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Precise determination

of parameters, 1-2 mixing
searches for the effect of
1-3 mixing

Searches for sub-leading
effects, Bounds on physics
beyond LMA

- sterile neutrinos

- magnetic moment effects

- new interactions

- tests of fundamental

symmetries, CPT...

Astrophysics
determination of
original neutrino
fluxes
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In this connection it i important

to estimate accuracy of
approximations we use

to find accurate analytic
expressions for probabilities
and observables as functions
of oscillation parameters




Towards precision measurements
In solar neutrinos

Accuracy of measurements
of the oscillation parameters

A(tan20) < tan26

A (Am?2) < Am?

Possible effects of 1-3 mixing should be taken into account

Am2=6.5 10> eV?2
tan20 = 0.39




LMA = Adiabatic Solution

vf:Um m

V¢ = (v, v, )T - flavor states

Vm 3 (Vlm’ V2m )T

B Mixing angle
In matter

&)

B Survival v, -> v,
probability:

- eigenstates in matter

U, = U(@,)

sin 26
sin 20, =
(cos 20 —g (X)) 2+ sinZ2 20
e(x)= 2EV V(X) :EGFH(X)

A m?2

0,0 = 0,,(X,) - mixing angle in matter in the production point

sin

cos 0 0
U(0) = [— sin ® cos 9]



Adiabatic approximation

B Evolution equation
for the matter
eigenstates:

B Adiabatic
approximation:

B Solution (S-matrix):

Sad(x, -> X) =

If

I0(X)/2

0]

id v, /dx = H_(X) v,

Vm F (Vlm’ V2m )T

- AL (X)/2
H,(X) =
i do_(x)/dx

- i o, (x)/dx

A (X)/2

A (X) = Az_fgzq( COS 20 —& (X)) 2+ sin? 20

dé, . (x)/dx
A <1 ‘

o 10072

The off-diagonal terms
can be neglected ->
equation splits

X
D(x) = f dy An(y)
X

0




Adiabatic conversion. MW

Vlm <7é> Vzm

N, >> Ng Non-oscillatory transition @ P=sin20
Vom I 1 'RZ
Vlm I:I I:I Vl
Mixing suppressed Resonance Interference suppressed
Ny > Ng Adiabatic conversion + oscillations
0 . Y
] v,
Small matter corrections
Vom [ Vs
Vim ] vy

A. Yu. Smirnov e



Physics of conversion

Averaged survival probability
at the surface of the Sun

P =sin?6 + cos 26 cos?0,°

N

non-oscillatory part oscillations

0,2 is the mixing angle in matter
in the production point

The depth of oscillations:

A = sin 26 sin 20, °

At the detector:

I:)det =P + AI:)reg

S

Earth regeneration
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Non-adiabatic corrections

Search for
B {he solution S(Xy -> X) = C (X) S (X, -> X) C(x)= [ ; . c(x) ]
in the form -c(x)* 1
—pllieiehye o ID(x)/2 o(x) e P02
S(Xy > X) = _ _
_ C(X),.ceKI)(x)/Z e—ld)(x)/2

c(x) gives the amplitude of transition between the eigenstates

B | Inserting S(X, -> X) - Differential ‘ Solve the
in the evolution equation equation for c(x) equation
X | Applications
‘ c(x) = —f dx’ M exp ifijx” A (X?) to the Sun and
Xo 2B % the Earth

phase ®(X' -> X)



Non-adiabatic corrections inside the Sun

Bl \Vith non-adiabatic
corrections:

P. = lc(X, -> Xg)|? - jump probability (probability of v, <->v,.)

B Inside the Sun: smooth density profile - integration can be done

P, =05[1+(1-2P,) cos26,° cos20]

c(X,

&
-> Xg) = -y (X) exp [1D(X -> X{)]

Xo

B Since at the surface V =0, the lower limit of integration is relevant

= Pe

2
|
= Iy (%) I[ﬁ%} KOO | =

|, =

4n/ A, h=V (dV/dx)*

B Numerically:

P, = (1079 - 107 ) (E/10 MeV)?

Negligible, still much large than the double exponential formula:

Am2 V sin 20

=l

2E A2

10-400



Oscillations inside the Earth

1). Incoherent fluxes of v, and v, arrive ‘
at the surface of the Earth

2). In matter the mass ‘
states oscillate

Regeneration .
factor: P, =sin?0 + f

Pee = 0.5[ 1+ cos 26,° cos 20 ] - cos26,°f,,

4). The oscillations proceed
In the weak matter regime:

2EV(X) «1

g (X) = AM?2




Regeneration factor

P(Vz == Ve) = |<Ve| U(emR) S(Xo =2 Xf) U+(emR) U(G) |V2> |2

0,r - Mixing angle at the surface of the Earth

freg = Poe - SiNZ0

Regeneration factor in the first approximation in ¢ :

ey = € (R) Sin?20 sin2 [OM(X,-> X()/2] + sin 20 Re{c(X, -> Xp)}

e (R) = ZAEr\nng)

B If adiabaticity is conserved the regeneration depends on
the potential V(R) at the surface and total adiabatic phase

B Non-adiabatic conversion appears as the interference term
and therefore - linearly

B Calculate c(x, -> X;) 1) estimation in a given layer
in two steps 2) taking into account borders of the shells



Corrections inside the layer of the Earth

_ C(Xo - Xg) = iy () exp [iD(x ->x)][ "
Xg
Im
N Afreg/freg ~ >7h. Sin 26 ~0.01 -0.02
he ~Rg - typical scale of the density change
Is of the order of radius of the Earth
|, = 4n/ A,

We neglect these corrections



Effect of n-shells

B Consider the trajectory which crosses n shells (2n-1 layers)

Neglect the adiabaticity violation inside shells -->
contribution to c(X, ->X¢) comes from the borders between layers

- do, - Am? sin 26 dV(X) = Jumps of density (potential)
dx 4E A2 dXx between layers lead to & - functions:

do,, E sin 20

dx. = AT zj: p—— AV; [8(x +L;/2) - 3(x - L;/2) ]
|
Inserting _ 2E sin220 .. .
in formula freg = AM?2 SIN@y/2 Zj-p.nq AVjSIN /2
for c(x):

®, - adiabatic phase along the whole trajectory

AV; - jump of the potential between j-th and j+1 shells
@, phase acquired within borders of with jumps AV; and -AV;



Ertect of small Structures

reg =

2E sin?20 _
AM?2 SIN®y/2 %, ny AV SIN®;/2

N

Defining ¢; = 0.5(D, - D;)

2E sin220
freg = Am?2

Zi=0.n1 AV;[Sin?®y/2 cosd; - 0.5 sind, sing;]

m IT ¢; Islarge - averaging effect.
This happens for remote structures, e.g. core

B Effect of shells at small depth (~ 10 km ) is important.

For small cos 6, - interference of contributions from
different shells - oscillatory behaviour of f,
For large cos 6, - the distance is small and they can be
accounted as one layer.



Analytic vs. numerical results
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— numerical 4
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Regeneration factor as function of the zenith angle
E =10 MeV, Am2=6 10 eV2 tan?60=04



ing regeneration factor

Regeneration factor averaged over the energy intervals
E=(9.5-10.5) MeV (a), and E = (8 - 10) MeV (b).




eutrino oscillations
In low denslty medium

. loannisian, A. S
hep ph/0404 060

V(X) << Am?/2E

Y a o

Potential << Kkinetic energy

For LMA oscillation parameters 30’3" ne"t"nos

applications to Supernova neutrinos
Small parameter: £ (x) = —2 AE”\]/Z(X) « 1

e(X)~ (1-3) 102 perturbation theory in ¢ (x)




£= perturbation theory

Weak matter effect: theory ?n terms of
mixing in matter ~ mixing in vacuum, - mass eigenstates
E)m ~0 Vmass ~ (Vl’ Vo )T

cos ©’ Sin ©’
B Mass states Voo = U Vo U’

mix in matter: _cin O ’
Vi = Vi, Vom )T sin® cos o
eigenstates in matter

w9 =0 (V) -mixing g (X) sin 20
angle of mass Sin 20’ = = ¢ (X) sin 20,
states in matter (cos 20 —¢ (X)) 2+ sinZ 20
small
|| i ion: : _
Evolution equation: idv,__.. 7dX = H(X) V,
1 O A m2
Hx) = U'(X) U(X)* A0 =g \ (c0s 20 —& (x)) 2+ sin? 20

0 An(X)



S-matrix in the basis of mass
eigenstates v, ... = (v, v, )T

matrix

S(%o -> Xg) = (U, DU, %) ... (U D;U;' %) ... (U, DU, *)

In j-th layer:
v B Mixing matrix of mass states:
Pa cos 6’ sin ©;’
Vil / Uj’ =
/ \\ - sin 6;" cos 6;
) 0" =0 (V)
D. : :
] \ B Evolution matrix of
/ Uy the eigenstates in matter:
) j i o 1 0
- ] i M.
X X X¢ 0 e !
B Phase:

Following procedure of the numerical -
computations . . . O = AX An(Vy)




S-matrix

B Each block can
be reduced to

(Uj DjUj ") =D; + G,

0

G; = 0.5 (' ®"i- 1) sin26; [‘13 1} + 0 (£2)

. S(XO -> Xf) = Dn... Dj s Dl + Zj Dn.. D G' D

- Pjr1 2 Yjp e

D, + O(G;Gy) + ..

D;=0(1) G; =0 (e) expansion in power of G,

B Limit n->infty, Ax->0

Zij—>de

Zj Cij = Zj AX Ap(Vj) > fdx AL (X)

‘ DM(Xg -> X¢)




S-matrix

S-matrix in the basis of mass eigenstates v ... = (v, v, )T

1 0]
S(Xg > X¢) = .
0 e|CI)m(x0 -> Xg)
fxf 0 o IOM(Xy > X)
+0.51sin20[ dx V(x) i
X, e IOM(X -> X¢) 0
+ O(V?)

The amplitude of the oscillation
transition v, -> v,

A (Xo => Xg) = <vplS(Xy -> Xg) v, >




M | It R tl f t
difl FESUIT. negeneration 1actor
Mass-to-flavor — o
P,.=sin20 + f
transition: - 2e =g

Regeneration X
factor frey = 0.55sin220 [ dx V(X) sin ®M(X -> X¢)
Xo

X X
: . | Am? 2EV(y) )? :
freq = 0.55sin220/ dx V(x) sm[ ng fx dyd {cos 20 - T2 J - sin220 J

Xo

V(X)

] 1L dM(X -> X
Integration ( L

[
S X
X

The phase is integrated from a given point to the final point



vityto Structures of the density profil

:

Sens

For mass-to-flavor transition V(X) is integrated with sin ®™(d)
d = X¢ - X the distance from structure to the detector

Iargerd - Iarger (Dm(d) - - - -

Integration with the energy —— | ’ |
resolution function R(E, E'):  Treg -f dE" R(E, E) fy(E)

fdx V(X) F(Xg - X) sin ®M(X -> X¢)

o N

The effect of . X
averaging: fey = 0.5 sin220
X

averaging factor

For box-like
R(E, E) with F(d) = —"d—AEE sin [“IdEAEJ
width AE: 5 v




sensitivity to structures of profile
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The width of the first peak

d < |,E/AE

|, is the oscillation length

A%

The sensitivity to remote
structures is suppressed:

m) Effect of the core of
the Earth is suppressed

Small structures at the
surface can produce
stronger effect

® The better the energy
resolution, the deeper
penetration



Summary

B For LMA solution one can use the adiabatic perturbation theory
to describe the conversion both in the Sun and in the matter of the Earth

B Non-adiabatic corrections for propagation in the Sun are negligible

Precise analytic analytic expression for the probability averaged over
the production region in the Sun have been obtained

Precise (1 -2 %) analytic formula for the Earth matter effects
B | has been obtained which allows us to explain
detailed features of regeneration effect

Precise description of the oscillation effects in the
low density medium is given using the ~ ~“epsilon- perturbation” theory




Averaging over production region
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