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Roles of Galactic Cosmic Rays
Evolution of the Protoplanetary disk

CR ionization rate controls 
the size/life-time of
protoplanetary disk via the 
angular momentum 
transportation by B-field. 
→ Planet formation

258 Haywood: Galactic chemical evolution revisited

Fig. 2. Results from Snaith et al. (2014) Panel (a): [Si/Fe] vs age relation (black curve) as determined by
fitting a closed-box model to (inner disc) data from Adibekyan et al (2012) and Haywood et al. (2013; green
circles). Panel (b): The star formation history deduced from the fit in (a). Panel (c): Cumulative stellar
mass as a function of redshift for the MW from (b) compared to that of Milky Way-analog galaxies from
van Dokkum et al. (2013; black curve). Panel (d): [Si/Fe]-[Fe/H] chemical evolution track deduced from
the model. No fit is made. Tick marks indicate the age of the model. See Snaith et al. (2014) for details.

dial mixing in the sense defined by Sellwood
& Binney (2002). The present (lack of) ev-
idences have been discussed in Haywood et
al. (2013), and its worth summarizing them
here. Claims in favor of radial mixing are based
on the argument that, assuming a radial gradi-
ent of about -0.07dex/kpc, stars that are ⇠0.3
dex more metal-rich or metal-poor than the
mean solar vicinity metallicity (about -0.05
dex) must have come from farther distances
than 4kpc. If angular momentum conservation
is assumed, this would imply rotational veloc-
ities for migrating stars that are not seen on
solar vicinity stars. Therefore, it has been pro-
posed (Schönrich & Binney 2009) that some
mechanism as the one proposed by Sellwood
& Binney (2002) must be at work. There are
strong doubts that this reasonning is verified,
simply because stars that are 0.3 dex more
metal-poor or metal-rich than the solar vicinity

are massively present at just 2 kpc from the so-
lar orbit. If radial mixing was e↵ective across
the solar orbit, we would expect to see these
stars in important number, while they repre-
sent only a few percents at the solar vicinity.
The most recent data show that indeed, the lo-
cal (<2kpc) gradient is steep, with the mean
metallicity at R⇠10kpc being ⇠-0.3 dex, while
the APOGEE data show that the mean metal-
licity of the thin disk at R⇠7kpc is ⇠0.2 dex,
which implies in any case that the gradient is
steeper than ⇠ -0.12 dex/kpc. Note that a strong
gradient is in itself evidence against significant
mixing. The U dispersion measured on metal-
poor thin disk stars is of the order of 50km/s,
which is su�cient to ensure radial excursion
of the order of 2kpc, putting the solar vicinity
within reach of inner or outer disk stars of re-
quired metallicity during their radial epicycle
oscillation. Hence, as argued in Haywood et

The long-term SFR is 
regulated by the 
galactic wind driven 
by CRs.
→ Galaxy formation

Puzzling SFR
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”Puzzling” Star Formation History
(the metal amount)

@ disk
SFR ~ 3 Mo/yr
Gas mass  ~ 109 Mo (Metallicity Zo ~ 0.01 → Metal mass ~ 107 Mo)
Salpeter IMF → Massive Star FR ~ 0.1 Mo/yr

Total Metal Mass Ejected by SNe
→ ~ (SFR) x (Massive Star fraction) x (CO core mass fraction) x (14 Gyr)

~ (3 Mo/yr) x (0.1) x (3 Mo/8 Mo) x (14 Gyr)
~ 1.6 x 109 Mo

~99 % of metals should be removed from the disk!
→ Persistent Outflow is required!
(SJ & Inutsuka 22, SJ, Inutsuka, & Nagashima 24, 
SJ & Asano 24)

Xing & Rix (2022, by Gaia)
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Circum-Galactic Medium (CGM)
“Discovery” of hot, highly ionized 
medium around galaxies 
(Tumlinson+11, 17).

Ø OVI absorption line
à Tionized ~ 3 x 105 K, NOVI ~ 1014 cm-

2

à Estimated total gas mass
~ 1010–1012 Msun

Missing Metals may be in the 
Galactic halo.
→ The Outflow is required.

150 kpc



Fermi Bubble & eROSITA Bubble
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Outflow:
T ~ 0.1 keV (~virial temp. of the MW)

→eROSITA bubble is consistent with this expectation.
Should be launched at the disk (removing the metals)
→ Formation mechanism is unclear...

Breitschwerdt+91

Predehl+20



upstream     → subscript “0”

downstream→ subscript “2”

宇宙線の逃⾛問題（拡散係数問題）

escape

Diffusive Shock Acceleration (DSA)
→衝撃波を往復して粒⼦が加速していく

→Vshが⼩さくなると，衝撃波が拡散する
宇宙線に追いつけない．

→宇宙線が上流に逃⾛して加速終了．

「いつ，どれだけ逃⾛しているのか？」は
分かっていない．



Supernova Remnants:Temporal Evolution
G1.9+0.3: Youngest SNR in our Galaxy 
(age~140 yr, Bamba & Williams 22)
Free Expansion Phase

X-ray Radio

~ Early Sedov phase

~ Late Sedov phase
(w/ clear Reverse shock)

SNR DEM L71 @LMC
(X-ray), age~a few kyr

age~500 yr

SNR Cygnus Loop 
(UV), age~10 kyr

~ Snowplow phase
(T<0.1 keV or
Vsh < 300 km/s)

G70.0-21.5
Blue OIII, Red Hα
age ~ 10-100 kyr?



Cooling function by SJ et al. 22 (high-Temp. side)
＋ Koyama & Inutsuka 02 (low-Temp. side)

nΓ-n2Λ(T)=0
Γ=2.0e-26 erg/s

t_ cool ~ nkT/(n2Λ)~46 kyr(T/106 K)(nΛ/10-22)



upstream     → subscript “0”

downstream→ subscript “2”

宇宙線加熱機構（one of them）

escape

逃⾛宇宙線が存在すると？

δB
宇宙線が電磁場に散乱される
→運動量がδBに輸送される
→δBが成⻑する
（ここで⽌まれば、磁場増幅）
→成⻑したδBが散逸する
→ガスが加熱される

・SNRから離れたところでISMが加熱されるなどが起こりうる。
・CR加熱率( )は⾊々提案されている（e.g., Acterberg+81, Zweibel 20, Yokoyama & Ohira 23）が、
実際のところよく分かっていない。

(e.g., Kulsrud 2005)
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The CR-hydrodynamics

The energy equation is …
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Pg is the pressure of thermal gas
Pcr is the CR pressure

The 1st law of 
thermodynamics should 
include the CRs

dQrad+dQconv+dQvis+dQcr+…

Radiation, (thermal) convection, viscosity, CRs energy interactions, …



The CR-hydrodynamics: the energy equation
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Energy Exchange
(CRs heat the gas)
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dt
∼ (1− γ∗)H (318)

The CR heating produces 
additional total pressure!
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What happens???→ Linear analysis



The CR-hydrodynamics: Linear Analysis in uniform medium
Equilibrium condition

CRs supplied by the 
source (SNR)
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nΓ− n2Λ(T ) +H = 0 (323)



The CR-hydrodynamics: Linear Analysis in uniform medium
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where
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ρ
,
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H(ρ, T, Pcr) = (γg − 1)Lem,cr(ρ, T, Pcr),
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ρ

R(ρ, T, Pcr) = ∇ · (D∇Pcr)− γ∗H,

γ∗ =
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1

2
, (317)
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|e1|
3

(320)
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. (322)

nΓ− n2Λ(T ) +H = 0 (323)
*ρrad =Γ/Λ: the case w/o CR
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where170

Cg =

r
�gPg

⇢
,171

G(⇢,T,Pcr) = L
⇤(⇢,T )+r · (K⇤rT )+H,172

L
⇤(⇢,T ) = (�g � 1)Lrad,g(⇢,T ),173

H(⇢,T,Pcr) = (�g � 1)Lem,cr(⇢,T,Pcr),174

respectively, and we define K
⇤ = (�g � 1)K. The CR transport175

equation is also reduced as176

dPcr

dt
�Ccr

2 d⇢
dt

=R(⇢,T,Pcr), (10)177

where178

Ccr =

r
�crPcr

⇢
179

R(⇢,T,Pcr) = S
⇤ +r · (DrPcr)� �⇤H,180

S
⇤(⇢,Pcr) = (�cr � 1)Lrad,cr181

= �(⇢⇤⇤
h + Jsyn + JIC)Pcr,182

�⇤ =
�cr � 1
�g � 1

=
1
2
, (11)183

⇤̃h = constant represents the hadronic processes, Jsyn= constant184

represents the synchrotron loss with a uniform magnetic field, and185

JIC= constant represents the inverse Compton scattering, respec-186

tively. Hence, the basic equations of CR hydrodynamics are given187

by (1), (2), (9), (10), and Pg =nkBT with assuming the functional188

form of H.189

It may be remarkable that in the CR-heating-dominated case,190

the sum of equations of (9) and (10) implies dP/dt ⇠ (Cg
2 +191

Ccr
2)d⇢/dt+ (1� �⇤)H. If the isochoric condition is satisfied192

(d⇢/dt= 0), the increment of the total pressure dP/dt⇠H/2 im-193

plies a significant heating of thermal plasma because of dPcr/dt<194

0. While in the isobaric condition dP/dt = 0, the equation195

d⇢/dt ⇠ �H/(2Cg
2 + 2Ccr

2) implies a formation of tenous gas196

because of �g 6= �cr (or �⇤ = 1/2). The radiative cooling and con-197

vection effects may complicatedly compete with this CR heating198

effect. We investigate what conditions are realized with an as-199

sumed H around the CR source by performing the linear analysis200

of this system of equations.201

3 Linear analysis202

Here, the linear analysis is performed in the uniform medium;203

v = 0 and the others are constant. In the following, we simplify204

the equation of state as Pg = ⇢T where T = kBT/m̄ [cm2 s�2] is205

the effective temperature, and the mean molecular mass m̄ is as-206

sumed to have the proton mass (m̄ ranges 0.6-1.3 of proton mass207

depending on the ionization state in reality). The radiative cooling208

and heating rate is represented as Lrad,g(⇢,T ) = ⇢�� ⇢2⇤(T ),209

where � is assumed to be constant. The thermal conduction term210

becomes Kr2
T , where K is in units of [erg cm�3 s]. In this pa-211

per, we assume Lrad,cr = 0 (⇤⇤
h = 0, Jsyn = 0, and JIC = 0) for212

simplicity.213

The unperturbed state must satisfy the equilibrium condition of214

G(⇢,T ,Pcr) +R(⇢,T ,Pcr) = 0. It must be pointed out that this215

unperturbed state implicitly assumes the existence of the CR "ex-216

ternal" source because the CRs only lose the energy. The condition217

for total internal energy equilibrium is Lrad,g+Lrad,cr =0, where218

H is canceled out. While the condition of G+R = L
⇤ + (1�219

�⇤)H = 0 gives the pressure equilibrium, where H remains be-220

cause of �g 6= �cr. These two equilibrium conditions are satisfied221

Fig. 1. Examples of the equilibrium curves. The solid line is the case with
the radiative cooling and heating only. The dotted line, line with empty
boxes, and dashed line represent modifications due to the CR heating for
the cases of H = H0/100, H = H0/10, and H = H0, respectively, where
H0 = 1.8⇥ 10�26 erg cm�3 s�1.

simultaneously if the CR internal energy loss in the unperturbed 222

state is compensated by an external source (SNRs, PWNe, etc.). 223

Thus, the external source term Lex,cr =H is put on the right-hand 224

side of the equation (5). Then, the thermal and pressure equilib- 225

rium conditions are coincide as 226

Lrad,g +Lrad,cr +H= 0. (12) 227

Note that H is constant for a given unperturbed state. The external 228

source therm Lex,cr is assumed to be constant rather than a func- 229

tion. For the perturbation analysis, it is better to use the equations 230

(9) and (10) directly since the external term vanishes from the lin- 231

earized equations with the unperturbed terms. 232

Below, we discuss the equilibrium condition in section 3.1. The 233

perturbation analysis and the unstable growth due to the CR heat- 234

ing are discussed in section 4.2. 235

3.1 Unperturbed state with thermal equilibrium curve 236

The thermal equilibrium condition of the equation (12) can be 237

rewritten as 238

⇢ =
⇢rad
2

+

r⇣
⇢rad
2

⌘2

+
H

⇤(T )
, (13) 239

where ⇢rad(T ) = �/⇤(T ) gives the usual equilibrium curve with- 240

out CRs (e.g., reference). 241

The radiative heating rate is assumed to be � = 2 ⇥ 242

10�26/m̄ [erg g�1 s�1] (e.g., Koyama & Inutsuka 2002). 243

We use the radiative cooling function by Koyama & Inutsuka 244

(2002) at T  104.238 K and by Shimoda & Inutsuka (2022) 245

at T � 104.238 K under the collisional ionization equilibrium. 246

Since the observations of CRs around the Earth imply the 247

CR residence time in the ISM as ⌧res ⇠ 1 Myr, the energy 248

loss rate of CRs may be limited at H < ecr/⌧res ⇠ 1.8 ⇥ 249

10�26 erg cm�3 s�1
�
ecr/1 eV cm�3

�
(⌧res/1 Myr)�1. Thus, we 250

parameterize the CR heating rate for the unperturbed state as 251

H<H0, where H0 = 1.8⇥ 10�26 erg cm�3 s�1. 252

Figure 1 shows the equilibrium curves for assumed Lex,cr = 253

H = constant. The curve can be significantly modified at a lower 254

density region (n <
⇠

10�2 cm�3). Note that the actual shape of 255

the curve depends on the actual functional form of H, which is 256
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Fig. 2. (a) The density excess �⇢ = ⇢/⇢rad. (b) The CR pressure excess
�q = Pcr/⇢radT for Pcr = 1 eV cm�3. The dotted line, line with empty
boxes, and dashed line indicate the cases of H = H0/100, H = H0/10,
and H = H0, respectively, where H0 = 1.8⇥ 10�26 erg cm�3 s�1.

important for criteria of the unstable growth of perturbations.257

We parametrize the unperturbed state as258

⇢ = �⇢⇢rad,259

H = ⇢(⇢⇤��) =�⇢(�⇢ � 1)⇢rad�, (14)260

Pcr = �q⇢radT , (15)261

where the density excess �⇢ ⌘ ⇢/⇢rad summarizes the effects262

of the CR heating, shown in Figure 2a. It may be acceptable263

to consider the parameter range of �⇢ ⇠ 10. Similar to this,264

we introduce the parameter representing the CR pressure excess265

as �q ⌘ Pcr/⇢radT , which is �q � �⇢ for Pcr
>
⇠

1 eV cm�3
266

(Figure 2b).267

3.2 Perturbation analysis268

For the linear analysis, the unperturbed values are expressed as269

f , while the perturbed values are f1; we consider replacements270

of e.g., Pg ! Pg + Pg,1 in the equations (1), (2), (9), (10), and271

Pg(⇢,T ) = ⇢T . Since we consider the one-dimensional unper-272

turbed state along the x-axis, the analysis of two-dimensional per-273

turbations, f1 = f1(t,x,y), is sufficient. We denote the perturba-274

tion of the velocity component along the y-axis as u1 and omit275

the component along the z-axis. In the following, we abbrevi-276

ate the partial derivative operators as @t ⌘ @/@t. Note that L⇤,277

Fig. 3. The index of the radiative cooling function � = @ ln⇤/@ lnT .

Kr2
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⇤) T1, (K + K1)r2(T + T1) = Kr2
T1, and 279

(Pg,1/Pg) = (⇢1/⇢)+ (T1/T ), respectively, for example. 280

The linearized equations are derived as 281
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�
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where the coefficients are, respectively, 287
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T

⇢
@T G 288
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H

⇢
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⇤
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=
@ ln⇤
@ lnT

, 295

⌘r =
@ lnH
@ ln⇢

, ⌘T =
@ lnH
@ lnT

, ⌘q =
@ lnH
@ lnPcr

, 296

where �⇤ = (�g�1)� and ⇤⇤ = (�g�1)⇤. We note that the terms 297

�, ⇤, K⇤, H, and D are defined as positive, constant values for 298

a given unperturbed state. The functional form of the CR heating 299

H(⇢,T , Pcr) and ⇤(T ) are characterized by ⌘r , ⌘T , ⌘q , and �, 300

respectively. 301

In this paper, we set the parameters of D = 1028 cm2 s�1, H= 302

H0/10 for Pcr=1 eV cm�3 (ecr=3 eV cm�3), ⌘r =2, and ⌘q =1. 303

The index of ⌘q �0 may be ensured because the CR heating should 304

be quenched at Pcr ! 0. The index ⌘r = 2 represents an efficient 305

dissipation of the EM-fields excited by CRs due to the Coulomb 306

collision. We suppose a suppression of the excitation of the EM- 307

fields due to thermal conduction. Thermal conduction coefficient 308
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Fig. 2. (a) The density excess �⇢ = ⇢/⇢rad. (b) The CR pressure excess
�q = Pcr/⇢radT for Pcr = 1 eV cm�3. The dotted line, line with empty
boxes, and dashed line indicate the cases of H = H0/100, H = H0/10,
and H = H0, respectively, where H0 = 1.8⇥ 10�26 erg cm�3 s�1.
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Fig. 2. (a) The density excess �⇢ = ⇢/⇢rad. (b) The CR pressure excess
�q = Pcr/⇢radT for Pcr = 1 eV cm�3. The dotted line, line with empty
boxes, and dashed line indicate the cases of H = H0/100, H = H0/10,
and H = H0, respectively, where H0 = 1.8⇥ 10�26 erg cm�3 s�1.
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Fig. 2. (a) The density excess �⇢ = ⇢/⇢rad. (b) The CR pressure excess
�q = Pcr/⇢radT for Pcr = 1 eV cm�3. The dotted line, line with empty
boxes, and dashed line indicate the cases of H = H0/100, H = H0/10,
and H = H0, respectively, where H0 = 1.8⇥ 10�26 erg cm�3 s�1.

important for criteria of the unstable growth of perturbations.257
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⇢ = �⇢⇢rad,259
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Fig. 3. The index of the radiative cooling function � = @ ln⇤/@ lnT .
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The index of ⌘q �0 may be ensured because the CR heating should 304

be quenched at Pcr ! 0. The index ⌘r = 2 represents an efficient 305

dissipation of the EM-fields excited by CRs due to the Coulomb 306

collision. We suppose a suppression of the excitation of the EM- 307

fields due to thermal conduction. Thermal conduction coefficient 308
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is given as KT = 1.24⇥ 10�6T 7/2 for T � 4.74⇥ 104 K and309

KT =2.5⇥103T 3/2 for T  4.74⇥104 K (Parker 1953), and note310

that K⇤=(�g�1)K. Thus, we set ⌘T =�3.5 for T �4.74⇥104 K311

and ⌘T = �1.5 for T  4.74⇥ 104 K. Figure 3 shows the index312

of �. It is known the unstable criterion of the thermal instability is313

given by �< 2 in the case without CRs (Field 1965).314

We can eliminate ⇢1, v1, u1, and Pcr,1 from the linearized equa-315

tions (appendix):316
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Pg,1 = 0,318

where C⇤ =
p

Cg
2 +Ccr

2 is the compound sound speed (e.g.,319

Breitschwerdt et al. 1991), and the coefficients are, respectively,320

⌫ = Gp +Rq,321

⌫̇ = GqRp �GpRq322

✏̇ = Gr +Rr +(Rp �Rq)Cg
2 +(Gq �Gp)Ccr

2,323

= �̇� ⌫C⇤
2

324

✏̈ = (Rq �Rp)Gr +(Gp �Gq)Rr325

= ⌫
�
✏̇+ ⌫C⇤

2
�
� �̈,326

where the coefficients �̇ and �̈ are additionally defined as327

�̇ = Rr +Gr +(Gp +Rp)Cg
2 +(Gq +Rq)Ccr

2,328

�̈ = (Gq +Rq)
�
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2
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+(Gp +Rp)

�
Gr + ⌫Cg

2
�
.329

Note that the dimensions of the coefficients are ⌫ [s�1], ⌫̇ [s�2],330

✏̇ [erg g�1 s�1], ✏̈ [erg g�1 s�2], and �̈ [erg g�1 s�2], respectively.331

The first term of the equation (28) represents the sound and332

entropy waves. Note that the entropy wave is usually a non-333

propagating mode in the adiabatic situation (@tPg,1 = 0), but it334

can be convected depending on the cooling/heating/convection335

balance among the CRs and thermal plasma. Thus, four differ-336

ent modes possibly exist (represented by @4
t Pg,1). The combi-337

nation of the first and second terms represents the thermal insta-338

bility (e.g., Field 1965), which appears around an intermediate-339

length scale (✏̇r2
⇠ r4-r2). In the case with ✏̈ = 0, three340

propagating modes possibly exist (@3
t Pg,1). The third term of341

(⌫̇@2
t � ✏̈r2) ⇠ r6-r2 appears due to the existence of CRs; ⌫̇342

and ✏̈ become zero when R = 0. These terms represent the addi-343

tional waves. When the term of ⌫̇ dominates over the others, the344

term behaves as a forced oscillation:
�
@2
t �C⇤

2r2
�
Pg,1 = ⌫̇Pg,1.345

Then, if the term ✏̈ is considerably large, the equation becomes346

@2
t

�
@2
t �C⇤

2r2
�
Pg,1 =

�
⌫̇@2

t + ✏̈r2
�
Pg,1. This may represent347

a signal propagation due to the forced oscillation. In this paper,348

we analyze the CR effects by ⌫̇ and ✏̈. Note that these effects in349

particular by ⌫̇ do not350

3.3 Dispersion relation351

The solution of the equation can be written by the superposition of352

f1 / exp[i(k · r�!t)], where k is the wave number vector whose353

components are defined as a real number, k = |k| is a positive354

real number, and ! = !(k) is defined as a complex function of355

k. The unstable growth appears when the imaginary part of ! is356

positive. The unstable criteria of thermal instability with ✏̈(k) = 0357

are known as ⌫(k) > 0 and ✏̇(k) < 0 (see, appendix for details).358

Here, we firstly focus on the effects of ✏̈(k) with a wave number359

giving ⌫ = 0 and ✏̇= 0, before entering a full analysis.360

3.3.1 Critical wave number, kc361

The coefficients of ⌫ and ✏̇ are written as362

⌫(k) = �
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T
+
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� ⇢⇤⇤(2��)+ (1� �⇤)

H

⇢
(⌘r � ⌘T )+

KT

⇢
k2. 364

Some unperturbed states have a critical wave number of kc satis- 365

fying the conditions of ⌫ = 0 and ✏̇= 0 as 366

kc
2 =

�
DT

{(�g � 1) [1+ (�� 3)�⇢] (28) 367

+ (�⇢ � 1) [⌘T � �⇤⌘q(�⇢/�q)+ (1� �⇤)⌘p]} , 368

where the equation (15) is used and ⌘p = (⌘r � ⌘T ) � 0. This 369

condition purely extracts characteristic modes due to the existence 370

of CRs. At this k= kc > 0, the linearized equation can be reduced 371

to be a simple biquadratic equation as 372

!2(!2
�C⇤

2kc
2) = �̈(kc)kc

2, 373

and the dispersion relation can be derived as 374

!nm = (�1)m
C⇤kc
p
2

⇥
1+ (�1)n

p
Nk

⇤1/2
, (29) 375

Nk = 1�
4�̈(kc)

C⇤4kc2
, 376

where n = (0; 1) and m = (0; 1) indicate the four modes. For 377

�̈ = 0, the number of mode becomes three as !0m = (�1)mC⇤k 378

(sound waves) and !1m = 0 (entropy mode). When 0 < Nk < 1, 379

equivalently 0 < 4�̈/C⇤
4kc

2 < 1, all modes are stable. The other 380

case possibly has a growth mode. 381

Figure 4 shows !nm/C⇤k as a function of Nk. The entropy 382

mode becomes a propagating mode at Nk < 1, and finally merges 383

with the sound wave at Nk < 0. The unstable growth at Nk > 1 384

(�̈ < 0) is expected by the linearized equation with C⇤ ⇡ 0. The 385

growth Nk < 0 may arise from the merger of the sound waves and 386

entropy mode, which does not appear in usual hydrodynamics. 387

The merger of sound wave and entropy mode may result from 388

the energy exchange between the CRs and thermal plasma (H) 389

because the total pressure variation can be written as 390

P1 = P(ecr � |e1|, eg + |e1|)�P(ecr, eg) 391

= (�g � �cr)|e1|=
|e1|

3
. (30) 392

Thus, a local fluctuation of the energy exchange due to H increases 393

the total pressure (but the total internal energy is not changed), 394

making the propagating entropy. If there is a positive feedback, i.e. 395

H increases, the waves show unstable growth. From P1 > 0 and 396

the inverse phase difference between the sound waves traveling in 397

opposite directions, one wave is unstable and another is damped 398

(stable). This effect competes with radiative cooling and thermal 399

conduction as 400

P1 = P(ecr � |e1|, eg + |e1|� |eg,1|)�P(ecr, eg) 401

= (�g � �cr)|e1|� (�g � 1)|eg,1| 402

=
|e1|

3
�

2
3
|eg,1|. 403

In this case, the condition of P1<0 is |eg,1|>(1��⇤)|e1|= |e1|/2, 404

where the thermal instability may overcome this effect. 405

The physical scales of the unstable conditions and growth rates 406

can be derived from �̈ at k = kc as 407
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The first term of the equation (28) represents the sound and332

entropy waves. Note that the entropy wave is usually a non-333

propagating mode in the adiabatic situation (@tPg,1 = 0), but it334

can be convected depending on the cooling/heating/convection335

balance among the CRs and thermal plasma. Thus, four differ-336

ent modes possibly exist (represented by @4
t Pg,1). The combi-337

nation of the first and second terms represents the thermal insta-338

bility (e.g., Field 1965), which appears around an intermediate-339
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We can eliminate ⇢1, v1, u1, and Pcr,1 from the linearized equa-315

tions (appendix):316
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2 is the compound sound speed (e.g.,319
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Note that the dimensions of the coefficients are ⌫ [s�1], ⌫̇ [s�2],330

✏̇ [erg g�1 s�1], ✏̈ [erg g�1 s�2], and �̈ [erg g�1 s�2], respectively.331

The first term of the equation (28) represents the sound and332

entropy waves. Note that the entropy wave is usually a non-333

propagating mode in the adiabatic situation (@tPg,1 = 0), but it334

can be convected depending on the cooling/heating/convection335

balance among the CRs and thermal plasma. Thus, four differ-336

ent modes possibly exist (represented by @4
t Pg,1). The combi-337

nation of the first and second terms represents the thermal insta-338

bility (e.g., Field 1965), which appears around an intermediate-339

length scale (✏̇r2
⇠ r4-r2). In the case with ✏̈ = 0, three340

propagating modes possibly exist (@3
t Pg,1). The third term of341

(⌫̇@2
t � ✏̈r2) ⇠ r6-r2 appears due to the existence of CRs; ⌫̇342

and ✏̈ become zero when R = 0. These terms represent the addi-343

tional waves. When the term of ⌫̇ dominates over the others, the344

term behaves as a forced oscillation:
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a signal propagation due to the forced oscillation. In this paper,348

we analyze the CR effects by ⌫̇ and ✏̈. Note that these effects in349

particular by ⌫̇ do not350

3.3 Dispersion relation351

The solution of the equation can be written by the superposition of352

f1 / exp[i(k · r�!t)], where k is the wave number vector whose353

components are defined as a real number, k = |k| is a positive354

real number, and ! = !(k) is defined as a complex function of355

k. The unstable growth appears when the imaginary part of ! is356

positive. The unstable criteria of thermal instability with ✏̈(k) = 0357

are known as ⌫(k) > 0 and ✏̇(k) < 0 (see, appendix for details).358

Here, we firstly focus on the effects of ✏̈(k) with a wave number359

giving ⌫ = 0 and ✏̇= 0, before entering a full analysis.360

3.3.1 Critical wave number, kc361
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Some unperturbed states have a critical wave number of kc satis- 365

fying the conditions of ⌫ = 0 and ✏̇= 0 as 366
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where the equation (15) is used and ⌘p = (⌘r � ⌘T ) � 0. This 369

condition purely extracts characteristic modes due to the existence 370

of CRs. At this k= kc > 0, the linearized equation can be reduced 371

to be a simple biquadratic equation as 372
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and the dispersion relation can be derived as 374
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where n = (0; 1) and m = (0; 1) indicate the four modes. For 377

�̈ = 0, the number of mode becomes three as !0m = (�1)mC⇤k 378

(sound waves) and !1m = 0 (entropy mode). When 0 < Nk < 1, 379

equivalently 0 < 4�̈/C⇤
4kc

2 < 1, all modes are stable. The other 380

case possibly has a growth mode. 381

Figure 4 shows !nm/C⇤k as a function of Nk. The entropy 382

mode becomes a propagating mode at Nk < 1, and finally merges 383

with the sound wave at Nk < 0. The unstable growth at Nk > 1 384

(�̈ < 0) is expected by the linearized equation with C⇤ ⇡ 0. The 385

growth Nk < 0 may arise from the merger of the sound waves and 386

entropy mode, which does not appear in usual hydrodynamics. 387

The merger of sound wave and entropy mode may result from 388

the energy exchange between the CRs and thermal plasma (H) 389

because the total pressure variation can be written as 390
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Thus, a local fluctuation of the energy exchange due to H increases 393

the total pressure (but the total internal energy is not changed), 394

making the propagating entropy. If there is a positive feedback, i.e. 395

H increases, the waves show unstable growth. From P1 > 0 and 396

the inverse phase difference between the sound waves traveling in 397

opposite directions, one wave is unstable and another is damped 398

(stable). This effect competes with radiative cooling and thermal 399
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In this case, the condition of P1<0 is |eg,1|>(1��⇤)|e1|= |e1|/2, 404

where the thermal instability may overcome this effect. 405

The physical scales of the unstable conditions and growth rates 406

can be derived from �̈ at k = kc as 407
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and ⌘T = �1.5 for T  4.74⇥ 104 K. Figure 3 shows the index312

of �. It is known the unstable criterion of the thermal instability is313

given by �< 2 in the case without CRs (Field 1965).314

We can eliminate ⇢1, v1, u1, and Pcr,1 from the linearized equa-315
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Note that the dimensions of the coefficients are ⌫ [s�1], ⌫̇ [s�2],330
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The first term of the equation (28) represents the sound and332

entropy waves. Note that the entropy wave is usually a non-333

propagating mode in the adiabatic situation (@tPg,1 = 0), but it334

can be convected depending on the cooling/heating/convection335

balance among the CRs and thermal plasma. Thus, four differ-336

ent modes possibly exist (represented by @4
t Pg,1). The combi-337

nation of the first and second terms represents the thermal insta-338

bility (e.g., Field 1965), which appears around an intermediate-339

length scale (✏̇r2
⇠ r4-r2). In the case with ✏̈ = 0, three340

propagating modes possibly exist (@3
t Pg,1). The third term of341
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t � ✏̈r2) ⇠ r6-r2 appears due to the existence of CRs; ⌫̇342

and ✏̈ become zero when R = 0. These terms represent the addi-343

tional waves. When the term of ⌫̇ dominates over the others, the344

term behaves as a forced oscillation:
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a signal propagation due to the forced oscillation. In this paper,348

we analyze the CR effects by ⌫̇ and ✏̈. Note that these effects in349

particular by ⌫̇ do not350

3.3 Dispersion relation351

The solution of the equation can be written by the superposition of352

f1 / exp[i(k · r�!t)], where k is the wave number vector whose353

components are defined as a real number, k = |k| is a positive354

real number, and ! = !(k) is defined as a complex function of355

k. The unstable growth appears when the imaginary part of ! is356

positive. The unstable criteria of thermal instability with ✏̈(k) = 0357

are known as ⌫(k) > 0 and ✏̇(k) < 0 (see, appendix for details).358

Here, we firstly focus on the effects of ✏̈(k) with a wave number359

giving ⌫ = 0 and ✏̇= 0, before entering a full analysis.360
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Some unperturbed states have a critical wave number of kc satis- 365

fying the conditions of ⌫ = 0 and ✏̇= 0 as 366
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where the equation (15) is used and ⌘p = (⌘r � ⌘T ) � 0. This 369

condition purely extracts characteristic modes due to the existence 370

of CRs. At this k= kc > 0, the linearized equation can be reduced 371

to be a simple biquadratic equation as 372
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where n = (0; 1) and m = (0; 1) indicate the four modes. For 377

�̈ = 0, the number of mode becomes three as !0m = (�1)mC⇤k 378

(sound waves) and !1m = 0 (entropy mode). When 0 < Nk < 1, 379

equivalently 0 < 4�̈/C⇤
4kc

2 < 1, all modes are stable. The other 380

case possibly has a growth mode. 381

Figure 4 shows !nm/C⇤k as a function of Nk. The entropy 382

mode becomes a propagating mode at Nk < 1, and finally merges 383

with the sound wave at Nk < 0. The unstable growth at Nk > 1 384

(�̈ < 0) is expected by the linearized equation with C⇤ ⇡ 0. The 385

growth Nk < 0 may arise from the merger of the sound waves and 386

entropy mode, which does not appear in usual hydrodynamics. 387

The merger of sound wave and entropy mode may result from 388

the energy exchange between the CRs and thermal plasma (H) 389
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P1 = P(ecr � |e1|, eg + |e1|)�P(ecr, eg) 391
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Thus, a local fluctuation of the energy exchange due to H increases 393

the total pressure (but the total internal energy is not changed), 394

making the propagating entropy. If there is a positive feedback, i.e. 395

H increases, the waves show unstable growth. From P1 > 0 and 396

the inverse phase difference between the sound waves traveling in 397

opposite directions, one wave is unstable and another is damped 398

(stable). This effect competes with radiative cooling and thermal 399
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In this case, the condition of P1<0 is |eg,1|>(1��⇤)|e1|= |e1|/2, 404

where the thermal instability may overcome this effect. 405
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nΓ− n2Λ(T ) +H = 0 (323)

ν = Gp +Rq

ε̇ = Gr +Rr + (Rp −Rq)Cg
2 + (Gq −Gp)Ccr

2

ν̇ = GqRp −GpRq
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– 31 –
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Know as Thermal Instability (Field 65)

The CR heating effect
(disappear when R=0)

Sound Waves
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KT =2.5⇥103T 3/2 for T  4.74⇥104 K (Parker 1953), and note310

that K⇤=(�g�1)K. Thus, we set ⌘T =�3.5 for T �4.74⇥104 K311

and ⌘T = �1.5 for T  4.74⇥ 104 K. Figure 3 shows the index312

of �. It is known the unstable criterion of the thermal instability is313

given by �< 2 in the case without CRs (Field 1965).314

We can eliminate ⇢1, v1, u1, and Pcr,1 from the linearized equa-315
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Note that the dimensions of the coefficients are ⌫ [s�1], ⌫̇ [s�2],330

✏̇ [erg g�1 s�1], ✏̈ [erg g�1 s�2], and �̈ [erg g�1 s�2], respectively.331

The first term of the equation (28) represents the sound and332

entropy waves. Note that the entropy wave is usually a non-333

propagating mode in the adiabatic situation (@tPg,1 = 0), but it334

can be convected depending on the cooling/heating/convection335

balance among the CRs and thermal plasma. Thus, four differ-336

ent modes possibly exist (represented by @4
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bility (e.g., Field 1965), which appears around an intermediate-339
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where n = (0; 1) and m = (0; 1) indicate the four modes. For 377
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(sound waves) and !1m = 0 (entropy mode). When 0 < Nk < 1, 379

equivalently 0 < 4�̈/C⇤
4kc

2 < 1, all modes are stable. The other 380

case possibly has a growth mode. 381

Figure 4 shows !nm/C⇤k as a function of Nk. The entropy 382

mode becomes a propagating mode at Nk < 1, and finally merges 383

with the sound wave at Nk < 0. The unstable growth at Nk > 1 384

(�̈ < 0) is expected by the linearized equation with C⇤ ⇡ 0. The 385

growth Nk < 0 may arise from the merger of the sound waves and 386

entropy mode, which does not appear in usual hydrodynamics. 387

The merger of sound wave and entropy mode may result from 388

the energy exchange between the CRs and thermal plasma (H) 389

because the total pressure variation can be written as 390

P1 = P(ecr � |e1|, eg + |e1|)�P(ecr, eg) 391

= (�g � �cr)|e1|=
|e1|

3
. (30) 392

Thus, a local fluctuation of the energy exchange due to H increases 393

the total pressure (but the total internal energy is not changed), 394

making the propagating entropy. If there is a positive feedback, i.e. 395

H increases, the waves show unstable growth. From P1 > 0 and 396

the inverse phase difference between the sound waves traveling in 397

opposite directions, one wave is unstable and another is damped 398

(stable). This effect competes with radiative cooling and thermal 399

conduction as 400

P1 = P(ecr � |e1|, eg + |e1|� |eg,1|)�P(ecr, eg) 401

= (�g � �cr)|e1|� (�g � 1)|eg,1| 402

=
|e1|

3
�

2
3
|eg,1|. 403

In this case, the condition of P1<0 is |eg,1|>(1��⇤)|e1|= |e1|/2, 404

where the thermal instability may overcome this effect. 405

The physical scales of the unstable conditions and growth rates 406

can be derived from �̈ at k = kc as 407

�̈(kc) =
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, (31) 410

Publications of the Astronomical Society of Japan (2024), Vol. 00, No. 0 5

is given as KT = 1.24⇥ 10�6T 7/2 for T � 4.74⇥ 104 K and309

KT =2.5⇥103T 3/2 for T  4.74⇥104 K (Parker 1953), and note310

that K⇤=(�g�1)K. Thus, we set ⌘T =�3.5 for T �4.74⇥104 K311

and ⌘T = �1.5 for T  4.74⇥ 104 K. Figure 3 shows the index312

of �. It is known the unstable criterion of the thermal instability is313

given by �< 2 in the case without CRs (Field 1965).314

We can eliminate ⇢1, v1, u1, and Pcr,1 from the linearized equa-315

tions (appendix):316
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�⇤

Pg,1 = 0,318

where C⇤ =
p

Cg
2 +Ccr

2 is the compound sound speed (e.g.,319

Breitschwerdt et al. 1991), and the coefficients are, respectively,320

⌫ = Gp +Rq,321

⌫̇ = GqRp �GpRq322

✏̇ = Gr +Rr +(Rp �Rq)Cg
2 +(Gq �Gp)Ccr

2,323

= �̇� ⌫C⇤
2

324

✏̈ = (Rq �Rp)Gr +(Gp �Gq)Rr325

= ⌫
�
✏̇+ ⌫C⇤

2
�
� �̈,326

where the coefficients �̇ and �̈ are additionally defined as327

�̇ = Rr +Gr +(Gp +Rp)Cg
2 +(Gq +Rq)Ccr

2,328

�̈ = (Gq +Rq)
�
Rr + ⌫Ccr
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�
Gr + ⌫Cg
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�
.329

Note that the dimensions of the coefficients are ⌫ [s�1], ⌫̇ [s�2],330

✏̇ [erg g�1 s�1], ✏̈ [erg g�1 s�2], and �̈ [erg g�1 s�2], respectively.331

The first term of the equation (28) represents the sound and332

entropy waves. Note that the entropy wave is usually a non-333

propagating mode in the adiabatic situation (@tPg,1 = 0), but it334

can be convected depending on the cooling/heating/convection335

balance among the CRs and thermal plasma. Thus, four differ-336

ent modes possibly exist (represented by @4
t Pg,1). The combi-337

nation of the first and second terms represents the thermal insta-338

bility (e.g., Field 1965), which appears around an intermediate-339

length scale (✏̇r2
⇠ r4-r2). In the case with ✏̈ = 0, three340

propagating modes possibly exist (@3
t Pg,1). The third term of341

(⌫̇@2
t � ✏̈r2) ⇠ r6-r2 appears due to the existence of CRs; ⌫̇342

and ✏̈ become zero when R = 0. These terms represent the addi-343

tional waves. When the term of ⌫̇ dominates over the others, the344

term behaves as a forced oscillation:
�
@2
t �C⇤

2r2
�
Pg,1 = ⌫̇Pg,1.345

Then, if the term ✏̈ is considerably large, the equation becomes346
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t

�
@2
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2r2
�
Pg,1 =

�
⌫̇@2

t + ✏̈r2
�
Pg,1. This may represent347

a signal propagation due to the forced oscillation. In this paper,348

we analyze the CR effects by ⌫̇ and ✏̈. Note that these effects in349

particular by ⌫̇ do not350

3.3 Dispersion relation351

The solution of the equation can be written by the superposition of352

f1 / exp[i(k · r�!t)], where k is the wave number vector whose353

components are defined as a real number, k = |k| is a positive354

real number, and ! = !(k) is defined as a complex function of355

k. The unstable growth appears when the imaginary part of ! is356

positive. The unstable criteria of thermal instability with ✏̈(k) = 0357

are known as ⌫(k) > 0 and ✏̇(k) < 0 (see, appendix for details).358

Here, we firstly focus on the effects of ✏̈(k) with a wave number359

giving ⌫ = 0 and ✏̇= 0, before entering a full analysis.360

3.3.1 Critical wave number, kc361

The coefficients of ⌫ and ✏̇ are written as362

⌫(k) = �
⇢⇤⇤

T
+
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✏̇(k) = �⇤
� ⇢⇤⇤(2��)+ (1� �⇤)

H

⇢
(⌘r � ⌘T )+

KT

⇢
k2. 364

Some unperturbed states have a critical wave number of kc satis- 365

fying the conditions of ⌫ = 0 and ✏̇= 0 as 366

kc
2 =

�
DT

{(�g � 1) [1+ (�� 3)�⇢] (28) 367

+ (�⇢ � 1) [⌘T � �⇤⌘q(�⇢/�q)+ (1� �⇤)⌘p]} , 368

where the equation (15) is used and ⌘p = (⌘r � ⌘T ) � 0. This 369

condition purely extracts characteristic modes due to the existence 370

of CRs. At this k= kc > 0, the linearized equation can be reduced 371

to be a simple biquadratic equation as 372

!2(!2
�C⇤

2kc
2) = �̈(kc)kc

2, 373

and the dispersion relation can be derived as 374

!nm = (�1)m
C⇤kc
p
2

⇥
1+ (�1)n

p
Nk

⇤1/2
, (29) 375

Nk = 1�
4�̈(kc)

C⇤4kc2
, 376

where n = (0; 1) and m = (0; 1) indicate the four modes. For 377

�̈ = 0, the number of mode becomes three as !0m = (�1)mC⇤k 378

(sound waves) and !1m = 0 (entropy mode). When 0 < Nk < 1, 379

equivalently 0 < 4�̈/C⇤
4kc

2 < 1, all modes are stable. The other 380

case possibly has a growth mode. 381

Figure 4 shows !nm/C⇤k as a function of Nk. The entropy 382

mode becomes a propagating mode at Nk < 1, and finally merges 383

with the sound wave at Nk < 0. The unstable growth at Nk > 1 384

(�̈ < 0) is expected by the linearized equation with C⇤ ⇡ 0. The 385

growth Nk < 0 may arise from the merger of the sound waves and 386

entropy mode, which does not appear in usual hydrodynamics. 387

The merger of sound wave and entropy mode may result from 388

the energy exchange between the CRs and thermal plasma (H) 389

because the total pressure variation can be written as 390

P1 = P(ecr � |e1|, eg + |e1|)�P(ecr, eg) 391

= (�g � �cr)|e1|=
|e1|

3
. (30) 392

Thus, a local fluctuation of the energy exchange due to H increases 393

the total pressure (but the total internal energy is not changed), 394

making the propagating entropy. If there is a positive feedback, i.e. 395

H increases, the waves show unstable growth. From P1 > 0 and 396

the inverse phase difference between the sound waves traveling in 397

opposite directions, one wave is unstable and another is damped 398

(stable). This effect competes with radiative cooling and thermal 399

conduction as 400

P1 = P(ecr � |e1|, eg + |e1|� |eg,1|)�P(ecr, eg) 401

= (�g � �cr)|e1|� (�g � 1)|eg,1| 402

=
|e1|

3
�

2
3
|eg,1|. 403

In this case, the condition of P1<0 is |eg,1|>(1��⇤)|e1|= |e1|/2, 404

where the thermal instability may overcome this effect. 405

The physical scales of the unstable conditions and growth rates 406

can be derived from �̈ at k = kc as 407

�̈(kc) =
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– 32 –

nΓ− n2Λ(T ) +H = 0 (323)

ν = Gp +Rq

ε̇ = Gr +Rr + (Rp −Rq)Cg
2 + (Gq −Gp)Ccr

2

ν̇ = GqRp −GpRq

ε̈ = (Rq −Rp)Gr + (Gp −Gq)Rr

– 31 –

deg
dt

− eg + Pg

ρ

dρ

dt
= Lrad,g +∇ · (K∇T ) + Lem,cr, (311)

decr
dt

− ecr + Pcr

ρ

dρ

dt
= ∇ · (D∇ecr)− Lem,cr (312)

Pg = (γg − 1)eg = 2eg/3 (313)

Pcr = (γcr − 1)ecr = ecr/3 (314)

dPg

dt
− Cg

2dρ

dt
= G(ρ, T, Pcr)

dPcr

dt
− Ccr

2dρ

dt
= R(ρ, T, Pcr) (315)

where

Cg =

√
γgPg

ρ
,

G(ρ, T, Pcr) = L∗(ρ, T ) +∇ · (K∗∇T ) +H,

L∗(ρ, T ) = (γg − 1)Lrad,g(ρ, T ),

H(ρ, T, Pcr) = (γg − 1)Lem,cr(ρ, T, Pcr),

dPcr

dt
− Ccr

2dρ

dt
= R(ρ, T, Pcr), (316)

where

Ccr =

√
γcrPcr

ρ

R(ρ, T, Pcr) = ∇ · (D∇Pcr)− γ∗H,

= − (ρΛ∗
h + Jsyn + JIC)Pcr,

γ∗ =
γcr − 1

γg − 1
=

1

2
, (317)

Know as Thermal Instability (Field 65)

The CR heating effect
(disappear when R=0)

Sound Waves

– 32 –

nΓ− n2Λ(T ) +H = 0 (323)

ν = Gp +Rq

ε̇ = Gr +Rr + (Rp −Rq)Cg
2 + (Gq −Gp)Ccr

2

ν̇ = GqRp −GpRq

ε̈ = (Rq −Rp)Gr + (Gp −Gq)Rr
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)
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extract
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is given as KT = 1.24⇥ 10�6T 7/2 for T � 4.74⇥ 104 K and309

KT =2.5⇥103T 3/2 for T  4.74⇥104 K (Parker 1953), and note310

that K⇤=(�g�1)K. Thus, we set ⌘T =�3.5 for T �4.74⇥104 K311

and ⌘T = �1.5 for T  4.74⇥ 104 K. Figure 3 shows the index312

of �. It is known the unstable criterion of the thermal instability is313

given by �< 2 in the case without CRs (Field 1965).314

We can eliminate ⇢1, v1, u1, and Pcr,1 from the linearized equa-315

tions (appendix):316
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where C⇤ =
p

Cg
2 +Ccr

2 is the compound sound speed (e.g.,319

Breitschwerdt et al. 1991), and the coefficients are, respectively,320

⌫ = Gp +Rq,321

⌫̇ = GqRp �GpRq322

✏̇ = Gr +Rr +(Rp �Rq)Cg
2 +(Gq �Gp)Ccr

2,323

= �̇� ⌫C⇤
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where the coefficients �̇ and �̈ are additionally defined as327
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Note that the dimensions of the coefficients are ⌫ [s�1], ⌫̇ [s�2],330

✏̇ [erg g�1 s�1], ✏̈ [erg g�1 s�2], and �̈ [erg g�1 s�2], respectively.331

The first term of the equation (28) represents the sound and332

entropy waves. Note that the entropy wave is usually a non-333

propagating mode in the adiabatic situation (@tPg,1 = 0), but it334

can be convected depending on the cooling/heating/convection335

balance among the CRs and thermal plasma. Thus, four differ-336

ent modes possibly exist (represented by @4
t Pg,1). The combi-337

nation of the first and second terms represents the thermal insta-338

bility (e.g., Field 1965), which appears around an intermediate-339

length scale (✏̇r2
⇠ r4-r2). In the case with ✏̈ = 0, three340

propagating modes possibly exist (@3
t Pg,1). The third term of341

(⌫̇@2
t � ✏̈r2) ⇠ r6-r2 appears due to the existence of CRs; ⌫̇342

and ✏̈ become zero when R = 0. These terms represent the addi-343

tional waves. When the term of ⌫̇ dominates over the others, the344

term behaves as a forced oscillation:
�
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t �C⇤

2r2
�
Pg,1 = ⌫̇Pg,1.345

Then, if the term ✏̈ is considerably large, the equation becomes346
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�
Pg,1. This may represent347

a signal propagation due to the forced oscillation. In this paper,348

we analyze the CR effects by ⌫̇ and ✏̈. Note that these effects in349

particular by ⌫̇ do not350

3.3 Dispersion relation351

The solution of the equation can be written by the superposition of352

f1 / exp[i(k · r�!t)], where k is the wave number vector whose353

components are defined as a real number, k = |k| is a positive354

real number, and ! = !(k) is defined as a complex function of355

k. The unstable growth appears when the imaginary part of ! is356

positive. The unstable criteria of thermal instability with ✏̈(k) = 0357

are known as ⌫(k) > 0 and ✏̇(k) < 0 (see, appendix for details).358

Here, we firstly focus on the effects of ✏̈(k) with a wave number359

giving ⌫ = 0 and ✏̇= 0, before entering a full analysis.360

3.3.1 Critical wave number, kc361

The coefficients of ⌫ and ✏̇ are written as362

⌫(k) = �
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� ⇢⇤⇤(2��)+ (1� �⇤)
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⇢
(⌘r � ⌘T )+
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⇢
k2. 364

Some unperturbed states have a critical wave number of kc satis- 365

fying the conditions of ⌫ = 0 and ✏̇= 0 as 366

kc
2 =

�
DT

{(�g � 1) [1+ (�� 3)�⇢] (28) 367

+ (�⇢ � 1) [⌘T � �⇤⌘q(�⇢/�q)+ (1� �⇤)⌘p]} , 368

where the equation (15) is used and ⌘p = (⌘r � ⌘T ) � 0. This 369

condition purely extracts characteristic modes due to the existence 370

of CRs. At this k= kc > 0, the linearized equation can be reduced 371

to be a simple biquadratic equation as 372

!2(!2
�C⇤

2kc
2) = �̈(kc)kc

2, 373

and the dispersion relation can be derived as 374

!nm = (�1)m
C⇤kc
p
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p
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⇤1/2
, (29) 375

Nk = 1�
4�̈(kc)

C⇤4kc2
, 376

where n = (0; 1) and m = (0; 1) indicate the four modes. For 377

�̈ = 0, the number of mode becomes three as !0m = (�1)mC⇤k 378

(sound waves) and !1m = 0 (entropy mode). When 0 < Nk < 1, 379

equivalently 0 < 4�̈/C⇤
4kc

2 < 1, all modes are stable. The other 380

case possibly has a growth mode. 381

Figure 4 shows !nm/C⇤k as a function of Nk. The entropy 382

mode becomes a propagating mode at Nk < 1, and finally merges 383

with the sound wave at Nk < 0. The unstable growth at Nk > 1 384

(�̈ < 0) is expected by the linearized equation with C⇤ ⇡ 0. The 385

growth Nk < 0 may arise from the merger of the sound waves and 386

entropy mode, which does not appear in usual hydrodynamics. 387

The merger of sound wave and entropy mode may result from 388

the energy exchange between the CRs and thermal plasma (H) 389

because the total pressure variation can be written as 390

P1 = P(ecr � |e1|, eg + |e1|)�P(ecr, eg) 391

= (�g � �cr)|e1|=
|e1|

3
. (30) 392

Thus, a local fluctuation of the energy exchange due to H increases 393

the total pressure (but the total internal energy is not changed), 394

making the propagating entropy. If there is a positive feedback, i.e. 395

H increases, the waves show unstable growth. From P1 > 0 and 396

the inverse phase difference between the sound waves traveling in 397

opposite directions, one wave is unstable and another is damped 398

(stable). This effect competes with radiative cooling and thermal 399

conduction as 400

P1 = P(ecr � |e1|, eg + |e1|� |eg,1|)�P(ecr, eg) 401

= (�g � �cr)|e1|� (�g � 1)|eg,1| 402

=
|e1|

3
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2
3
|eg,1|. 403

In this case, the condition of P1<0 is |eg,1|>(1��⇤)|e1|= |e1|/2, 404

where the thermal instability may overcome this effect. 405

The physical scales of the unstable conditions and growth rates 406

can be derived from �̈ at k = kc as 407
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is given as KT = 1.24⇥ 10�6T 7/2 for T � 4.74⇥ 104 K and309

KT =2.5⇥103T 3/2 for T  4.74⇥104 K (Parker 1953), and note310

that K⇤=(�g�1)K. Thus, we set ⌘T =�3.5 for T �4.74⇥104 K311

and ⌘T = �1.5 for T  4.74⇥ 104 K. Figure 3 shows the index312

of �. It is known the unstable criterion of the thermal instability is313

given by �< 2 in the case without CRs (Field 1965).314

We can eliminate ⇢1, v1, u1, and Pcr,1 from the linearized equa-315

tions (appendix):316
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where C⇤ =
p

Cg
2 +Ccr

2 is the compound sound speed (e.g.,319

Breitschwerdt et al. 1991), and the coefficients are, respectively,320
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Note that the dimensions of the coefficients are ⌫ [s�1], ⌫̇ [s�2],330

✏̇ [erg g�1 s�1], ✏̈ [erg g�1 s�2], and �̈ [erg g�1 s�2], respectively.331

The first term of the equation (28) represents the sound and332

entropy waves. Note that the entropy wave is usually a non-333

propagating mode in the adiabatic situation (@tPg,1 = 0), but it334

can be convected depending on the cooling/heating/convection335

balance among the CRs and thermal plasma. Thus, four differ-336

ent modes possibly exist (represented by @4
t Pg,1). The combi-337

nation of the first and second terms represents the thermal insta-338

bility (e.g., Field 1965), which appears around an intermediate-339

length scale (✏̇r2
⇠ r4-r2). In the case with ✏̈ = 0, three340

propagating modes possibly exist (@3
t Pg,1). The third term of341

(⌫̇@2
t � ✏̈r2) ⇠ r6-r2 appears due to the existence of CRs; ⌫̇342

and ✏̈ become zero when R = 0. These terms represent the addi-343

tional waves. When the term of ⌫̇ dominates over the others, the344

term behaves as a forced oscillation:
�
@2
t �C⇤

2r2
�
Pg,1 = ⌫̇Pg,1.345

Then, if the term ✏̈ is considerably large, the equation becomes346

@2
t

�
@2
t �C⇤

2r2
�
Pg,1 =

�
⌫̇@2

t + ✏̈r2
�
Pg,1. This may represent347

a signal propagation due to the forced oscillation. In this paper,348

we analyze the CR effects by ⌫̇ and ✏̈. Note that these effects in349

particular by ⌫̇ do not350

3.3 Dispersion relation351

The solution of the equation can be written by the superposition of352

f1 / exp[i(k · r�!t)], where k is the wave number vector whose353

components are defined as a real number, k = |k| is a positive354

real number, and ! = !(k) is defined as a complex function of355

k. The unstable growth appears when the imaginary part of ! is356

positive. The unstable criteria of thermal instability with ✏̈(k) = 0357

are known as ⌫(k) > 0 and ✏̇(k) < 0 (see, appendix for details).358

Here, we firstly focus on the effects of ✏̈(k) with a wave number359

giving ⌫ = 0 and ✏̇= 0, before entering a full analysis.360

3.3.1 Critical wave number, kc361

The coefficients of ⌫ and ✏̇ are written as362

⌫(k) = �
⇢⇤⇤

T
+

H

⇢T

⇣
⌘T �

⇢T
Pcr

�⇤⌘q
⌘
�

✓
K

⇤

⇢
+D

◆
k2, 363

✏̇(k) = �⇤
� ⇢⇤⇤(2��)+ (1� �⇤)

H

⇢
(⌘r � ⌘T )+

KT

⇢
k2. 364

Some unperturbed states have a critical wave number of kc satis- 365

fying the conditions of ⌫ = 0 and ✏̇= 0 as 366

kc
2 =

�
DT

{(�g � 1) [1+ (�� 3)�⇢] (28) 367

+ (�⇢ � 1) [⌘T � �⇤⌘q(�⇢/�q)+ (1� �⇤)⌘p]} , 368

where the equation (15) is used and ⌘p = (⌘r � ⌘T ) � 0. This 369

condition purely extracts characteristic modes due to the existence 370

of CRs. At this k= kc > 0, the linearized equation can be reduced 371

to be a simple biquadratic equation as 372

!2(!2
�C⇤

2kc
2) = �̈(kc)kc

2, 373

and the dispersion relation can be derived as 374

!nm = (�1)m
C⇤kc
p
2

⇥
1+ (�1)n

p
Nk

⇤1/2
, (29) 375

Nk = 1�
4�̈(kc)

C⇤4kc2
, 376

where n = (0; 1) and m = (0; 1) indicate the four modes. For 377

�̈ = 0, the number of mode becomes three as !0m = (�1)mC⇤k 378

(sound waves) and !1m = 0 (entropy mode). When 0 < Nk < 1, 379

equivalently 0 < 4�̈/C⇤
4kc

2 < 1, all modes are stable. The other 380

case possibly has a growth mode. 381

Figure 4 shows !nm/C⇤k as a function of Nk. The entropy 382

mode becomes a propagating mode at Nk < 1, and finally merges 383

with the sound wave at Nk < 0. The unstable growth at Nk > 1 384

(�̈ < 0) is expected by the linearized equation with C⇤ ⇡ 0. The 385

growth Nk < 0 may arise from the merger of the sound waves and 386

entropy mode, which does not appear in usual hydrodynamics. 387

The merger of sound wave and entropy mode may result from 388

the energy exchange between the CRs and thermal plasma (H) 389

because the total pressure variation can be written as 390

P1 = P(ecr � |e1|, eg + |e1|)�P(ecr, eg) 391

= (�g � �cr)|e1|=
|e1|

3
. (30) 392

Thus, a local fluctuation of the energy exchange due to H increases 393

the total pressure (but the total internal energy is not changed), 394

making the propagating entropy. If there is a positive feedback, i.e. 395

H increases, the waves show unstable growth. From P1 > 0 and 396

the inverse phase difference between the sound waves traveling in 397

opposite directions, one wave is unstable and another is damped 398

(stable). This effect competes with radiative cooling and thermal 399

conduction as 400

P1 = P(ecr � |e1|, eg + |e1|� |eg,1|)�P(ecr, eg) 401

= (�g � �cr)|e1|� (�g � 1)|eg,1| 402

=
|e1|

3
�

2
3
|eg,1|. 403

In this case, the condition of P1<0 is |eg,1|>(1��⇤)|e1|= |e1|/2, 404

where the thermal instability may overcome this effect. 405

The physical scales of the unstable conditions and growth rates 406

can be derived from �̈ at k = kc as 407

�̈(kc) =

✓
�⇤H
⇢

◆2
⌘p
T

✓
⌘T +2

⇢T
�⇤H

Dkc
2

◆
408

= �⇤
2⌘p

(�⇢ � 1)2�2

T

⇥
⌘T + kc

2�2
⇤
, 409

�2 =
2�⇤

�⇢ � 1
DT

�
, (31) 410

Know as Thermal Instability (Field 65)

The CR heating effect
(disappear when R=0)

Sound Waves
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nΓ− n2Λ(T ) +H = 0 (323)
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Examples (Pcr=1 eV/cc)
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→ Eigenvectors may show kind of resonance

– 32 –

nΓ− n2Λ(T ) +H = 0 (323)

ν = Gp +Rq

ε̇ = Gr +Rr + (Rp −Rq)Cg
2 + (Gq −Gp)Ccr

2

ν̇ = GqRp −GpRq

ε̈ = (Rq −Rp)Gr + (Gp −Gq)Rr

∂2
t

(
∂2
t − C∗

2∇2
)
Pg,1 = ν̇

(
∂2
t −

ε̈

ν̇
∇2

)
Pg,1
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Sound Waves

Making Oscillation

Oscillating Force
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Fig. 4. The deviation of the thermal equilibrium condition from the case of
only radiative cooling and heating. The dotted line, line with empty boxes,
and broken line indicate the cases of H = m̄�/100, H = m̄�, and H =

100m̄�, respectively.

where (1�2�⇤) = 0 is used. The condition of k2�2
⌧ |⌘T | results411

in �̈ < 0 because of ⌘T  0 (unstable growth of the pure entropy412

mode). The stable mode appears k ⇠

p
|⌘T|/�, where �̈ ⇠ 0 and413

Nk = 1� 4�̈/(C⇤
4k2) ⇠ 1. The growth of the sound wave can414

appear at the length scale of k2�2
� |⌘T |. When the CRs are415

convected quickly due to the relatively large diffusion coefficient,416

the growth tends to occur at a large scale.417

Here, we show the unstable states and growth rates with physi-418

cal scales. Note that the actual functional form of H needs to de-419

rive the actual growth rate. The physical scales exhibited here are420

kinds of reference. The actual H will be studied in future works.421

Figure 5 shows examples for unperturbed states having kc
2>0 and422

the growth rates. The parameters are set to be Pcr = 1 eV cm�3
423

(ecr = 3 eV cm�3), and D = 1028 cm2 s�1. The results imply that424

the ISM (T ⇠ 104 K) can be significantly affected by CRs with a425

time scale of several Myr and a length scale of ⇠ 100 pc, which426

is compatible with the scale height of the Galactic gas disk (e.g.,427

Misiriotis et al. 2006).428

Figure 6 shows the unstable states and growth rates as a function429

of Pcr. The temperature is adjusted to the ISM condition of T =430

104 K (e.g., Ferrière 2001). The CR heating rate (i.e., the external431

source term Lex) is scaled as H = 0.1H0(Pcr/1 eV cm�3). The432

others are the same as Figure 5. The unstable growth of the waves433

with k = kc can be seen in the ISM. Note that the growth rates434

Fig. 5. The deviation of the thermal equilibrium condition from the case of
only radiative cooling and heating. The dotted line, line with empty boxes,
and broken line indicate the cases of H = m̄�/100, H = m̄�, and H =

100m̄�, respectively.

at k = kc do not take the maximum values. Since the effects of 435

thermal conduction stabilize the thermal instability by the radiative 436

cooling at a shorter-wavelength scale, where the CR heating effect 437

can also be more significant. 438

From the linearized equations, we can derive the eigenvectors 439

as 440

⇠q ⌘
Pcr,1/Pcr

Pg,1/Pg
441

=
(i!+Gp)(i!Ccr

2
�Rr)�Rp(i!Cg

2
�Gr)

(i!+Rq)(i!Cg
2 �Gr)�Gq(i!Ccr

2 �Rr)
Pg

Pcr
, 442

⇠⇢ ⌘
⇢1/⇢
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=

⇢1T
Pg,1

✓
1+

Pcr,1

Pg,1

◆
, 443

⇠T ⌘
T1/T

Pg,1/Pg
= 1�

⇢1T
Pg,1

, 444

⇠v ⌘
⇢Cgv1
Pg,1

=
kcCg

!

✓
1+

Pcr,1

Pg,1

◆
. (32) 445

Figure 7 shows the eigenvectors of ⇠T , 3⇠⇢, 3⇠q , and ⇠v/3 for the 446

growth modes at k= kc (+sound and -entropy modes). The growth 447

of Pg,1 is dominated by the growth of T1 thus, the growth results 448

from the CR heating effects. 449
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T1 and ρ1

The resonance appears in 
T1 and ρ1

Damping time ~0.1 Myr is 
longer than the SNR 
lifetime.

The CR heating possibly 
works around SNR/PWN.

Affected scale:
~0.01 pc - 10 pc
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T1 and ρ1

The resonance appears in 
T1 and ρ1

Damping time ~0.1 Myr is 
longer than the SNR 
lifetime.

The CR heating possibly 
works around SNR/PWN.

Affected scale:
~100 pc?
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The resonance appears in 
T1 and ρ1

Damping time ~0.1 Myr is 
longer than the SNR 
lifetime.

The CR heating possibly 
works around SNR/PWN.

Affected scale:
~100 kpc
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Predehl+20

NOT SIMPLE @ T ~ 0.1 keV scale...



Fesen et al. 2024 report [OIII]λ5007 (in old SNRs)
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Figure 11. Optical [O III] �5007, radio 4.8 GHz and color optical/radio composite images of G82.2+5.3 (W63) showing

positional overlap of western and southern emissions features outside of main remnant shell.

den Bergh (1978)’s failure to definitely find associated
optical emission using a 2 hr 098 emulsion + H↵ and a
110 minute 098 + [S II]] Palomar 1.2m Schmidt images.
A clearer picture of HB 21’s associated optical emis-

sion was made by Mavromatakis et al. (2007) who ob-
tained 700⇥700 wide H↵ and [S II] images of the remnant.
They found good correlation of [S II] strong filaments
with 4850 MHz radio emission along the remnant’s east-
ern area. Overall, the remnant’s emission was relatively
faint and patchy in the central and west areas of the
remnant. These authors also obtained spectra of a half
dozen regions which showed weak [O III] emission sug-
gesting relatively low shock velocities (< 100 km s�1).
This conclusion was viewed in-line with the interfero-

metric observations by Lozinskaia (1980) who observed
velocities only as high as 60 to 80 km s�1.
We obtained images of HB 21 centered on a region

which preliminary images had indicated some [O III]
emission, leading to our images missing the southeastern
portion of the remnant. The results of our H↵ and [O III]
images are shown in Figure 12 where our H↵ image is
similar to that presented in Mavromatakis et al. (2007).
That is, we detected a handful of sharp H↵ filament
along HB 21’s northern and northeastern rims.
However, our [O III] images revealed new emission fea-

tures not previously seen. Namely, they showed con-
siderable [O III] emission along much of the remnant’s
northwestern limb, faint di↵use emission toward the
remnant’s center, plus some filamentary emission along

Red: radio synchrotron
Blue: [OIII]λ5007

The CR heating 
effect explains 
such  emission?

Hadronic γ-ray 
observed?

Future work

1st ionization potentials:
O+1→35 eV
O+2→55 eV
O+3→77 eV



Summary
The Galactic Wind
・Invoked to explain metals in/around galaxies.
・Possibly explain eROSITA bubble & Fermi bubble simultaneously.
・We must find the formation mechanism of the “seed gas” in the disk.  

The effects of CR heating
・The heating can be seen like forced oscillation (damped within ~0.1 Myr).
・Possibly work around CR sources like SNRs/PWNe.
・Details are still not derived.
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Diverse Phenomena


