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Spinning Test Particle in Schwarzschild BH
S. Suzuki &KM, PRD 55, 4848 (1997)

EOM of a spinning test particle in a relativistic spacetime
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Schwarzschild B2
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FIG. 1. The **effective potential™ ¥, ., on the equaiemal plane FIG. 3. The types of the *effective podential’® are classified by

for f=dudf and = 1 . We see that the paricle in F, -, moves
in the regim closer 1o the event harizon (#=20) than that in
"

Jand 5. The wvalue of 5 of the botom end of the type (U2) region
is slighthy smaller than 1 g\
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The sudidle posmt of the potentinl is marked by o erose. (a) Only one sddle

FIG. 2 Four dallement pypes of the effective potential™ F
point exists on the equatorial plane. This potential 5 similar to that foc @ spanliss particle. Choos never oooors m this cise. (hl Two sadidie
posints gne Toand on both gides of e eguarorial plane. The orbit can be chacdic. () When J & very small, the cenarifagsl [oeee s 100 small
1y balaies with the gravity mnd them o bowanil feplon ks foamn]. Thas Fln.'lll\.'III.J.i = als sonales 10 That for g hj'liﬂil-'sh F'ﬂl'lll-'ll-' |} This al=d lis
s hound region. But fis shape is different from that of {¢), There exicts o smdie paint on the equatcesl plane, This point is locally minimal
in the r direetion but maximal in & direction. The particle will gvemually fall it the black hole after leaving the agustonal plans
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FIC, 4. Thi Polmeare maps Bor varioes values of 5. All orhits Bave the wial sngular momestum S =4,0g . We set p"=0 mitially. (a)
S= 04l and E=0976 953 S, The initial position for each pores & ry=3.8, 6.0, and 8,00 {b) S=1h6pdf, = 0557 309 9% end the
inisinl position is rg=3.6, 55 &0, and (200 () S=08uM, E=0938 (55 68y, and ry=37, 42, &0, and SO0, (d) 5= 104,
£ DT 3BT alp, mnd (1) =50, (20 J9M chaotc], (30 3 T2 The arhits in two-dimensional configuration space ame shown m Fig. 3
(el §=12peh, E=0055 445 (5g, ond rg=3H6 4.2 52, amd 60 (] §=14pld, E=0.022 920 4] w_ ond ry=4.5, 5.0 57, i 7,644
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FIG. 5. The orbit in the two-dimensional configuration space
corresponding to cach torus 1o Frig. 20d) [(1-=031], (1) This orbit is
almost perpendicular 10 the equatarial plane, The initin] position is
near the minimum point of the **effective potential.”” {2 The cha-
otic orbit. The particle approaches the saddle poinis marked by a
cross. {11 Contrary to the orbit shown in (1), this orbit is constramed
in the very narrow area near the equatorial plane. The initial posi-
tion is located near the edge of the “'effective potential.™
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FIG. 6. The Lyapunov exponent of each orbit shown m Fag. 5
We find that the orbat (2} is serongly chaotic, The ratio of the in-
verse Lyapunov exponent 1/A=r, to the avernge orbital period
Tp 15 aleo shovwn,
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FlG. 7. The Lyapumaw expement b m terms of the salue of spin s |
& When § hecomes larger than the critical value 5 ~0635007,
hevond] which we fied cheos, & mcoresses mpidly. This supporis the
motion of @ erilscal vali: of the spii for occumence of chaos,
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Post-Newtonian

2PN

I = apN + ago + agg + arr « 2.5PN
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FIG, 1. The pair has mass ratio mg/m; = 14/10and nospins.  FIG. 2. The pair has mass ratio miz S = 1.4/10 and spins
The indtial conditions are x;/m = 10, ¥ = 0.3, and 5 = 0. 8 = mi, 5 = 0Tmi The initial conditions ore x, /m = 10,
Time {5 mocasared in wals of the tofal mass m. Top: A 3D ¥, =03, and 3, ='0. The mitial angles are #, = = 45",
view of the orbit. Lower leftt  The smooth phase space curve  Tope A 3D view of the orbit. Lower jeit: The surface of section
in the {r, 7} pland, Lowerright:  The waveform k. in the ir. 7} plane, Lower right: The waveform fr.
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l'1lf'- Top:  The fractal basin boundanes for pairs wilh
frl.lml = | /3 and "'|| JJI|-3.IJ.|1-'UEI adl I_HhIH-hE'EII'I
with x;/m = 5, 3 = (h45, The imitial ongles (8, & 1 are var-
e, The axes are labeled in adians. There are 20K = 200 arbals
shiwn The méddle and bottom pancls are details of the upper
panei
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FIG. 4. The waveform A, for pairs selected from the initial
conditions in Fig. 3. Both orbits begin with #; = 10°. The lcft
panel began with #; = 128" while the right panel began with
#; = 131°. The extreme angles were randomly chosen from the
fractal set for illustration. Chaos is seen with more temperate
angles as m Fig. 2.



FIG. 5. The fractal basin boundaries with dissipation included.
The parameters are ma/m; = 1.4/10 and spins §; = m{ and
S, = (1.7m3. The orbits begin with x;/m = 26, ¥; = 0.15, and
z; = (). The pair can execute anywhere from 0 to @(40) orbits
before coalescence. The imtial angles (#,,6:) are varied from
—qr to 7. There are 300 X 300 orbits shown.

fractal basin with dissipation



reanalysis 2PN+2.5PN radiation reaction

My /M, =107* S; =0 Sy = 1.4 x 10* M2

() L=1.485uM (b)L=153 uM
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FIG. 1. Lyapunoy expoment ¢ for test-particle arhits around a
black hole. The orbéts in case (a) are chandic, with ¥ ap-prm:h,.ng
a pasitive value coresponiding 1o a divergence time of i - 10
arbitul perieds. The regular orhits in case (b} diverge linearly in
time s that yird — 0,
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FIG. 2. Power spectra of the GW signal h.{r] for the same

rwo cases gs in Fig. 1. The chaotic syssem in (a) prodeces

broadband noise while the guasipeniodic orbit (k) exhibits sharp

spectral lines, The GW frequency is given in units of my' Haz,

where sy = m) 100,

spectrum



10M¢ black hole binary S1=M,? Sy=M,?

Lyapunov exponent
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FIG. 4. Power spectmm of the GW signal by (r} colcwlated
FIG. 3. Lyapunov exponent y(r) for different stages in froen the initial conditions of Fig. 3 at the stage in the inspiral
inspiral of twoe maximally spinning 10M, black holes: ,.I"mv.- . where faw = 100 Hz. The frequency is in units of mx' He.
10 He, rim = 4725, lpe = 698 fow=d0Hz. r/m = where myy = m/20My. The sharp lines in the spectrum confirm
= 1.5 5 fow = 100 Hz, r/m = 0.2, figen = 0.2 5 that the orbit is regular,

18.75, fm
Fow = 400 Hz, rfm = 40, fing = 0.01 5. No evidence for

chaos is seen, with 1, = 1)y % fip, m all cases
>| no chaos|1




Lvapunov Exponent

=>

log(d(t))

25+

g I “m"g h‘Tl!
fir”

ﬂil

100000 200000
M

FIG. | (color onlinel Determining the Lyapunov exponent
for an orbit taken from Fig. 3 of Ref. [2].
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