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We study gravitational lensing of gravitational waves taking into account the spin of gravita-
tional waves coupled with a dragged spacetime made by a rotating object. We decompose the
phase of gravitational waves into helicity-dependent and independent components with spin op-
tics, analyzing waves whose wavelengths are shorter than the curvature radius of a lens object.
We analytically confirm that the trajectory of gravitational waves splits depending on the helicity,
generating additional time delay and elliptical polarization onto the helicity-independent part. We
exemplify monochromatic gravitational waves lensed by a Kerr black hole and derive the analytical
expressions of corrections in phase and magnification. The corrections are enhanced for longer wave-
lengths, potentially providing a novel probe of rotational properties of lens objects in low-frequency
gravitational-wave observations in the future.
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I. INTRODUCTION

Gravitational waves carry rich information to probe
the Universe and fundamental physics: particle physics,
nuclear physics, and tests for gravity theories. The net-
work of the ground-based interferometry of LIGO-Virgo-
KAGRA has detected gravitational waves from nearly a
hundred of steller-mass binary mergers [1]. Such data
make it possible to examine the physical models of neu-
tron stars and black holes at the extreme blink of coales-
cence. Meanwhile, the planned space-based detectors e.g.
Laser Interferometer Space Antenna (LISA) [2] and the
DECi-hertz Interferometer Gravitational-wave Observa-
tory (DECIGO) [3] (see the current status reported in
[4]) explore gravitational waves in low-frequency band,
spanning 1mHz - 1Hz and 0.1Hz - 10Hz respectively, in
order to probe binary evolution, background radiation,
and gravitational-waves propagation. In this paper, we
consider wave propagation in order to understand the
wave nature of gravitational waves.

One of the standard ways to describe gravitational-
wave propagation is to employ the geometrical optics
for the fiducial Einstein’s general relativity, as the wave-
length is well shorter than the size of a lens object in
most of the situations during propagation1. In geomet-
rical optics, Einstein’s general relativity predicts that
(1) gravitational waves propagate at the speed of light
in a vacuum, (2) gravitational waves are lensed in the
same way as electromagnetic waves are, and (3) gravita-
tional waves possess the two tensorial polarization modes.

∗ keiichiro.kubota@yukawa.ktoto-u.ac.jp
1 The cases where the short-wavelength approximation is no longer
accurate, i.e., wave optics, has been studied in e.g. Ref. [5, 6].
These effects are beyond our scope in this paper.

These predictions are able to be examined with observa-
tions. In fact, the arrival-time difference between grav-
itational waves and electromagnetic waves of the binary
neutron star merger associated with a gamma-ray burst:
GW170817/GRB170817A [7] was measured, confirming
that the gravitational waves propagate at the speed of
light with 10−15 precision. This gives strong constraints
on alternative theories of gravity that potentially explain
cosmic acceleration [8–13]. The polarization of gravi-
tational waves has been examined by the LIGO-Virgo-
KAGRA network of interferometry, constraining an up-
per bound on non-standard polarization modes [14–20].
We aim to explore further detailed physics of

gravitational-wave propagation in Einstein’s general rel-
ativity, focusing on the coupling between the spin of
gravitational waves and rotational components of the
background spacetime on which waves propagate. Since
this coupling cannot be captured by geometrical optics,
we develop a way to derive the analytic solution in the
regime where the linear perturbation is valid. Provided
the linear perturbation works, one can always decom-
pose a gravitational wave into any basis, such as a set
of monochromatic waves or a set of wave packets, and
then study the propagation of each element of the cho-
sen basis. One can then compute the waveform at the
position of the detector by taking an appropriate linear
combination and the result should of course be indepen-
dent of the choice of basis. In the present paper we study
monochromatic waves, for which the propagation in the
regime of validity of linear perturbation is fully character-
ized by phases and magnifications once the propagation
of polarization tensors is specified.
There are various approaches to describe the propa-

gation around a rotating object taking the spin into ac-
count. One of the approaches is based on the gravita-
tional Faraday rotation [21–25]. This approach treats
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the gravitational Faraday rotation angle in the phase
so that the equation of motion appropriately determines
the evolution of polarization. The authors of the pa-
pers called this approach “spin optics”. We follow
this jargon throughout this paper. Other approaches
are the Souriau-Saturunini equations [26–29], which are
similar form to the Mathisson-Papapetrou-Dixon equa-
tions [30–33] for massless particles, and the Berry phase
approach [34–38] (see Ref. [39, 40] for the relation be-
tween these approaches). Note that the propagation of
monochromatic gravitational waves is considered in the
spin-optics approach, whereas localized wave packets are
considered in the Souriau-Saturunini equation and Berry
phase approach. As already mentioned above, gravita-
tional waves in the regime of validity of linear perturba-
tion can be decomposed into either a set of monochro-
matic waves or a set of wave packets, the propagation
of each element of the chosen basis can be studied sep-
arately and one can finally take a linear combination to
compute the waveform at the position of the detector.

The effect of spin tends to be more enhanced for longer-
wavelength gravitational waves as pointed out analyti-
cally in [34] and numerically [35–37, 41, 42], although
these papers consider the propagation of wave packet
different from the monochromatic waves we focus on.
Furthermore, a study that investigates the scattering of
gravitational waves by a Kerr black hole using black hole
perturbation theory has shown that the spin effect on
the scattering amplitude becomes more pronounced for
longer wavelengths [43–45]. Thus, the spin effect tends
to be important for long-wavelength gravitational waves
in addition to the wave effects. However, despite their
focus on the wave effect of long-wavelength gravitational
waves, several studies aiming to determine the mass dis-
tribution of lens objects by using the wavy nature of grav-
itational waves [6, 46, 47] have neglected the evolution of
the polarization tensor, i.e., neglected the effect of spin.
In other words, the gravitational waves are treated as
scalar waves following a null geodesic. The treatment
may not be correct and hence its validity needs to be
investigated.

Ideally, one would like to completely incorporate both
wave and spin effects for gravitational waves whose wave-
length is not necessarily shorter than the radius of cur-
vature of a lens object, whilst it is a challenge. In this
paper, as a stepping stone towards the ideal calculation,
we propose a method to calculate the first-order correc-
tion to the phase difference and magnification taking into
account the spin effect induced by dragged components of
spacetime for monochromatic gravitational waves with a
wavelength shorter than the curvature radius of the lens
object. This effect has not been taken into account in a
previous study e.g. Ref. [48], whereas it has recently been
addressed in [49] by using the Walker-Penrose theorem
to compute the gravitational Faraday rotation. We apply
our method to gravitational waves lensed by a Kerr black
hole in spin optics and demonstrate its practical imple-
mentation for future observations. Our results reveal two

new points. One is that there is an arrival time difference
between left- and right-handed gravitational waves. The
other is that linear polarized gravitational waves lensed
by a rotating lens object generally tend to be elliptically
polarized for longer wavelength gravitational waves, sup-
porting the results of the study about the scattering by
a Kerr black hole[43].
The rest of this paper is organized as follows. In § II,

we prepare the way to analytically calculate the phase
and magnification of left- and right-handed gravitational
waves. We demonstrate the application of our method
to the gravitational wave lensed by a Kerr black hole in
§ III. Finally, we conclude the paper in § IV.
Let us introduce the notation that we use throughout

the paper. The indices of tensors a, b, c, d, e, f, g, h run
over 0 to 3, whereas spatial indices i, j, k, l run over 1 to
3. The round and square brackets of indices denote sym-
metrization and antisymmetrization, respectively, that is,
T(ab) := (Tab + Tba)/2! and T[ab] := (Tab − Tba)/2!. ηabcd
and ϵabc denote a 4-dimensional and spatially completely
antisymmetric tensor, respectively. The variables with a
bar denote the helicity-independent part of the variables.
The bold math symbols denote spatial vectors and oper-
ators. We use the unit c = G = 1.

II. FORMALISM

We aim to derive the arrival-time difference and the
elliptical polarization of gravitational waves induced by
the coupling between spin and the rotational component
of the background spacetime. We define the metric as

ds2 = g
(phy)
ab dxadxb , (2.1)

where g
(phy)
ab is decomposed into the background and the

perturbation as

g
(phy)
ab = gab + hab. (2.2)

In order to extract the physical degrees of freedom that
correspond to the gravitational waves, we impose the
transverse-traceless gauge i.e. ha

a = 0 = ∇ahab. Then

the Einstein equation Gab[g
(phy)
cd ] = 0 is linearized and

obtain the wave equation as

2hab + 2Racbdh
cd = 0, (2.3)

where 2 := gab∇a∇b. This equation is what we solve in
the whole paper.
We assume that the background spacetime on which

gravitational waves propagate is approximately station-
ary, considering a situation where the rotational motion
of a lens object distorts the background much slower than
the time variation of gravitational waves. The stationary
conditions simplify the discussion without the loss of crit-
ical properties of spin optics i.e. the helicity-dependent
split of gravitational-wave trajectory.
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Let the background spacetime be a stationary space-
time throughout this paper. The stationary spacetime
means that there exists a timelike Killing vector ξa(t) pa-

rameterized by t, i.e.,

∃ξa(t) = (∂t)
a s.t. £ξ(t)gab = 0 and ξa(t)ξ

(t)
a < 0

⇔∃time coordinate t s.t. ∂tgab = 0. (2.4)

The timelike hypersurface with constant t, Σt := M/G
is the orbit space associated with ξa(t), where M is the

background spacetime manifold and G is the isometry
group of transformations generated by ξa(t). We express

the metric of the background spacetime as

gabdx
adxb = gtt(dt− gidx

i)2 + γijdx
idxj , (2.5)

where gtt, gi, and γij are the functions of the spatial
coordinate xi and independent of the time coordinate t.
The components of the inverse of the metric are gtt =
1/(gtt) + gig

i, gti = gi, and gij = γij . The determinant
is det(gab) = gtt det(γij). We introduce a normalized
Killing vector ua as

ua :=
ξa(t)√
−gtt

. (2.6)

By definition, uaua = −1. We define the induced metric
γab by using ua as

γab := gab + uaub. (2.7)

We also define the covariant derivative Da associated
with γab as

DaS
b1b2···bk

c1c2···cl

:= γ c
a γ e1

c1 γ e2
c2 · · · γ el

cl
γb1

d1
· · · γbk

dk
∇cS

d1d2···dk
e1e2···el , (2.8)

where Sb1b2···bk
c1c2···cl is a spatial tensor, and ∇a is the co-

variant derivative associated with gab.
We employ the spin optics and the diffraction formula

allowed to analytically calculate the phase of gravita-
tional waves along the trajectory. Spin optics is avail-
able in situations where the wavelength is shorter than
the curvature radius of the lens object, whereas not cap-
turing all the wave effects. However, it is interesting to
consider such situations because the time delay and the
elliptical polarization generated from the rotational drag-
ging by a lens object are analytically understood.

A. spin optics

As conventionally known in the context of gravita-
tional Faraday rotation [23, 24, 50–53], the polariza-
tion vectors are revolved through the coupling between
the polarization vectors and the rotational dragging of
the background spacetime, generating a rotational an-
gle. Spin optics treats the rotational angle as a helicity-
dependent additional phase shift. Following the previous
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FIG. 1. Transportation of the orthonormal base vectors.

studies [21, 22, 25, 54], we employ the polarization base
tensor extended by the Fermi-Walker parallel transport.

In this section, we define the basis as the circular polar-
ization vectors, the Fermi-Walker parallel transport, and
the modified dispersion relation in § IIA 1, and § II A 2,
respectively. In § II A 2, we analytically solve the dis-
persion relation for the modified phase. In § IIA 3, we
supply an alternative explanation of the spin effect in the
language of the gravito-electromagnetism.

1. Circular polarization basis

We introduce a tetrad {ua, e1
a, e2

a, e3
a} associated

with the trajectory of the gravitational waves (see Fig. 1)
which satisfy the unit orthogonal conditions,

ei
aeja = δij , ei

aua = 0. (2.9)

As depicted in Fig. 1, we extend the base vectors ei
a in

the time direction by the Lie transport along the integral
curve of ξa(t) as

£ξ(t)ei
a = 0. (2.10)

We extend the base tensors in the spatial direction by the
spatial Fermi-Walker parallel transport. The projected
path of the non-geodesic path generally is not spatial
geodesic, i.e. ea3Dae3

b ̸= 0, then the base tensor trans-
ported by the spatial standard parallel transport does
not point in the tangent direction of the spatial path. To
get around this problem, we extend the base vectors ei

a

in the space direction by spatial Fermi-Walker parallel
transport along the spatial path as

D(FW)
e3 ei

a = 0, (2.11)

where D
(FW)
e3 denotes the spatial Fermi-Walker deriva-
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tive 2 defined by

D(FW)
e3 ei

a :=e3
cDcei

a + Fa
cei

c,

Fab :=e3aab − e3baa, (2.12)

and aa := e3
bDbe3

a is the acceleration for e3
a. The base

tensor transported by the spatial Fermi-Walker parallel
transport is tangent to the spatial path (see App. C).

Next, we define the circular polarization base vector
using the tetrad. The circular base vector ma is defined
by

ma :=
1√
2
(e1

a + ie2
a). (2.13)

By definition, the circular base vector satisfies

mam
∗a =1, mam

a =mae3
a = mau

a = 0, (2.14)

and

mam∗b =− ie
[a
1 e

b]
2 +

1

2
(ea1e

b
1 + ea2e

b
2). (2.15)

Here, the asterisk denotes the complex conjugate. The
condition mama = 0 yields

ma∇cm
a = 0. (2.16)

The circular polarization tensor is transported in the
same way as the tetrad base tensors,

£ξ(t)m
a =0, (2.17)

D(FW)
e3 ma =0. (2.18)

Note that the above extension of the base vectors is
valid for stationary spacetime. The extensions for the
arbitrary asymptotically-flat spacetime are discussed in
Ref. [55].

2. Dispersion relation

We introduce the dispersion relation in spin optics
which incorporates the effect of spin on the trajectory.
We compute the dispersion relation only for the right-
handed gravitational waves for the brevity of presenta-
tion. Performing complex conjugate in the following dis-
cussion gives us a discussion for a left-handed gravita-
tional waves.

Considering the path away from the lens, we neglect
the second term in the left-hand side of Eq. (2.3) through-
out this paper. Provided that |∇A/A|, |∇mab/mab| ≪

2 Note that the sign of Fab oppositely flips between space-like and
time-like Fermi-Walker parallel transport so that making inner
products of Fermi-Walker parallel transport vectors invariant.

|∇S/S|, the right-handed metric perturbation can be de-
composed into the amplitude AR, the polarization base
tensor mab := mamb, and the phase SR as

hRab = ARmabe
iSR . (2.19)

The indices “R” and “L” denote right- and left-handed,
respectively. We use these indices only for polarization-
specific discussion and omit them when the polarization
is not specific.
Under the geometrical optics assumption, the equation

of motion (2.3) becomes(
ARmab∇cSR∇cSR − 2iAR∇cSR∇cmab

− iARmab∇c∇cSR − 2imab∇cSR∇cAR

)
eiSR

+O
(
(∇SR)

0
)
= 0 (2.20)

In the standard geometrical optics, one collects the term
with O((∇SR)

2) and hence obtains the standard disper-
sion relation ∇aSR∇aSR = 0 from the leading order of
Eq. (2.20). In spin optics, on the other hand, the next-
to-leading order term −2iAR∇cSR∇cmab is regarded as
the correction to the dispersion relation. This term phys-
ically describes the modulation of polarization tensor
along the trajectory, namely the gravitational Faraday
rotation. Note that this term flips its signature on the
left-handed mode. Contracting Eq. (2.20) with m∗ab, the
dispersion relation and the Hamiltonian in spin optics are
given by

H :=
1

2
gab (∇aS − σBa) (∇bS − σBb) ≈ 0. (2.21)

where the helicity σ take +2 for the right- and −2 for the
left-handed gravitational waves. “≈” denotes the equal-
ity up to the first order of B where Ba is defined by

Ba := im∗b∇amb. (2.22)

The key is to use this dispersion relation instead of the
standard dispersion relation for massless particles in or-
der to take into account the spin effect. The next leading
order of Eq. (2.20) yields the conservation of the energy
of gravitational waves as in the same as standard geo-
metrical optics approximation [22].
We define the wave vector and velocity as

ka :=∇aS, (2.23)

ẋa :=
∂H

∂ka
= ka − σBa. (2.24)

Here, we take the e3
a as the direction of the spatial part

of the velocity. The explicit expression of e3
a is given by

e3
a :=

√
−gtt

−ξb(t)ẋb
ẋa − ua. (2.25)

The coefficient of ẋa is determined so that the approxi-
mate null condition Eq. (2.21) is satisfied.
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Because of stationarity, we impose

£ξ(t) ẋ
a =∂tẋ

a = 0 , (2.26)

indicating that the phase velocity stays constant in time.
Since Ba consists of the circular base vector which is Lie
transported along the Killing vector ξa(t), Ba is also Lie

transported, i.e., £ξ(t)Ba = 0. Indeed, we immediately
show £ξ(t)Ba = 0, because the Lie derivative along any
Killing vector commutes with any covariant derivative,
i.e., [£ξ,∇] = 0, (See App. B). It means

£ξ(t)B
a = ∂tBa = 0. (2.27)

This equation and Eqs. (2.26) (2.24) lead to

£ξ(t)k
a = ∂tk

a = 0. (2.28)

We define the frequency of gravitational waves ω as

ω := −ξa(t)ka. (2.29)

Using Eq. (2.28) and ∂tξ
a
(t) = 0, the derivative of the

frequency is

∂aω = −ξb(t)∂akb − kb∂aξ
b
(t) = 0. (2.30)

Thus we obtain

ω = constant. (2.31)

This is the consequence of the temporal isometry of the
background spacetime. We can separate the phase into
the time-dependent part −ωt and space-dependent part
S(xi) as

S(t, xi) = −ωt+ S(xi). (2.32)

To analytically solve the dispersion relation (2.21), we
additionally assume that the frequency is larger than
|Ba|, i.e., |Ba| ≪ |ka| on the path. Let set S = S̄ + σχ
where S̄ and σχ are the zeroth and first-order solutions
of B, respectively, where S̄ is the helicity-independent
part of the S. Note that the helicity-dependent part σχ
is contained in the spatial part of the phase S.
The zeroth order of B of Eq. (2.21) yields

∇aS̄∇aS̄ = k̄a∇aS̄ ≈ 0, (2.33)

where k̄a := ∇aS̄. The covariant derivative of this equa-
tion yields the geodesic equation,

k̄b∇bk̄
a ≈ 0. (2.34)

Eq. (2.33) means S̄ is constant along the curve tangent
to k̄a. Thus, the spatial part of S̄ is associated with the
time part as

S(xi
o)− S(xi

s) = ω(to − ts). (2.35)

to− ts is the time between the source and observer which
can be obtained by solving the geodesic equation (2.34).

The first order of B of Eq. (2.21) yields

ẋa∇aχ ≈ ẋaBa. (2.36)

The right-hand side can be rewritten in terms of the lan-
guage of gravito-electromagnetism and will be shown in
the next section.

3. Alternative description with Gravito-electromagnetism

Recall that the spin optics is equivalent to the grav-
itational Faraday rotation in the context of gravito-
electromagnetism [51]. The right-hand side Eq. (2.36),
which is the result of spin optics, can be better under-
stood and simply described with the gravito-electric field
E and gravito-magnetic field B defined as

E :=−D ln
√
−gtt = −1

2

Dgtt
gtt

, (2.37)

B := curl g. (2.38)

The operator curl is defined by

curl gi := ϵijk Dj gk = ϵijk∂jgk, (2.39)

where we use ϵijk(3)Γl
jk = 0 in the second equality.

ϵijk = ϵ[ijk] is the spatial anti-symmetric tensor with
ϵ123 = 1/

√
γ and ϵ123 =

√
γ, where γ := det(γij). In

stationary spacetime, the Einstein equation and Bianchi
identities can be rewritten in the quasi-Maxwell form [56]

divB =0, (2.40)

curlE =0, (2.41)

divE =−
[
1

2

(√
−gtt B

)2
+E2

]
− 16πgtt

(
Ttt −

1

2
gttT

)
, (2.42)

curl
(√

−gttB
)
=2E ×

(√
−gtt B

)
+ 16π

√
−gttJ ,

(2.43)

(3)Rij =DiEj +
[(√

−gtt B
i
) (√

−gtt B
j
)

−
(√

−gtt B
)2

γij
]
+ EiEj

− 8πgtt

(
T ij − 1

2
gijT

)
, (2.44)

where (3)Rij is the spatial Ricci tensor associated with
γij , Tab is the stress energy tensor of a matter, J i := T i

t,
and divE := DiE

i. The gravito-electric field is sourced
by the gravitational self energy and the matter energy.
The gravito-magnetic field is sourced by these currents.
We rewrite the right-hand side of Eq. (2.36) in terms

of the gravito-magnetic component B. 3

ẋaBa =im∗bẋa∇amb

=−
iξc(t)ẋc
√
−gtt

m∗b(e3
a + ua)∇amb

=−
iξc(t)ẋc
√
−gtt

m∗be3
a∇amb +

iξc(t)ẋc

gtt
m∗bξa(t)∇amb

3 Taking the spatial metric as γ̂ij := γij/(−gtt), the final expres-
sion consistent with Eq. (102) in Ref. [21].
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=−
iξc(t)ẋc

−gtt
m∗bξa(t)∇amb

=−
iξc(t)ẋc

−gtt
m∗bma∇aξ(t)b

=
iξc(t)ẋc

−gtt
ie

[a
1 e

b]
2 ∇aξ(t)b

=−
ξc(t)ẋc

−2gtt
ηabcduae3b∇cξ(t)d

=
1

2
uaẋbη

abcd∇cud

=
√
−gtt

1

2
ẋ ·B. (2.45)

We have used Eq. (2.25) in the second equality, Eq. (2.6)
in the third equality, Eqs. (2.14) (2.18) in the fourth
equality, Eq. (2.17) in the fourth to fifth line, Eq. (2.15)
and eb1e

c
1∇cξ(t)b = 0 due to the anti-symmetry ∇cξ(t)b =

−∇bξ(t)c which is found from the Killing equation

£ξ(t)gab = 0 in the sixth equality, ηabcduae3b =

2e
[c
1 e

d]
2 and ∇aηbcdf = 0 in the seventh equality,

Eqs. (2.6), (2.25)4, and ηabcduaub = 0 in the eighth equal-
ity, and uaηa

bcd∇cud =
√
−gttu

aηa
bcd∂c(ud/

√
−gtt) =√

−gttγ
b
iϵ

ijk∂j(uk/
√
−gtt) =

√
−gttγ

b
iϵ

ijk∂jgk =√
−gttγ

b
iB

i. Therefore, the gravitational Faraday rota-
tion angle can be written in a similar form to the Faraday
rotation in electromagnetism as

ẋa∇aχ ≈
√
−gtt
2

ẋ ·B. (2.46)

ẋa∇a means the directional derivative in the direction of
the velocity.

B. Diffraction theory

We have analytically obtained the phase incorporating
the spin effect. In this section, we plug the solution of the
phase in the diffraction formula, and evaluate the arrival
time and the magnification.

First, we introduce the diffraction formula, based on
Ref.[57]. Next, we evaluate the integral in the diffrac-
tion formula on the lens plane in the diffraction for-
mula (2.47) using the stationary phase approximation
which can be applied to the gravitational wave with a
wavelength shorter than the typical length scale of the
lens. In this paper, we configure the position of the
source, lens, and observer shown in Fig. 2 so that the
spin effect is at maximum. We also assume that the back-
ground spacetime is asymptotically flat in the region far
from the lens and the source is not too far from z-axis,
i.e., η <∼ ξ.

4 ηabcdu
aeb1e

c
2e

d
3 = 1 because of g = −1 for the tetrad

{u, e1, e2, e3}.
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⇠

FIG. 2. Lens geometry on the t = const. hypersurfaces. The
true source position is at η with respect to the z-axis. The
intersection point between the lens plane and the gravitational
waves path at ξ. E is lens plane. E′ is intermediate plane. rs
is the distance of the source from the lens plane E. ro and r′o
are the distance of the observer from the lens plane E and the
intermediate plane E′, respectively. The lens plane E is close
to the intermediate plane E′ in the meaning of ro − r′o ≪ ro.

1. Diffraction formula

The diffraction theory of gravitational lensing is well
organized in §4.7 of Ref. [57]. In this book, the authors
applied the diffraction theory to the intermediate plane
E′ to the observer in which the background space-time
is approximately flat. The lens configuration and the
spin effect which originated from the dragged component
of the background spacetime do not change the deriva-
tion of the diffraction formula of gravitational lensing.
Therefore, the standard diffraction formula of gravita-
tional lensing [48, 57, 58] can be applied to the case in
this paper, which is given by

Eobs(η, σ)
Eunlens

=
(rs + ro)ω

2πirsro

∫
E

d2ξeiS(ξ,η) (2.47)

where Eobs and Eunlens are the amplitude at the observer
with and without the lens, respectively. The effect of
spacetime distortion is imprinted only in the phase S.

2. stationary phase approximation

We evaluate the integral of Eq. (2.47) using station-
ary phase approximation. In the stationary approxima-
tion, the third or higher-order Taylor expansion of the
phase S at the stationary point Ξ, which is the solu-
tion of ∂ξS(Ξ) = 0, is assumed to be much smaller than
the second-order Taylor expansion and hence neglect the
higher-order terms. This assumption is quantitatively
translated into ξ/η ≪ Mω [5]. In such a situation, the
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integrals around two stationary points Ξ, which consist
of the minimum point Ξmin and the saddle point Ξsad,
are dominant. Performing the multiple Gauss integral,
the result which is the sum of the contribution from the
two stationary points (see e.g. Ref. [57]) is written as

Eobs
Eunlens

=
∑

j=sud,min

(rs + ro)ω

rsro

exp(iS(Ξj)− iπnj/2)√
|det(∇⊗∇S(Ξj))|

,

(2.48)

where nmin = 0, nsad = 1, ⊗ denotes tensor product
and∇ denotes the two-dimensional derivative on the lens
plane. ∇⊗∇S(Ξj) is the Hesse matrix at the stationary
points.

III. EXAMPLE: KERR BLACK HOLE

We apply our formalism to gravitational waves lensed
by a Kerr black hole as an example. Part of the calcu-
lation follows Ref. [48]. We consider the lens geometry
drawn in Fig. 2. First, we introduce the phase. Next, we
put the phase into the diffraction formula (2.47). Finally,
we evaluate the integration using the stationary phase
approximation and estimate the arrival time delay and
magnification difference between left- and right-handed
gravitational waves.

Here we introduce a bookkeeping parameter ϵ as

M

ξ
= O(ϵ), (3.1)

where ξ is typically in the same order as the Einstein
radius defined by

ξE :=

√
4Mrsro
rs + ro

. (3.2)

We assume the angular momentum per mass a ,i.e. a
Kerr parameter, is in the same order as M , then

a

ξ
= O(ϵ). (3.3)

In addition, we assume rs is also in the same order as ro.
Then Eq. (3.2) yield

ξ

rs
∼ ξ

ro
= O(ϵ). (3.4)

To summarize, we assume the relation

M

ξ
∼ a

ξ
∼ ξ

rs
∼ ξ

ro
= O(ϵ). (3.5)

Because the χ ∼ O(ϵ3), we calculate it up to the third
order of ϵ. Hereafter, “≃” denotes equality up to the
third order of ϵ.

A. magnetic component

The explicit expression of the gravito-magnetic compo-
nents for Kerr metric in the Boyer-Lindquist coordinate
is

B =− 2aMr∆sin(2θ)
√
γ(ρ2 − 2Mr)2

∂r

− 2aM(r2 − a2 cos2 θ) sin2 θ
√
γ(ρ2 − 2Mr)2

∂θ, (3.6)

and its infinitesimal circulation is

curl(
√
−gttB) =

4aM2

ρ3 (ρ2 − 2Mr)
3/2

∂ϕ, (3.7)

where ρ and ∆ is defined in Eq. (A2) and Eq (A3), re-
spectively. Eq. (3.7) is satisfied Eq. (2.43). Since the
charge of the gravitational field is the energy, the gravito-
magnetic field sourced by circular energy current is anal-
ogous to the gravito-magnetic field sourced by circular
electric current.

B. phase

We calculate the phase separating the helicity-
independent and helicity-dependent parts based on the
procedure described in § II A 2.
First, we get the helicity-independent part of the

phase. The covariant derivative Eq. (2.33) leads to the
geometric equation

k̄b∇bk̄
a = 0, (3.8)

where k̄a := ∇aS̄. Thus, S̄ is given by the time from the
source to the observer multiplied by the frequency5,

S̄ = ω

∫ obs

sou

dt = ω(tobs − tsou). (3.9)

Using the null geodesic equations (A15)-(A17),

to − ts

=

(∫ E

sou

+

∫ obs

E

)
r2(r2 + a2) + 2aMr(a− L/E)

sgn(k̄r)∆
√
R

dr

+

∫ obs

sou

a2 cos2 θ√
Θ

dθ, (3.10)

where E and L are defined in Eq. (A11) and Eq. (A12),
respectively. The time is obtained in Ref. [59] up to
O(ϵ2). Because the contribution of the rotation of the

5 Setting ka = dxa

dν
, the null condition k̄ak̄a = dxa

dν
∂aS = 0 imply

ωdt = dS.
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Kerr black hole in the time is O(ϵ2) [48], the time is the
same as in Schwarzschild black hole up to O(ϵ1). The
time up to O(ϵ1) is given by the summation of the Eu-
clidean part and the Shapiro time delay. Therefore, the
eikonal is written as

S̄(x,y) ≃
[
const.

]
+ ω

[
2M |x− y|2 − 4M log(x)

]
+

[
S̄(2)

]
+

[
S̄(3)

]
, (3.11)

where x and y are the dimensionless distance normalized
the Einstein radius ξE which are defined by

x :=
ξ

ξE
, y :=

η

ξE

ro
rs + ro

, ξE :=

√
4Mrors
rs + ro

. (3.12)

The orders in the ϵ expansion of each square bracket are
different and the square brackets are listed in lower or-
der from the left. S̄(2) and S̄(3) are not written down
because they are not relevant to the main results in this
paper, although they can be computed by performing the
procedure described in Ref. [59].

Next, we calculate the helicity-independent part of the
phase. It is the first-order solution σχ in B of the dis-

persion relation. (2.21). χ is the gravitational Faraday
rotation angle which is the solution of Eq. (2.46). The
gravitational Faraday rotation angle for a Kerr black hole
is calculated in App. D (see also Ref. [51]), which is given
by

χ ≃ −πaM2

4ξ3
. (3.13)

Finally, we sum them to obtain the solution of the
dispersion relation. (2.21), which is given by

S(x,y) ≃
[
const.

]
+ ω

[
2M |x− y|2 − 4M log(x)

]
+

[
S̄(2)

]
+

[
S̄(3) − σ

πaM2

4x3ξ3E

]
. (3.14)

The last term is an important result led by spin optics.

C. stationary point

The stationary points x = X such that ∂xS = 0 are
given by

Xmin ≃
[
1

2

(√
y2 + 4 + y

) y

y

]
+

[
X̄

(2)
min

]
+

[
X̄

(3)
min − σ

1

X̄
(1)2
min

(
X̄

(1)2
min + 1

) 3πaM

16ωξ3E

y

y

]
, (3.15)

Xsad ≃
[
1

2

(√
y2 + 4− y

) −y

y

]
+

[
X̄

(2)
sad

]
+

[
X̄

(3)
sad − σ

1

X̄
(1)2
sad

(
X̄

(1)2
sad + 1

) 3πaM

16ωξ3E

−y

y

]
, (3.16)

where

X̄(1) =
1

2

(√
y2 + 4± y

)
. (3.17)

The sign is +/− for the minimum/saddle point. X̄(2) and
X̄(3) are not calculated in this paper. The final term in
Eqs. (3.15) (3.16) is helicity-dependent part due to the
spin effect. The stationary points (see also Fig. 3) are
shifted from that of scalar waves by

δΞ := |X − X̄|ξE =
1

X̄(1)2
(
X̄(1)2 + 1

) 3πaM
4ωξ2E

. (3.18)

D. arrival time difference

The gravitational Faraday rotation which is the last
term in Eq. (3.14) induces the arrival time difference be-
tween left- and right-handed gravitational waves. Substi-
tuting the stationary points into the last term, we evalu-
ate the arrival time delay between left- and right-handed

gravitational waves

δtR-L :=
|SR(X)− SL(X)|

ω

≃ 1

X̄(1)3

2π

ω

aM2

2ξ3E
. (3.19)

Since δtR-L ∝ 1/ω, the arrival time difference is large for
long-wavelength waves. The arrival difference between
left-handed wave packet and right-handed wave packet
calculated in Ref. [36, 40] is δtR-L ∝ 1/ω3, which is differ-
ent from the order in Eq. (3.19). However, Ref. [36, 40], in
which the author considers that a wave packet propagates
near the Kerr black hole, is not an appropriate compari-
son since the situation is different from what we consider,
i.e. the propagation of monochromatic waves. Therefore,
it is not a problem if the frequency dependence is different
from its result. As stated in introduction, gravitational
waves in the regime of validity of linear perturbation can
be decomposed into either a set of monochromatic waves
or a set of wave packets, and the propagation of each el-
ement of the chosen basis can be studied separately. For
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FIG. 3. Schematic illustration of the trajectory of the spin-0
particle (black) and the gravitational waves with σ · J > 0
(red) and σ · J < 0 (blue).

a given astrophysical source of gravitational waves, the
waveform at the position of the detector can be computed

by taking an appropriate linear combination and should
be independent of the choice of basis. Confirming this
explicitly is, however, beyond the scope of the present
paper and is left as a future work.
We estimate the arrival time difference for a hypothet-

ical lens with the mass M = 1012M⊙ and the Kerr pa-
rameter a = M at the distance rs = rs = D = Gpc. The
factor aM2/ξ3E is O(10−9) and X̄(1) is O(1). Consider-
ing gravitational waves with the frequency f = ω/(2π) =
mHz in the LISA band, the arrival time difference is es-
timated to be

δtR-L ∼ 10−6 sec

(
a

1012 km

)(
M

1012 km

) 1
2

·
(

D

Gpc

)− 3
2
(

f

mHz

)−1

. (3.20)

E. magnification

The normalized magnification defined by

µ(y) :=
(4Mω)2

det
(
∇̂ ⊗ ∇̂S(X,y)

) , (3.21)

where ∇̂ denotes the derivative with respect to the lens
plane coordinate x. Those at the stationary points are
explicitly

|µmin| := |µ(Xmin)| ≃
[
1

2
+

y2 + 2

2y
√
y2 + 4

]
+

[
µ̄
(2)
min

]
+

[
µ̄
(3)
min + σ

X̄
(1)
min(3X̄

(1)2
min + 1)

(X̄
(1)2
min − 1)(X̄

(1)2
min + 1)3

3πaM

16ωξ3E

]
, (3.22)

|µsad| := |µ(Xsad)| ≃
[
1

2
− y2 + 2

2y
√
y2 + 4

]
+

[
µ̄
(2)
sad

]
+

[
µ̄
(3)
sad + σ

X̄
(1)
sad(3X̄

(1)2
sad + 1)

(X̄
(1)2
sad − 1)(X̄

(1)2
sad + 1)3

3πaM

16ωξ3E

]
, (3.23)

(3.24)

where µ̄(2) and µ̄(3) are not calculated in this paper. Only
the final term depends on the helicity. The magnification
of gravitational waves with σ = +2 is more enhanced
than that of scalar waves. Intuitively, this is because
gravitational waves with σ = +2 propagate over shorter
distances than scalar waves (See Fig. 3).

The magnification difference between left- and right-
handed gravitational waves is

δµR-L :=|µR(X)− µL(X)|

=
X̄(1)(3X̄(1)2 + 1)

(X̄(1)2 − 1)(X̄(1)2 + 1)3
1

Mω

3πaM2

4ξ3E
. (3.25)

Since δµR-L ∝ 1/ω, the magnification difference is also
large for long-wavelength waves. This means that when

the source emits gravitational waves with pure plus-
mode, i.e., |ER| = |EL| at the source, the observer
receives the elliptically polarized gravitational waves.
It is more elliptical for longer-wavelength gravitational
waves. However, since the factor aM2/ξ3E is very small
<∼ O(10−9) for wavelength shorter than the radius of cur-
vature of a lens object, δµR-L is also small, where we as-
sume a hypothetical lens with a mass M = 1012M⊙ and
the Kerr parameter a = M at the distance rs = rs = Gpc.
The total amplitude is given by∣∣∣∣ Eobs
Eunlens

∣∣∣∣2 =|µmin|+ |µsad|

+ 2
√

|µminµsad| sin(Ssad − Smin). (3.26)
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where Ssad := S(Xsad) and Smin := S(Xmin).

IV. CONCLUSION

We have developed the method to study the gravita-
tional lensing of gravitational waves taking into account
part of the spin effect of gravitational waves. Combin-
ing the computational techniques developed in the lit-
erature for the spin effect of gravitational waves as well
as the ones for gravitational lensing, we have developed
for the first time a consistent computation for gravita-
tional lensing incorporating the spin effect of the gravi-
tational waves by using the diffraction formula. We ap-
plied our formalism to the case of monochromatic grav-
itational waves lensed by a Kerr black hole conditioned
by Mω ≫ 1, illuminated potential signatures of the spin-
induced gravitational time delay and the elliptical polar-
izations for future gravitational-wave observations. We
have shown in the case of a Kerr black hole the time de-
lay (3.19) between left- and right-handed gravitational
waves is more enhanced for longer-wavelength gravita-
tional waves. Furthermore, our results have also shown
that the magnification (3.24) depends on both the fre-
quency and the helicity of gravitational waves. For exam-
ple, the magnification of gravitational waves with σ = +2
is larger than that of scalar waves in the lens geometry in
Fig 2. Notably, we have found that the difference of mag-
nification between the left- and the right-handed gravita-
tional waves is larger for longer wavelength gravitational
waves. Our predictions for the differences in phase and
magnification could be observed in future gravitational-
wave detectors, potentially giving new information on the
rotation properties of a lens object and a dragged space-
time.

In this paper, we focus on gravitational waves only for
Mω >∼ 1. To investigate the regime Mω <∼ 1, we need to
calculate the diffraction integral without relying on the
stationary phase approximation. Alternatively, one can
employ the path integral method [5], utilize the Teukol-
sky equation, or numerically solve Einstein equation [60].
These approaches are able to be extended to the range
of Mω ≫ 1, making it worth comparing to our results of
spin optics. In conclusion, studying the theoretical com-
putation of wave scattering by a spinning object is still
desirable in the future.
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Appendix A: Basic materials of Kerr spacetime

We write down the basic equations in the Kerr space-
time based on [61]. The Kerr metric in the Boyer-
Lindquist coordinate is given by

ds2 =−
(
1− 2Mr

ρ2

)
dt2 − 4Mar sin2 θ

ρ2
dϕdt

+
ρ2

∆
dr2 + ρ2dθ2 +

Σ

ρ2
sin2 θdϕ2, (A1)

where

ρ2 := r2 + a2 cos2 θ, (A2)

∆ := r2 − 2Mr + a2, (A3)

Σ := (r2 + a2)2 − a2∆sin2 θ. (A4)

The components of the inverse of the metric are

gab =

t r θ ϕ





− Σ

ρ2∆
0 0 −2Mar

ρ2∆

0
∆

ρ2
0 0

0 0
1

ρ2
0

−2Mar

ρ2Σ
0 0

∆− a2 sin2 θ

ρ2∆sin2 θ

. (A5)

In the Kerr spacetime, there are two Killing vectors
and one Killing tensor (See e.g. [62]) given by

ξa(t) =(∂t)
a = (1, 0, 0, 0), (A6)

ξa(ϕ) =(∂ϕ)
a = (0, 0, 0, 1), (A7)

ξab =2∆2l(anb) + r2gab, (A8)

where l and n is defined by

la :=(r2 + a2,∆, 0, a)/∆, (A9)

na :=(r2 + a2,−∆, 0, a)/∆. (A10)

The constants of motion such as the energy E, azimuthal
angular momentum L, and Carter constant Q, corre-
sponding to each Killing vector and tensor exist as

E :=− ξa(t)pa = −pt, (A11)

L :=ξa(ϕ)pa = pϕ, (A12)

Q :=ξabp
apb − (L− aE)2 (A13)

In the case of monochromatic wave scattering that we
consider in the paper, E = ω. For a null geodesic with a
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tangent vector pa = dxa/dν, writing Eqs. (A11)-(A13)
and papa = 0 explicitly, we can obtain

ρ2
dt

dν
=− a(aE sin2 θ − L) + (r2 + a2)

P

∆
, (A14)

ρ2
dr

dν
=± E

√
R, (A15)

ρ2
dθ

dν
=± E

√
Θ, (A16)

ρ2
dϕ

dν
=−

(
aE − L

sin2 θ

)
+

aP

∆
, (A17)

where

P (r) :=E(r2 + a2)− aL, (A18)

R(r)E2 :=P 2 −∆
(
(L− aE)2 + Q

)
, (A19)

Θ(θ)E2 :=Q + cos2 θ

(
a2E2 − L2

sin2 θ

)
. (A20)

The signs in Eqs. (A15) (A16) are positive for dr/dν >
0,dθ/dν > 0, and negative for dr/dν < 0,dθ/dν < 0,
respectively.

Appendix B: Commutation relation

We show that any Lie derivative along any Killing vec-
tor is commutative with any covariant derivative for any
vector V a. ∇a£ξVb and £ξ∇aVb can be written as

∇a£ξVb =(∇aξ
c)(∇cVb) + ξc∇a∇cVb

+ (∇aVc)(∇bξ
c) + Vc∇a∇bξ

c, (B1)

£ξ∇aVb =ξc∇c∇aVb + (∇aξ
c)(∇cVb)

+ (∇aVc)(∇bξ
c). (B2)

Here, we use the property of the Killing vector (see App.
C.3 in Ref. [63]),

∇a∇bξc = −Rbca
dξd. (B3)

Using Eq. (B3), one can show that the Riemann tensor
that comes out when exchanging the covariant derivative
of the second term on the right-hand side of Eq. (B1)
cancels with that of the fourth term. Then the right-
hand side of (B1) and Eq. (B2) are equivalent. Therefore
we obtain

[£ξ,∇a]Vb = 0. (B4)

Performing the same procedure for any rank tensor,
one can show any Lie derivative along any Killing vector
is commutative with the covariant derivative.

Appendix C: Fermi-Walker parallel transport

We explain the Fermi-Walker parallel transport follow-
ing [64, 65]. The guiding principle of parallel transport

is that the inner product of vectors transported along a
curve is invariant. Standard parallel transport of a vec-
tor V a along the integral curve of unit normal vector Ua

is the transport that satisfies

U b∇bV
a = 0. (C1)

The standard parallel transported tangent vector along
its geodesic curve is the tangent vector of the destination.
However, the standard parallel transported tangent vec-
tor along the non-geodesic curve does not coincide with
the tangent vector of the destination. The Fermi-Walker
parallel transport is the transport such that (a) the inner
product of transported vectors is invariant and (b) the
transported tangent vector along the non-geodesic curve
coincides with the tangent vector at the destination.
The Fermi-Walker parallel transport is the transport

with satisfying

∇FW
U V a := U b∇bV

a + Fa
bV

b = 0, (C2)

where

Fab =sgn(U cUc) (UaAb −AaUb) ,

Aa =U b∇bU
a, (C3)

where |UaUa| = 1. Indeed, ∇FW
U Ua = 0 and the deriva-

tive of the inner product between the tangent vector Ua

and Fermi-Walker transported vector V b along the curve
is

d

dτ
(UaVa) =U b∇b(U

aVa) = AbVa − UaFa
bVb

=AaVa − sgn(U cUc)U
aUaA

bVb = 0, (C4)

where we have used UaAa = 0. The first term of Eq.
(C2) is not necessary for the inner product with the tan-
gent vector to be invariant but is necessary for the inner
product between non-tangent vectors. The two trans-
port for the geodesic curve, i.e. Aa ∝ Ua, are equivalent
because of Fab = 0.

Appendix D: Gravitational Faraday rotation angle
in the Kerr spacetime

Following Ref. [51], we calculate the gravitational Fara-
day rotation angle χ in Kerr spacetime, which is defined
by Eq. (2.46),

ẋa∇aχ =

√
−gtt
2

Baẋ
a =

√
−gtt
2

Biẋ
i. (D1)

Taking the parameter along the spatial path as λ such
that ẋi Di := d/dλ, Eq. (D1) yields

dχ =
1

2
B · e3ωdλ, (D2)
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FIG. 4. Standard parallel transported vector Ua
PT and Fermi-

Walker parallel transported vector Ua
FWT of the tangent vector

Ua along the non-geodesic curve Ub∇bU
a = Aa.

where ei3 ≃
√
−gttẋ

i/ω. ẋaẋa ≃ 0 (2.21) leads to

ω2

−gtt
≃
(
dl

dλ

)2

, (D3)

where (dl)2 ≃ γijdx
idxj along the spatial path. This

means e3ωdλ ≃
√
−gtte3dl =:

√
−gttdl, then Eq. (D2) is

rewritten in the form

χ ≃1

2

∫ √
−gtt B · dl. (D4)

Since this expression is similar to the Faraday rotation
angle in electromagnetic (see e.g. [66]), this is called
“gravitational Faraday rotation”.

First, we calculate χ for the case η = 0. Eq. (D4) into
the surface integrate form for simplicity of calculation,
we take close path C = C1 + C2 drawn in Fig. 5 6. The
distance between the lens and the point on the path C2
is taken to be O(rs). The path C1 routes near the lens,
whereas path C2 is away from the lens. Using the Stokes
theorem, Eq. (D4) leads to

1

2

∮
C

(
√
−gttB) · dl = 1

2

∫
S

curl(
√
−gttB) · dS, (D5)

where S denotes the area enclosed by the closed path C.
curl(

√
−gttB) for the Kerr spacetime is

curl(
√
−gttB) =

4aM2

ρ3 (ρ2 − 2Mr)
3/2

∂ϕ. (D6)

Because r curl(
√
−gttB) → 0 as r → ∞, the integral

along the path C2 is negligible 7. Therefore Eq. (D5)

6 The path C2 is different from one of Ref. [51]
7 The integral along the path C2 is O(aM/r2s )
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FIG. 5. Path of integration.

becomes

χ ≃ 1

2

∫
C1

(
√
−gttB) · dl = 1

2

∫
S

curl(
√
−gttB) · dA,

(D7)

where dAi = −γijϵjrθdrdθ ∝ −(∂ϕ)
i is the infinitesimal

area of S. The path C1 is bending due to gravity. How-
ever, we can neglect the bending and the path C1 approx-
imate with the straight line since the order of the inte-
grand curl(

√
−gttB) ∼ O(ϵ3) is the highest order which

we focus on. Then Eqs. (D6) (D7) yield

χ ≃ −2aM2

∫ 1

−1

dµ

∫ rC2

rorb(µ)

dr
1

r4

≃ −2

3
aM2

∫ 1

−1

dµ
1

r3orb

where µ := cos θ and rC2 is the distance to the path C2.
Since rC2 is the same order as rs, we have neglected the
term with aM2/r3C2 = O(ϵ6) in the second equality. The
relation between rorb and µ in the leading is

rorb ∼ rmin√
1− µ2

. (D8)

Thus, the gravitational Faraday rotation angle for Kerr
spacetime is

χ ≃ −πaM2

4r3min

. (D9)
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FIG. 6. Flat geometry. r′s is the distance from the lens to the
intersection point between z axis and the line extending the
path.

This expression is consistent with Refs. [51]. For the case

ξ ̸= 0, χ is multiplied by the additional factor cos θs [51].
However, since cos θs = 1+O(ϵ2), the contribution of the
additional factor is higher order and hence we neglect it.
Since the variable of integration in the diffraction for-

mula is ξ, we rewrite Eq. (D9) in terms of ξ. Let us
estimate the order of the difference between rmin and
ξ. Here, we consider the path on the plane on which
the source, lens, and observer are since the gravitational
waves we focus on propagates on the plane in the lead-
ing order. The contribution of the distortion of space-
time in the length of rmin and ξ is higher order than the
Euclidean part. Thus, we estimate it for the flat space-
time (Fig. 6) in which the path is straight and we can
use the Pythagorean theorem. The Pythagorean theo-

rem yields ξ/rmin =
√

r′s
2 + ξ2/r′s = 1+ ξ2/(2r′s

2
) + · · · .

Using r′s > rs and Eq. (3.5), we have ξ/rmin − 1 < O(ϵ2).
Since the order of χ is O(ϵ3), we can replace rmin in
Eq. (D9) by ξ, as

χ ≃ −πaM2

4ξ3
. (D10)
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