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General Relativity

The uniqueness theorem

Stationary axisym. BH in GR

U @ « OCKHAM
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Kerr solution

M : Mass
a : Angular momentum

Vishveshwara (1980)



General Relativity

Kerr solution

Juv = g_uv + h,uv
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Scattering from black holes

* While one can numerically integrate Teukolsky
equation, analytic treatment is also important.

* There are many analytic works using some
approximations in the literature (e.g. WKB).

* We establish an exact formulation w/o any
approximations for wave scattering of spin-s
waves from Kerr-Newman-de Sitter BH.
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* Teukolsky
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Erwin Schrodinger
(1887-1961)

» Schrodinger
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Kahl Heun
(1859-1929)

e Heun

”+(y+ 0 + d ) '
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afz —q
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+ =0

Pronunciation of “Heun” follows German rule — it's just like ‘coin’ or ‘join’.
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WOLFRAM BLOG

From Sine to Heudz 5 New Functions for Mathematics and
Physics in the Wolfram Language

May 6, 2020 — Tigran Ishkhanyan, Algorithms R&D

Mathematica was initially built to be a universal solver of different mathematical tasks for
everything from school-level algebraic equations to complicated problems in real scientific
projects. During the past 30 years of development, over 250 mathematical functions have been
implemented in the system, and in the recent release of Version 12.1 of the Wolfram Language,
we've added many more, ranging from the elementary Sin function to the advanced

S1n(z) %
HeunT[q, @, v, 0, €, Z
HeunClg, a, v, 0, €, 2

P (2)

HeunGla, g, a!)'B, v, o0, z]
HeunBlg, «a, v, 0, €, 7]
HeunD|g, a, v, 0, €, 2

»Fi(a, b; c; 2)




These and a lot of other interesting examples on the properties and applications of the Heun
functions are noted in the documentation pages.

Heun Functions in Physics Heun functions have a range of applications in contemporary
physics and are powerful enough to generate solutions for a significant set of unsolved problems
from quantum mechanics, the theory of black holes, conformal field theory and others. They are
being successfully applied in real physical problems at a rapid rate: during the last decade, the
number of publications related to the theory of Heun functions tripled in comparison with all other
publications until 2010, according to arXiv.

Specifically, the powerful apparatus of the Heun functions allows derivation of new infinite classes
of integrable potentials for relativistic and nonrelativistic wave equations used in different
problems of quantum control and engineering (please see the recent paper by A. M. Ishkhanyan for
different examples).

Heun functions appear in the theory of Kerr-de Sitter black holes and may be used for analysis in
more complex geometries (the papers by R. S. Borissov and P. P. Fiziev and H. Suzuki, E. Takasugi
and H. Umetsu discuss these problems).

The relationship between the Heun class of equations and Painlevé transcendents leads to new
results for the two-dimensional conformal field theory based on the analysis of the solutions of
Heun equations (see the papers of B. C. da Cunha and J. P. Cavalcante and F. Atai and E. Langmann).

The aforementioned examples as well as others indicate that the Heun functions are important in
and popular for solving absolutely different problems in contemporary physics.

Closing Words At Wolfram, we are in a constant search for fresh ideas and methods that make
the Wolfram Language one of the most famous, popular, powerful and user-friendly tools for
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Kerr-Newman-de Sitter spacetime

(adt — p*dep)?

dr? do (1 + acos?8)sin?0
ds? = —p? [ —— + -
(1+ a)?p?

A 1+ acos?6
> (dt — asin®0de)?

_|_
(1+ a)?p
where

2 2
A(r)z(r2+a2)(1—%)—2Mr+Q2, a=%, p? =1?%+a?

A(r) = 0 has four roots:
M) = —3 (=) =) =T —7's)

r_ r.r r .

% /

BH horizon = Cosmological horizon




Teukolsky equation

« We consider a massless test field with spin s on
KNdS background.

* The Teukolsky equation is then separable and
can be transformed into the Heun equation. stygs

(Actually this holds for spin s field on general type-
D vacuum background with CC.)
Batic, Schmid, gr-qc/0701064

 We decompose the master variables in NP
formalism as

Ys = Rg (T)Ss (B)e Tlwttime



Angular Teukolsky equation

d d
— (A +ax?) (1 —x*)—+21—5s(1 —a) — 2ax?
dx dx

4sx(1+a)fma—c(l+a)] A+ a)[m+sx—(1—x*)c]?
+ 1+ ax? - (14 ax?)(1 —x2)

where x = cos 0, ¢c = aw.

S. =0

Solution for SAS or RNdS:
spin-weighted spherical harmonics

Ss(e)eim(p =5 Yom (6, 9)
A= +1)—s(s—1)



Angular Teukolsky equation

d d
el 201 — +2) > _ N 2
dx(1+ax )1 —x )dx+/1 s(1—a)—2ax
N 4sx(1+a)fma—c(l+a)] A+ a)[m+sx—(1—x*)c]?
1+ ax? (14 ax?)(1 —x2)
where x = cos 0, ¢c = aw.

S. =0

(1 + ax?)(1 —x?%) = 0 has four roots.

= Four regular singular points: +1, +i/\/«a
— Heun equatlon (oo is removable singularity)



Radial Teukolsky equation

d d J?—isJA
A_S—AS+1 _ . g
7 7 + i + 2is/

—gArz(s +1)R2s+ 1) +2s(1—a)—2A|R;, =0
where J(1) = (1 + &)[w(r? + a?) — am] — eOQr.

A(r) = 0 has four roots.
= Four regular singular points: r_,r,,r'_,r',

— Heun equation (oo is removable singularity)
r_ r. Ty r .
: : /: > T

BH horizon = Cosmological horizon



* Teukolsky
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Hypergeometric equation

”+(y+ ° ) '+ =0
Y z z—-1)7 Z(Z—l)y_

* Three regular singular points: 0, 1, c
* Three indep. parameters: a, 3,y

» Hypergeometric function F(a, 8,y; z)



Heun equation

(Y ) € ) , afz — q
)1+(Z+Z—1+Z—a:y+2@—1XZ—@y

e=a+pf—-—y—0+1, a+#0,1

=0

* Four regular singular points: 0,1, a,

e Six indep. parameters
a . singularity parameter
a,B,y,0(, €). exponent parameters
q . accessory parameter



Heun equation

”+(y+ 0 + € )r_l_ OIIBZ—CI —0
Y z z-—1 Z—ay Z(Z—l)(Z—a)y_
e=a+pf—-—y—0+1, a+#0,1
cf. STU
e 4! = 24 transformations (0,0,1,a)
We choose a transformation such that (0,1,0,a)
, , Hatsuda
r'_r,ry,r'y) 2 (a,0,0,1) (a,,0,1)
r_ r. Ty r .
> T




Teukolsky — Heun

d d J?—isJA
—Ss ___ AS+1 T T
A drA 7 -+ i + 2is/

2
—§Ar2(s +1D)R2s+1D)+2s(1—a)—A{R; =0

Transformation
r,—r.r—r,

Z = p

Rs(r) = z°1(z — 1)%2(z — 2,)%3 (2 — 2,)** 1 y5(2)
where z,, = z|, 500, 2, = 2|, 5,1 .

We also define B(r) = iJ(r)/A (r) and
Bl — B(T'_|_), BZ — B(T,+), B3 — B(T"_), B4- — B(T'_).



Teukolsky — Heun

7, Y 0 € ) ’ CZIBZ—C[
+ =+ + +
Y (Z z—1 Z—ay Z(Z—l)(z—a)y

e=a+pf—-—y—0+1, a+#0,1

=0

with
a=2z.,q9=—-v(As,AN,a=2s+1,=s+1—-2B,,
y=2B;+s+1,0=2B,+s+1,e=2B;+s+1

Note thata =z, > 1.



Heun equation

oY ) € , afz — q

Y +(E+Z—1+Z—a)y +Z(Z—1)(Z—a)y:()
e=a+p—-—y—0+1, a=#01

Several types of exact solutions

Simplest but

* Local solution or local Heun function Hl __ | region of
* Heun function Hf \ convergence.
* Heun polynomial Hp Ve use this.

« Path-multiplicative solutions Wider region of

Series of hypergeometric functions = convergence but
more involved.

STU98,99,00

©  y Convergence of c;,

W@ = ), APy +eyin

n=-—oo Three-term recurrence relation



Heun equation

(Y ) € ) , afz — q
+ =+ + +
Y (Z z—1 Z—ay Z(Z—l)(z—a)y

e=a+pf—-—y—0+1, a+#0,1

=0

* Local Heun function (Frobenius solution) Hl
Analytic around a regular singularity.

A

®

(BN  a .
N 0
O 1




Hypergeometric function

00)

F(la,B,y;z) = z 2"
k=0
 Recurrence relation
co =1
(k+ Dk +y)cger — (k+ )k + B)c, =0
e Solution

af  ala+ DB +1)
F(a»ﬁ»yiz)zl‘FEZ-l- O + 12!

T e T(a+Kr@ +k) zk
T@ry& T+l K

Z2 _|_



Local Heun function

Hl(a,q;a,B,y,6;2z) = z A
k=0

* Three-term recurrence relation

c_.1 =0, ¢ =1

(k +1)(k +y)acgq
—{kl(lk+y+6—1Da+k+y+e—1)] +qlc
+k+a—-1)(k+B—1)c,_, =0

No simple expression for general c,.

Radius of convergence = min(1, |al|)

Hi(1,aB;a,B,v,6;z) = F(a,B,v; z)
e Hl ="HeunG” in Mathematica 12.1 or later.



Local Heun functions at z = 0,1

* Local solutions at z = 0 (BH horizon)
vo1(2) = Hl(a,q; a, B, v, 6; 2)
Vo2(2) = z' "YHI(a, qz; a3, B2, V2, 62; 2)

* Local solutions at z = 1 (Cosmological horizon)
yll(Z) — Hl(l — a, aIB —q, a,,B,y, 5; 1-— Z)
V12(2) = (1 - Z)1_5H1(1 — a, CI’ZI alz»ﬁlz;ylzy 6'2;1— Z)
la| > 1 so there is an overlapping region of the two

convergence circles.

= In this region we can use both local solutions
w/o analytic continuation.

- ’
a—=2 o0

01 r




Connection coefficients

Relation between the two sets of local solutions

Y01(2) = C11y11(2) + C13y12(2)
V02(2) = C31¥11(2) + C2¥12(2)

No useful analytic expressions are known for C;;

but we can obtain them by e.qg. «— cf.
W, 1Yoz, y11l Gauss
Cy, = formula
W, y12, y14] for F
where W, |u, v] = u% — Z—Zv is the Wronskian.

Note that W,[y,, y,] # const. but
2" (z = 1)°(z — a)* W, [y, yp] = const.



Connection coefficients

Similarly,

V11(2) = D11Y01(2) + D1,y0,(2)
V12(2) = D31Y01(2) + D33Y02(2)

(011 Dlz):(cn Clz)‘l

D,y Dy, C1 (oo

_ W, y11,¥12] ( Cyr Clz)
Wz 1Y01, Vo2l —C31 G4

where




Angular part

v Similarly, we can also transform the angular
Teukolsky equation into the Heun form.

v Requirement of the regularityat0 = 0 and «
determines the eigenvalue A :

VVz[ya,OIJYa,lj] =0

_[1(m+s<0)
2(m—s<0)and]_{2(m+s>0)'



* Teukolsky
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« Scattering problem



* Teukolsky
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Schrodinger equation

dZ
(de +V9)y5 — O

where dr, = p?dr/A, Y = AS/?pR, and

v =2 (B+2) +5[.]

pTZ p

Pure imaginary s2 is

= Vs(r) = V(1)
= Y, and YZ, are solutions
— R, and A™° R are solutions



Schrodinger equation

dZ
(d‘r*2 T VS) Ys =0
Forr - r_ orr',

Ve(r) — A" (B + i)2 2
p* 2/ pr

% 2
== (B + ;)




Schrodinger equation

dZ
(al‘r*2 T VS) Ys =0
Forr - r_ orr';

Y, — exp [is—;(B +%) r*]

and hence

R, » AB and A=8~5 (e!®™ and A~ Se~1@™)
The asymptotic behavior of general solution is thus
a linear combination of ¢'“"™ and e~ "7+,

X e lwt Outgoing  Ingoing



down out
Chrzanpwski, Misner (1974)



Boundary condition
(

R . — < Cs(tranS)A_Bl_S; (r—-ry)
in,s - L ,
\Cs(ref)ABz n CS(mC)A By=S (r>r')
(
(up) (ref) A —B,—
Rups — < DS AP + DS A1 % (r - 7‘+)
) Dgtrans)ABZ, (‘I‘ R ‘I"+)

\



* Teukolsky

d ]2 —is]A

d
A_S —AS+1 .
[ dr dr T A

3

+ 2is]’

— zArz(s +1)2s+1)+2s5(1—«a) — /1] Ry =0

4

» Schrodinger

d2
(W'l'vs)‘ys =0

N

 Heun
., 14 o) €
Y +(Eﬁ+z—1+z—a
afz — q B
+Z(Z—1)(Z—a)y_0

)




* Teukolsky

d ]2 —is]A

d
—S _ AS+H1
[A dr A dr T A

3

+ 2is]’

— zArz(s +1)2s+1)+2s5(1—«a) — /1] Ry =0

4

N

* Heun
* Schrodinger I
(dz ) J > 7 +(Eﬁ+z—1+z—a
——tV|Ys=0 4Pz —q _
dr? i z(z—1)(z — a)y =90

)




Asymptotic behavior of exact solution

Let's identify R;, ¢ and R, s in terms of the exact
solution.

* Local solutions at z = 0 (BH horizon)

Vo1(z) =1+ 0(2)
Vo2(2) = z7%P275[1 + 0(2)]

* Local solutions at z = 1 (Cosmological horizon)
y11(z) =1+ 0(1 - z)
v12(2) = (1 = 2)7*%7°[1+ 0(1 — 2)]



Asymptotic behavior of exact solution

After some calculations we see that

)
R —. Rozsy (r—-1y)
e \C21R11,S + CZZRlZ,SJ (7" - T’+)
R — D11R01,S T D12R02,5, (T‘ — ’r'_l_)
up,s Rll,g; (,r, N T,I+)

Each of two expressions equal exactly.

We can then obtain ¢ etc in terms of C,, ; etc.
e.g. CI" o« Cyy

— We can calculate " etc exactly.
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* Applications



Quasinormal mode

We can derive QNM frequency by  Hatsuda, 2006.08957
VVZ[ya,OIrya,lj] =0 and (3, =0

cf. - Leaver’s continued

Pros: .
_ fraction method:
Simple and fast (a few sec). Similar but it includes
No approximation. infinite series, which
Easy to increase the accuracy. one needs to truncate
and check the
cons: convergence (while

the conv. is fast).

Requires an initial value . .
- Numerical calculation:

(Wini» 4ini) close to More processes which make it
the correct ones. difficult to control the accuracy.



Reflection / transmission rate

We obtained a simple exact formula

R.=1-T,
T =F ( Zoo )2 1
> S Zoo - 1 CZZ,S 2*2,_5
with F, = A 0H@B1+s) of. - STUOO formula:
Ar(rt4)(2B2+s) Similar but it includes

infinite series.

Pros: - Numerical calculation:
Simple and fast. More processes (solve
No approximation tortoise coord., fit, impose
' boundary condition with
Easy to increase the accuracy. shooting method), difficult

to control the accuracy.



_ Schwarzschild-de Sitter AM% = 1073
Reflection rate s=o0,0m=1,15,2

1.0r

0.8}

0.6

0.4}

0.2}

0.0
0 2 4 6 8 10 12 14

Our exact formula (~10sec, WorkingPrecision — 20)
----- Numerical calculation (~1s, MachinePrecision)



_ Kerr-de Sitter AM? = 1073,a/M = 0.9
Reflection rate s=0,0m =03

0.8}

0.6

_q

0.4}

0.2}

Our exact formula
----- Numerical integration with shooting method




_ Kerr-de Sitter AM? = 1073,a/M = 0.9
Superradiance s=0,f=m=2

1.0004/

1.0002/

A2 1.0000)
0.9998/

0.9996/

Our exact formula
----- Numerical integration with shooting method



source

) ¢
(s, )

I

—

|

T's

Black Hole

m/2—0
|

¥ observer

(p,7)




Green function
We constructed the Green function
G (x xs)
2 2 _AS(TS)[Rin,s(rs)Rup,s(rs)@(r — rs) + (r © rs)]
—0 M=—? AS+1VVT‘[Rin,S' Rup,s]
Xsyfm(e: QO)SY;m(Hs: @s)

Pros:
No approximation such as
e 1. > 1
cf.
* U, K1 Nambu, Noda, 1502.05468

e WM > 1orwM « 1 Nambu, Noda, Sakai, 1905.01793



s =0,

Forward scattering (r.,9,0) = (20M,0,0)

0.0014|
0.0012}
~ 0.0010
5 0.0008|
0.0006 |
0.0004 |
0.0002!

0.0000! . 1 1 . . . :
0O 1 2 3 4 5 6 7

Our exact formula for SdS with AM? = 1073
Numerical integration for Schwarzschild




Slightly off forward scattering s=0o

(r,9,¢) = (20M,0,7/10)
(15,95, @s) = (6M, 0, 1)
0.00006! . M A
0.00005 | M
™ 0.00004!

O 0.00003|
0.00002 #
0.00001 |
oooo0O00:L . . . T

Our exact formula for SdS with AM? = 1073
Numerical integration for Schwarzschild




Angular dependence

0.0012
0.0010

. 0.0008|
O 0.0006 |
0.0004 |
0.0002|
0.0000 -

¢ |degree]

\Mw—7
Mw=14
Mw=1
L\ A~ é |
0 5 10 15 20 25 30
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Summary

* We have established the exact formulation of the
scattering problem of spin-s massless field on
KNdS background by using the exact solution in
terms of local Heun function HI.

« Simple and fast formulae w/o any
approximations.

* Applications include:
- QNM
- Reflection / absorption rates
- Green function
- S-matrix, cross section, BH image, ...and more!



