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Scattering from black holes
• While one can numerically integrate Teukolsky 

equation, analytic treatment is also important.

• There are many analytic works using some 
approximations in the literature (e.g. WKB).

• We establish an exact formulation w/o any 
approximations for wave scattering of spin-𝑠
waves from Kerr-Newman-de Sitter BH.
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Pronunciation of “Heun” follows German rule – it’s just like ‘coin’ or ‘join’.

Kahl Heun 
(1859–1929)
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Strictly speaking, most functions are 
special case of Heun.
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Kerr-Newman-de Sitter spacetime

𝑑𝑠! = −𝜌!
𝑑𝑟!

Δ
+

𝑑𝜃
1 + 𝛼cos!𝜃

−
1 + 𝛼cos!𝜃 sin!𝜃

1 + 𝛼 !𝜌!
𝑎𝑑𝑡 − 𝜌!𝑑𝜑 !

+
Δ

1 + 𝛼 !𝜌! 𝑑𝑡 − 𝑎sin!𝜃𝑑𝜑 !

where 
Δ 𝑟 = 𝑟! + 𝑎! 1 − "#!

$
− 2𝑀𝑟 + 𝑄!, 𝛼 = "%!

$
,   𝜌! = 𝑟! + 𝑎!

Δ 𝑟 = 0 has four roots:
Δ 𝑟 = −

Λ
3 (𝑟 − 𝑟!)(𝑟 − 𝑟#)(𝑟 − 𝑟′!)(𝑟 − 𝑟′#)

𝑟
𝑟′%𝑟′& 𝑟%𝑟&

BH horizon Cosmological horizon



Teukolsky equation
• We consider a massless test field with spin 𝑠 on 

KNdS background.
• The Teukolsky equation is then separable and 

can be transformed into the Heun equation. 

(Actually this holds for spin 𝑠 field on general type-
D vacuum background with CC.)

• We decompose the master variables in NP 
formalism as

𝜓' = 𝑅' 𝑟 𝑆' 𝜃 𝑒&()*%($+

Batic, Schmid, gr-qc/0701064

STU98



Angular Teukolsky equation

4

5

𝑑
𝑑𝑥 1 + 𝛼𝑥! 1 − 𝑥!

𝑑
𝑑𝑥 + 𝜆 − 𝑠 1 − 𝛼 − 2𝛼𝑥!

+
4𝑠𝑥 1 + 𝛼 [𝑚𝛼 − 𝑐(1 + 𝛼)]

1 + 𝛼𝑥! −
1 + 𝛼 ! 𝑚 + 𝑠𝑥 − 1 − 𝑥! 𝑐 !

1 + 𝛼𝑥! 1 − 𝑥! 𝑆" = 0

where 𝑥 = cos 𝜃, 𝑐 = 𝑎𝜔.

Solution for SdS or RNdS: 
spin-weighted spherical harmonics

𝑆' 𝜃 𝑒($+ =' 𝑌ℓ$(𝜃, 𝜑)
𝜆 = ℓ ℓ + 1 − 𝑠 𝑠 − 1



Angular Teukolsky equation

4

5

𝑑
𝑑𝑥 1 + 𝛼𝑥! 1 − 𝑥!

𝑑
𝑑𝑥 + 𝜆 − 𝑠 1 − 𝛼 − 2𝛼𝑥!

+
4𝑠𝑥 1 + 𝛼 [𝑚𝛼 − 𝑐(1 + 𝛼)]

1 + 𝛼𝑥! −
1 + 𝛼 ! 𝑚 + 𝑠𝑥 − 1 − 𝑥! 𝑐 !

1 + 𝛼𝑥! 1 − 𝑥! 𝑆" = 0

where 𝑥 = cos 𝜃, 𝑐 = 𝑎𝜔.

1 + 𝛼𝑥, 1 − 𝑥, = 0 has four roots.
⟹ Four regular singular points: ±1, ±𝑖/ 𝛼
⟹ Heun equation (∞ is removable singularity)



Radial Teukolsky equation
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where 𝐽 𝑟 = 1 + 𝛼 𝜔 𝑟, + 𝑎, − 𝑎𝑚 − 𝑒𝑄𝑟. 

Δ 𝑟 = 0 has four roots.
⟹ Four regular singular points: 𝑟&, 𝑟%, 𝑟′&, 𝑟′%
⟹ Heun equation

𝑟
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BH horizon Cosmological horizon

(∞ is removable singularity)
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Hypergeometric equation

𝑦-- +
𝛾
𝑧
+

𝛿
𝑧 − 1

𝑦- +
𝛼𝛽

𝑧(𝑧 − 1)
𝑦 = 0

𝛿 = 𝛼 + 𝛽 − 𝛾 + 1

• Three regular singular points: 0, 1,∞

• Three indep. parameters: 𝛼, 𝛽, 𝛾

• Hypergeometric function 𝐹 𝛼, 𝛽, 𝛾; 𝑧



Heun equation

𝑦-- +
𝛾
𝑧
+

𝛿
𝑧 − 1

+
𝜖

𝑧 − 𝑎
𝑦- +

𝛼𝛽𝑧 − 𝑞
𝑧(𝑧 − 1)(𝑧 − 𝑎)

𝑦 = 0

𝜖 = 𝛼 + 𝛽 − 𝛾 − 𝛿 + 1,     𝑎 ≠ 0, 1

• Four regular singular points: 0, 1, 𝑎,∞

• Six indep. parameters
𝑎 : singularity parameter
𝛼, 𝛽, 𝛾, 𝛿(, 𝜖): exponent parameters
𝑞 : accessory parameter



Heun equation

𝑦-- +
𝛾
𝑧
+

𝛿
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+
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𝑧 − 𝑎
𝑦- +

𝛼𝛽𝑧 − 𝑞
𝑧(𝑧 − 1)(𝑧 − 𝑎)

𝑦 = 0

𝜖 = 𝛼 + 𝛽 − 𝛾 − 𝛿 + 1,     𝑎 ≠ 0, 1

• 4! = 24 transformations
We choose a transformation such that

𝑟-&, 𝑟&, 𝑟%, 𝑟-% → 𝑎,∞, 0, 1

𝑟
𝑟′%𝑟′& 𝑟%𝑟&

𝑧
10 ∞

cf. STU
∞, 0, 1, 𝑎
∞, 1, 0, 𝑎

Hatsuda
𝑎,∞, 0, 1

𝑎



Teukolsky → Heun

!
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𝑑𝑟
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−
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3Λ𝑟

%(𝑠 + 1)(2𝑠 + 1) + 2𝑠(1 − 𝛼) − 𝜆 𝑅" = 0

Transformation

𝑧 =
𝑟-% − 𝑟&
𝑟-% − 𝑟%

𝑟 − 𝑟%
𝑟 − 𝑟&

𝑅'(𝑟) = 𝑧.& 𝑧 − 1 .' 𝑧 − 𝑧/ .( 𝑧 − 𝑧0 ,'%1𝑦'(𝑧)
where 𝑧0 = 𝑧|/→0, 𝑧/ = 𝑧|/→/)*. 
We also define 𝐵 𝑟 = 𝑖𝐽(𝑟)/Δ- 𝑟 and 
𝐵1 = 𝐵 𝑟% , 𝐵, = 𝐵 𝑟-% , 𝐵3 = 𝐵 𝑟-& , 𝐵4 = 𝐵(𝑟&).



Teukolsky → Heun

𝑦-- +
𝛾
𝑧
+

𝛿
𝑧 − 1

+
𝜖

𝑧 − 𝑎
𝑦- +

𝛼𝛽𝑧 − 𝑞
𝑧(𝑧 − 1)(𝑧 − 𝑎)

𝑦 = 0

𝜖 = 𝛼 + 𝛽 − 𝛾 − 𝛿 + 1, 𝑎 ≠ 0, 1
with
𝑎 = 𝑧/ , 𝑞 = −𝑣 𝜆, 𝑠, Λ , 𝛼 = 2𝑠 + 1, 𝛽 = 𝑠 + 1 − 2𝐵4,
𝛾 = 2𝐵1 + 𝑠 + 1, 𝛿 = 2𝐵, + 𝑠 + 1, 𝜖 = 2𝐵3 + 𝑠 + 1

Note that 𝑎 = 𝑧/ > 1.



Heun equation

𝑦-- +
𝛾
𝑧
+

𝛿
𝑧 − 1

+
𝜖

𝑧 − 𝑎
𝑦- +

𝛼𝛽𝑧 − 𝑞
𝑧(𝑧 − 1)(𝑧 − 𝑎)

𝑦 = 0

𝜖 = 𝛼 + 𝛽 − 𝛾 − 𝛿 + 1,     𝑎 ≠ 0, 1
Several types of exact solutions
• Local solution or local Heun function 𝐻𝑙
• Heun function 𝐻𝑓
• Heun polynomial 𝐻𝑝
• Path-multiplicative solutions
• Series of hypergeometric functions

Wider region of 
convergence but 
more involved.
STU98,99,00

Simplest but 
small region of 
convergence.
We use this.

𝑦! 𝑧 = 8
"#$%

%

𝑐"!𝐹(−𝜈, 𝜈 + 𝜔; 𝛾; 𝑧)
Three-term recurrence relation

Convergence of 𝑐!"



Heun equation

𝑦-- +
𝛾
𝑧
+

𝛿
𝑧 − 1

+
𝜖

𝑧 − 𝑎
𝑦- +

𝛼𝛽𝑧 − 𝑞
𝑧(𝑧 − 1)(𝑧 − 𝑎)

𝑦 = 0

𝜖 = 𝛼 + 𝛽 − 𝛾 − 𝛿 + 1,     𝑎 ≠ 0, 1

• Local Heun function (Frobenius solution) 𝐻𝑙
Analytic around a regular singularity.

𝑧𝑎

10
∞



Hypergeometric function

𝐹 𝛼, 𝛽, 𝛾; 𝑧 = e
DEF

0

𝑐D𝑧D

• Recurrence relation
𝑐F = 1
𝑘 + 1 𝑘 + 𝛾 𝑐D%1 − 𝑘 + 𝛼 𝑘 + 𝛽 𝑐D = 0

• Solution

𝐹 𝛼, 𝛽, 𝛾; 𝑧 = 1 +
𝛼𝛽
𝛾1!

𝑧 +
𝛼(𝛼 + 1)𝛽(𝛽 + 1)

𝛾 𝛾 + 1 2!
𝑧, +⋯

=
Γ 𝛾

Γ 𝛼 Γ(𝛽)
e
DEF

0
Γ 𝛼 + 𝑘 Γ 𝛽 + 𝑘

Γ 𝛾 + 𝑘
𝑧D

𝑘!



Local Heun function

𝐻𝑙 𝑎, 𝑞; 𝛼, 𝛽, 𝛾, 𝛿; 𝑧 = e
DEF

0

𝑐D𝑧D

• Three-term recurrence relation
𝑐&1 = 0, 𝑐F = 1
𝑘 + 1 𝑘 + 𝛾 𝑎𝑐D%1
− 𝑘 𝑘 + 𝛾 + 𝛿 − 1 𝑎 + 𝑘 + 𝛾 + 𝜖 − 1 + 𝑞 𝑐D
+ 𝑘 + 𝛼 − 1 𝑘 + 𝛽 − 1 𝑐D&1 = 0
No simple expression for general 𝑐D.

• Radius of convergence = min(1, 𝑎 )
• 𝐻𝑙 1, 𝛼𝛽; 𝛼, 𝛽, 𝛾, 𝛿; 𝑧 = 𝐹 𝛼, 𝛽, 𝛾; 𝑧
• 𝐻𝑙 = “HeunG” in Mathematica 12.1 or later.



Local Heun functions at 𝑧 = 0,1
• Local solutions at 𝑧 = 0 (BH horizon)

𝑦F1 𝑧 = 𝐻𝑙(𝑎, 𝑞; 𝛼, 𝛽, 𝛾, 𝛿; 𝑧)
𝑦F, 𝑧 = 𝑧1&G𝐻𝑙 𝑎, 𝑞,; 𝛼,, 𝛽,, 𝛾,, 𝛿,; 𝑧

• Local solutions at 𝑧 = 1 (Cosmological horizon)
𝑦11 𝑧 = 𝐻𝑙(1 − 𝑎, 𝛼𝛽 − 𝑞; 𝛼, 𝛽, 𝛾, 𝛿; 1 − 𝑧)

𝑦$% 𝑧 = 1 − 𝑧 $!&𝐻𝑙 1 − 𝑎, 𝑞'%; 𝛼
'
%, 𝛽'%, 𝛾

'
%, 𝛿

'
%; 1 − 𝑧

𝑎 > 1 so there is an overlapping region of the two 
convergence circles.
⟹ In this region we can use both local solutions 
w/o analytic continuation.

𝑧
𝑎 = 𝑧/10 ∞



Connection coefficients
Relation between the two sets of local solutions

𝑦F1 𝑧 = 𝐶11𝑦11 𝑧 + 𝐶1,𝑦1, 𝑧
𝑦F, 𝑧 = 𝐶,1𝑦11 𝑧 + 𝐶,,𝑦1, 𝑧

No useful analytic expressions are known for 𝐶(H
but we can obtain them by e.g.

𝐶,, =
𝑊I 𝑦F,, 𝑦11
𝑊I 𝑦1,, 𝑦11

where 𝑊I 𝑢, 𝑣 = 𝑢 JK
JI
− JL

JI
𝑣 is the Wronskian. 

Note that 𝑊I 𝑦M , 𝑦N ≠ const. but 
𝑧G(𝑧 − 1)O(𝑧 − 𝑎)P𝑊I 𝑦M , 𝑦N = const.

cf. 
Gauss 
formula 
for 𝐹



Connection coefficients
Similarly, 

𝑦11 𝑧 = 𝐷11𝑦F1 𝑧 + 𝐷1,𝑦F, 𝑧
𝑦1, 𝑧 = 𝐷,1𝑦F1 𝑧 + 𝐷,,𝑦F, 𝑧

where
𝐷11 𝐷1,
𝐷,1 𝐷,,

= 𝐶11 𝐶1,
𝐶,1 𝐶,,

&1

=
𝑊I[𝑦11, 𝑦1,]
𝑊I[𝑦F1, 𝑦F,]

𝐶,, 𝐶1,
−𝐶,1 𝐶11



Angular part
üSimilarly, we can also transform the angular 

Teukolsky equation into the Heun form.

üRequirement of the regularity at 𝜃 = 0 and 𝜋
determines the eigenvalue 𝜆 :

𝑊I 𝑦M,FQ , 𝑦M,1R = 0

with 𝐼 = u
1 (𝑚 − 𝑠 ≥ 0)
2 (𝑚 − 𝑠 < 0) and 𝐽 = u

1 (𝑚 + 𝑠 ≤ 0)
2 (𝑚 + 𝑠 > 0) .



• Heun
𝑦&& +

𝛾
𝑧
+

𝛿
𝑧 − 1

+
𝜖

𝑧 − 𝑎
𝑦&

+
𝛼𝛽𝑧 − 𝑞

𝑧(𝑧 − 1)(𝑧 − 𝑎)
𝑦 = 0

• Schrödinger
𝑑%

𝑑𝑟∗%
+ 𝑉" 𝒴" = 0

• Teukolsky
!

"

Δ!"
𝑑
𝑑𝑟
Δ"#$

𝑑
𝑑𝑟
+
𝐽% − 𝑖𝑠𝐽Δ′

Δ
+ 2𝑖𝑠𝐽′

−
2
3
Λ𝑟%(𝑠 + 1)(2𝑠 + 1) + 2𝑠(1 − 𝛼) − 𝜆 𝑅" = 0
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Schrödinger equation
𝑑,

𝑑𝑟∗,
+ 𝑉' 𝒴' = 0

where 𝑑𝑟∗ = 𝜌,𝑑𝑟/Δ ,		𝒴' = Δ'/,𝜌𝑅' and 

𝑉' 𝑟 =
Δ-,

𝜌4
𝐵 +

𝑠
2

,
+
Δ
𝜌4

…

⟹ 𝑉' 𝑟 = 𝑉&'∗ 𝑟
⟹ 𝒴' and 𝒴&'∗ are solutions
⟹ 𝑅' and Δ&'𝑅&'∗ are solutions

𝑠%, 𝑖𝑠Pure imaginary



Schrödinger equation
𝑑,

𝑑𝑟∗,
+ 𝑉' 𝒴' = 0

For 𝑟 → 𝑟% or 𝑟′%

𝑉' 𝑟 →
Δ-,

𝜌4
𝐵 +

𝑠
2

,
+
Δ
𝜌4

…

=
Δ-,

𝜌4
𝐵 +

𝑠
2

,



Schrödinger equation
𝑑,

𝑑𝑟∗,
+ 𝑉' 𝒴' = 0

For 𝑟 → 𝑟% or 𝑟′%

𝒴' → exp ±
Δ-

𝜌,
𝐵 +

𝑠
2
𝑟∗

and hence 
𝑅' → Δ. and Δ&.&' (𝑒()/∗ and Δ&'𝑒&()/∗)

The asymptotic behavior of general solution is thus 
a linear combination of 𝑒()/∗ and 𝑒&()/∗.

IngoingOutgoing×𝑒&()*



Chrzanpwski, Misner (1974)



Boundary condition 

𝑅UV,' → �
𝐶'
(WXYVZ)Δ&.&&' , 𝑟 → 𝑟%

𝐶'
(X[\)Δ.' + 𝐶'

(UV])Δ&.'&' , 𝑟 → 𝑟-%

𝑅^_,' → �
𝐷'
(^_)Δ.& + 𝐷'

(X[\)Δ&.&&' , 𝑟 → 𝑟%
𝐷'
(WXYVZ)Δ.' , 𝑟 → 𝑟-%

𝐶#
(%&'()) 𝐶#

(&+,)

𝐶#
(-(.)𝐷#

(/0)

𝐷#
(&+,)

𝐷#
(%&'())
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Asymptotic behavior of exact solution
Let’s identify 𝑅UV,' and 𝑅^_,' in terms of the exact 
solution.

• Local solutions at 𝑧 = 0 (BH horizon)
𝑦F1 𝑧 = 1 + 𝑂(𝑧)

𝑦F, 𝑧 = 𝑧&,.'&'[1 + 𝑂 𝑧 ]

• Local solutions at 𝑧 = 1 (Cosmological horizon)
𝑦11 𝑧 = 1 + 𝑂(1 − 𝑧)

𝑦1, 𝑧 = 1 − 𝑧 &,.(&'[1 + 𝑂 1 − 𝑧 ]



Asymptotic behavior of exact solution
After some calculations we see that

𝑅UV,' = �
𝑅F,,' , 𝑟 → 𝑟%

𝐶,1𝑅11,' + 𝐶,,𝑅1,,' , 𝑟 → 𝑟-%

𝑅^_,' = �
𝐷11𝑅F1,' + 𝐷1,𝑅F,,' , 𝑟 → 𝑟%

𝑅11,' , 𝑟 → 𝑟-%
Each of two expressions equal exactly.

We can then obtain 𝐶'
(UV]) etc in terms of 𝐶,,,' etc. 

e.g. 𝐶'
(UV]) ∝ 𝐶,,,'

⟹ We can calculate 𝐶'
(UV]) etc exactly.
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Quasinormal mode 
We can derive QNM frequency by 

𝑊I 𝑦M,FQ , 𝑦M,1R = 0 and  𝐶,, = 0

Pros:
Simple and fast (a few sec).  
No approximation.
Easy to increase the accuracy.

Cons:
Requires an initial value 
(𝜔()(, 𝜆()() close to 
the correct ones.

Hatsuda, 2006.08957

- Leaver’s continued 
fraction method: 
Similar but it includes 
infinite series, which 
one needs to truncate 
and check the 
convergence (while 
the conv. is fast).

cf. 

- Numerical calculation:
More processes which make it 
difficult to control the accuracy.



Reflection / transmission rate
We obtained a simple exact formula 

ℛ' = 1 − 𝒯'

𝒯' = 𝐹'
𝑧0

𝑧0 − 1

, 1
𝐶,,,'𝐶,,,&'∗

with  𝐹' =
`) /, ,.&%'
`-(/-,)(,.'%')

.

Pros:
Simple and fast.  
No approximation.
Easy to increase the accuracy.

- STU00 formula:  
Similar but it includes 
infinite series.

cf. 

- Numerical calculation:
More processes (solve 
tortoise coord., fit, impose 
boundary condition with 
shooting method), difficult 
to control the accuracy.



Our exact formula (~10sec, WorkingPrecision→ 20)
Numerical calculation (~1s, MachinePrecision)

Reflection rate
Schwarzschild-de Sitter Λ𝑀% = 10!,
𝑠 = 0,𝜔𝑀 = 1, 1.5, 2



Kerr-de Sitter Λ𝑀% = 10!,, 𝑎/𝑀 = 0.9
𝑠 = 0,𝜔𝑀 = 0.3

Our exact formula 
Numerical integration with shooting method

Reflection rate



Our exact formula 
Numerical integration with shooting method

Superradiance
Kerr-de Sitter Λ𝑀% = 10!,, 𝑎/𝑀 = 0.9
𝑠 = 0, ℓ = 𝑚 = 2



𝜋/2 − 𝜃

=



Green function
We constructed the Green function
𝐺 𝒙, 𝒙-

=O
ℓ/0

1

O
2/!ℓ

ℓ
−Δ" 𝑟- 𝑅34," 𝑟- 𝑅67," 𝑟- Θ 𝑟 − 𝑟- + 𝑟↔ 𝑟-

Δ"#$𝑊8 𝑅34,", 𝑅67,"
×"𝑌ℓ9 𝜃, 𝜑 "𝑌ℓ9∗ (𝜃-, 𝜑-)

Pros:
No approximation such as 
• 𝑟, 𝑟Z ≫ 1
• 𝜗, 𝜑 ≪ 1
• 𝜔𝑀 ≫ 1 or 𝜔𝑀 ≪ 1

cf. 
Nambu, Noda, 1502.05468
Nambu, Noda, Sakai, 1905.01793



Forward scattering

Our exact formula for SdS with Λ𝑀% = 10!,
Numerical integration for Schwarzschild

𝑠 = 0,
𝑟, 𝜗, 𝜑 = 20𝑀, 0,0
𝑟", 𝜗", 𝜑" = 6𝑀, 0, 𝜋



Slightly off forward scattering

Our exact formula for SdS with Λ𝑀% = 10!,
Numerical integration for Schwarzschild

𝑠 = 0,
𝑟, 𝜗, 𝜑 = 20𝑀, 0, 𝜋/10
𝑟", 𝜗", 𝜑" = 6𝑀, 0, 𝜋



Angular dependence
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Summary
• We have established the exact formulation of the 

scattering problem of spin-𝑠 massless field on 
KNdS background by using the exact solution in 
terms of local Heun function 𝐻𝑙.

• Simple and fast formulae w/o any 
approximations.

• Applications include: 
- QNM 
- Reflection / absorption rates
- Green function
- S-matrix, cross section, BH image, …and more!


