7]

Nevertheless, we should bear in mind that the ex-
tracted amplitudes of the fifth and sixth overtones have
O(1) errors as mentioned above. We see that the ex-
tracted fifth and sixth QNMs appear to be more consis-
tent with the residual waveform at the early time, while
the exact fifth and sixth QNMs match the residual wave-
form at later time. The early time waveform is actually
dominated by higher overtones, so the matching at early
regime may signal overfitting. To extract the fifth and
sixth QNMs more accurately, we need longer waveforms
with smaller tail contributions and smaller contamina-
tion from the lower overtone fitting.

C. Extracted amplitudes and excitation factors

Figure [§] shows the extracted amplitudes in the com-
plex plane for (I,m) = (2,2) at 0.85 < a/M < 0.95.
Black plus markers represent the extracted amplitudes,
while the red solid lines indicate the excitation factors
from the RD. The black plus markers lie on the red line
up to the third overtone, indicating the consistent ex-
traction. It also provides a numerical validation of the
agreement between Egs. and without the
need for any additional factor. Deviations begin to ap-
pear from the fourth overtone. As mentioned above, the
extracted amplitudes of the fifth and sixth overtones de-
viate by O(1) from the excitation factors, and hence the
expected resonance structure is not observed.

Figure [9] shows the extracted amplitudes at the fitting
start times at which the relative error is minimized. The
relative error is O(1075) for n = 40, but increases to
O(1071) for n = +5 and n = +6.

Although we do not yet know how to determine such
optimal start times in practice, it is useful to regard them
as a benchmark of the “best fitting.” In this case, the
extracted amplitudes almost lie on the red line. The an-
ticipated knot-shaped structure for the fifth and sixth
overtones is still absent, but their extracted amplitudes
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FIG. 7: Residual waveforms at step 8 in Figs. |5 and @
compared with the fifth and sixth QNMs and their sum
for (I,m) = (2,2) at a/M = 0.9.

nevertheless display a rough pattern of resonant amplifi-
cation. A clearer extraction of resonance structure may
require improvements to the fitting algorithm and/or the
use of waveforms with smaller tail contributions.

D. Sharp resonances

Compared to mild resonances, for which the Kerr
(I,m) = (2,2) mode is a representative example, sharp
resonances occur when two QNM frequencies approach
exceptional points more closely. In this case, the corre-
sponding excitation factors are strongly amplified, trac-
ing a lemniscate pattern in the complex plane. As a
representative case of sharp resonances, we investigate
the Kerr (I,m) = (3,1) mode. Here, avoided crossings
and resonances appear successively in multiple overtone
pairs, and in particular the pair n = +5 and +6 exhibits
a sharp resonant excitation around a/M = 0.9722 [13].
We perform the iterative fitting and find that it leads
to broadly similar conclusions as in the mild resonance
case, except for the change of overtone hierarchy. Be-
low, we focus on highlighting this characteristic feature
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originating from an intriguing resonance structure.

As a simple preliminary check, let us look at the sum
of the excitation factors. In Fig. we show the reso-
nant pair overtones n = +5 and +6 in (I,m) = (2,2) and
(3,1) modes. Around the resonant peak of each excita-
tion factor, their sum does not show any dramatic varia-
tion. The sum does not vanish and remains comparable
in magnitude, although—as we shall discuss below—this
observation alone is insufficient to capture the full impact
of resonance on the ringdown waveform.

The stable behavior of the sum is consistent with the

fact that the excitation factors follow the lemniscate tra-
jectory in the complex plane [I3]. By virtue of the
symmetric lemniscate pattern, the sum of the excita-
tion factors during resonance corresponds to the center
of the figure-eight shape, and hence does not change
significantly. While the contribution to gravitational-
wave strain scales as ~ w™2B, since w does not vary
appreciably during the avoided crossing, the above argu-
ment applies, especially for sharp avoided crossings and
resonances. The same conclusion holds when introduc-
ing an additional parameter controlling the sharpness of
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the avoided crossing and resonance, as demonstrated in
Fig. S1 of Ref. [13]. This behavior is partially consistent
with Ref. [I§].

However, these qualitative features differ from those
shown in Fig. 9 in Ref. [I§], where the sum of the resonant
excitation factors appears to vary significantly, reaching
a minimum, and also seems sensitive to the sharpness of
the avoided crossing and resonance. This discrepancy can
be traced to a multiplicative factor (1 —a?/M?)™ in the
excitation factors (see Table . Notably, the location of
the minimum of the summed excitation factors does not
coincide with the resonance peak, suggesting irrelevance
to any potential cancellation originating from resonance.
We confirm that multiplying this factor, together with
w™?2 to match the convention, with the RD excitation
factors reproduces both the variation and the apparent
cancellation.

If a different integration constant is chosen for the tor-
toise coordinate, effectively corresponding to choosing a
different reference time in the ringdown at which the exci-
tation factors are evaluated, the excitation factors trans-
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form as in Eq. , and their sum would accordingly
exhibit different behavior. Therefore, interpreting either
the excitation factors themselves or their sum requires
special care. Furthermore, the sum of the resonant ex-
citation factors captures only part of the contributions
near exceptional points [69] and may even be misleading
if considered in isolation. For these reasons, the contri-
bution of resonance to the time-domain signal cannot be
fully understood by examining only the excitation factors
and their sum. It is essential to analyze the time-domain
waveform directly.

To this end, we apply both iterative extraction of fit-
ted QNMs and iterative subtraction of exact QNMs to
the time-domain signal, thus revealing characteristic con-
tributions of sharp resonances in Kerr ringdown. As ex-
plained above in Figs. [5H{7] the contribution from the mild
resonance in (I,m) = (2,2) can be seen in the ringdown
signal. As we shall see below, the sharp resonance to-
gether with successive mild resonances in (I,m) = (3,1)
exhibit a distinct excitation structure and a nontrivial
overtone hierarchy.

In Fig. we show snapshots of the iterative subtrac-
tion of exact QNMs from the (I,m) = (3,1) waveform
with a/M = 0.9722, mimicking an ideal iterative fitting
procedure. As explained above, the sum of the n = +5
and +6 excitation factors decreases compared to the in-
dividual values. Nevertheless, this reduction is not as se-
vere as to make the combined amplitude extremely small.
In particular, we observe in step 8 in Fig. [[1] that the con-
tributions from the n = 45 and 46 modes exceed that
of the n = +4 mode by roughly O(10%73).

In general, aside from fitting error contamination and
tail contribution, it has been broadly accepted in the
community that, for prograde modes, the lowest (longest-
lived) overtone dominates the late-time signal at each
step of the iterative procedure, while higher overtones
contribute primarily at earlier times. However, in the
present (I,m) = (3,1) case, the n = +4 mode is com-
pletely buried beneath higher overtones, whereas the
n = +5 and +6 modes remain clearly visible above the
tail.

The origin of this anomalous behavior lies in the ex-
ceptionally small excitation factor of the n = +4 mode.
In the high-spin limit, excitation factors generally tend
to approach zero. Typically this decrease is nearly uni-
form, so no extreme hierarchy emerges among the modes.
Resonances, however, represent precisely the kind of ir-
regular behavior that breaks this trend, producing not
only strong amplification but also, as in the present case,
a pronounced suppression.

As shown in Fig. 2 of Ref. [13] and confirmed directly
from the RD, the n = 44 excitation factor approaches
zero at a lower spin than the other overtones. This behav-
ior results from the mild resonance between n = +4 and
n = +5 at a/M ~ 0.956, which occurs before the sharp
resonance between n = +5 and +6 at a/M ~ 0.9722. In
general, responses to parameter variations become par-
ticularly sensitive in the vicinity of exceptional points.



For n = +4, the excitation factor is accelerated by its
mild resonance with n = +5, leading to a rapid approach
toward zero.

Consequently, n = +4 attains an anomalously small
value, and within the iterative procedure the contribu-
tions from n = +5 and +6 dominate, overshadowing
that of n = +4. In Fig. [[2] we present the absolute
values of the excitation factors at a/M = 0.9722. We
find |By| ~ 0.002 and |Bs| ~ 4, revealing a separation
of three orders of magnitude. This hierarchy is directly
reflected in their relative contributions to the ringdown
signal, as seen in Fig.

As we discussed in Sec. [T} when extracting QNMs,
one should prioritize the extraction of the dominant
modes first, as this will lead to a more accurate and effi-
cient fitting process. Our benchmark analysis shows that,
for a waveform with the above excitation structure, it is
more efficient to change the ordering and extract n = +5
and +6 resonant modes before extracting the subdomi-
nant n = +4 overtone. This change of order effectively
suppresses error propagation from the anomalously small
n = +4 excitation. Indeed, a comparison between the
two extraction orders confirms that extracting n = +5
and +6 before n = 44 yields noticeably better accuracy:
the relative errors of the resonant modes are reduced by
about 20-50%.

Of course, this discussion strictly applies to the ring-
down induced by localized initial data, for which the
mode amplitudes are determined solely by the excitation
factors. In more general settings, one must also account
for source- and initial-data-dependent effects. Neverthe-
less, given the magnitude of the hierarchy found here,
it is reasonable to expect that the qualitative conclusion
about the resonance-induced mode hierarchy would per-
sist even when such effects are included.

V. CONCLUSION

We identified and characterized how resonances near
exceptional points manifest in Kerr ringdown waveforms.
We applied the iterative fitting method with mirror
modes, supplemented by iterative subtraction of exact
QNMs as a diagnostic check, to a ringdown gravitational
waveform induced by a localized source term . A
key advantage of employing this particular waveform is
that its QNM amplitudes are directly given by the exci-
tation factors, which have been recently computed and
crossvalidated. This controlled setup allowed us to in-
vestigate both mild and sharp resonances and to clarify
their distinct imprints on the ringdown signal.

As a reference dataset (RD) of QNM frequencies
and excitation factors, we used the one provided re-
cently [13], [14]. Complementing the three previously es-
tablished methods, we have provided an additional inde-
pendent validation of the RD using the confluent Heun
function (see Table , thereby reinforcing its reliabil-
ity and precision. Employing these excitation factors,
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we demonstrated a direct and consistent agreement be-
tween the ringdown waveform generated by localized ini-
tial data and a superposition of QNM damped sinusoids.
This consistency establishes a solid basis for further stud-
ies of QNM excitations.

Building on this validated setup, we performed a de-
tailed analysis of the resonance features in the ringdown.
In addition to the iterative fitting analysis, we also ex-
plored iterative subtraction of exact QNMs, which serves
as a benchmark mimicking an ideal iterative fitting. We
focused on two representative cases: a mild resonance in
(I,m) = (2,2) at a/M ~ 0.9, and a sharp resonance in
(l,m) = (3,1) at a/M =~ 0.9722 occurring as part of a
sequence of successive resonances.

For the mild resonance in (I,m) = (2,2), we success-
fully extracted up to five QNM amplitudes. We achieved
the extraction of the fundamental mode and the first
three overtones of the ordinary modes, and the funda-
mental mirror mode, all with an accuracy within 10%.
The robustness of our extraction method is demonstrated
by the presence of stable plateau regions, as shown in
Fig. [4l For higher overtones beyond the fourth, although
stable plateau regions are still observed, the extracted
amplitudes deviate by more than 10%, even though their
overall magnitudes remain consistent with excitation fac-
tors. These deviations arise from the power-law tail and
contamination due to error propagation from the extrac-
tion of lower overtones. As a result, our current setup
is effectively limited to accurately extracting amplitudes
up to around the third overtone. To enable extrac-
tion of higher overtones, more reliable fitting algorithms
and/or waveforms with weaker tail contributions will be
required.

The comparison between residual waveforms after sub-
traction of extracted QNMs and exact QNMs provides
further insights into the fitting process. The damped si-
nusoids associated with the extracted QNMs are clearly
observed in the residual waveform, except for the fifth
overtone, whose decay times become similar at a/M ~
0.9. While individual QNMs fail to match the resid-
ual damped sinusoid, the combined contribution of the
fifth and sixth QNMs reproduces the observed oscillation.
This behavior results in relative errors of order unity in
the extracted amplitudes of the fifth and sixth overtones.

For (I,m) = (3,1), we found that the resonance causes
a reversed hierarchy between overtone contributions in
the ringdown signal. Specifically, the iterative subtrac-
tion procedure clarified that the sharp resonance between
n = +5 and +6 dominates, whereas the n = 4+4 mode
provides only a minor contribution because of its excep-
tionally small excitation factor. This suppression origi-
nates from the mild resonance between n = +4 and +5
prior to the sharp one between n = +5 and +6, leading to
a rapid approach of the n = +4 excitation factor toward
zero. Thus, a lesson from our analysis is that resonance
phenomena can not only amplify QNM excitations but
also reduce them.

In summary, our analysis demonstrates characteristic
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FIG. 11: Snapshots of iterative subtraction of exact QNMs from the waveform for (I,m) = (3,1) at a/M = 0.9722.

Line styles are the same as in Fig.
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FIG. 12: Absolute values of the excitation factors for
(I,m) = (3,1) at a/M = 0.9722.

contributions from resonance modes and elucidates their
distinctive features in Kerr ringdown. It would be inter-
esting to apply improved fitting algorithms to mitigate

J

18

the contamination and/or to reduce the degeneracy be-
tween overtones [70]. It is also important to explore al-
ternative waveform setups to achieve robust extraction
of higher overtones. We leave them for future work.
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Appendix A: Rewriting mirror modes

In the main text, we take into account the ordinary and mirror modes together.

The mirror modes are often

rewritten in terms of the ordinary mode, but it seems there exists some confusion in the literature. In this appendix,

we provide a dictionary of the rewriting process.

For each (I, m) mode, collecting the contribution from all the poles in the lower half complex plane, we obtain

+oo
§ Clmneiwnmntslm (0a af&)lmn)e”nq5
n=-—00

—+oo

-0

= E Clmne_iwlmntslm(9§ awlmn)eim¢ + E Clmne_iWZmntSlm(e; awlmn)eim¢

n=+0

= wordinary + wmirr0r~

n=—oo

(A1)

As explained in the main text, we denote the ordinary mode by +n and the mirror mode by —n. For m > 0, they
coincide with the positive-frequency and negative-frequency modes, respectively. Since we have the relation
between the ordinary and mirror QNM frequency, wim—n = —wj_,,,, We can rewrite ¥iero as the sum over the
ordinary QNMs as

+oo
o . . )
E Clm—n€“i=mnt Sy, (0; —aw]_ ., ) e™?
n=+0

(A2)

wmirror =
Next, we use the properties of the spin-weighted spheroidal harmonics function for spin-s field [see Eq. (48) in
Ref. [71]]{]

sSlm(e;C) = (71)l+555lim(7{ -
sSim(0;¢*) = s, (05 ¢).

6; *C)v

4 Tt appears that the factor (—1)!*% is missing in Eq. (3.6) in [38].
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The present case for gravitational wave perturbation corresponds to s = —2, which we abbreviate throughout this

paper. We thus obtain

+oo
'(/}mirror = Z Clmfn(_l)leiwlimntsl*fm(7T - 9; awl—mn)eim¢- (A5)

n=+0
Finally, defining Cj, = = Cpyn—n(—1)!, we obtain

—+o0

wordinary + wmirror = Z {Clmneiiwlm’ntslm(a; awIMn)eim(b —+ Cl/mneiwl**m"t{sl_m(ﬂ' — 97 awl_mn)ei(fm)‘ﬁ}*} . (AG)

n=+0
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