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Primordial Black Holes
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There may be a high peak in the curvature 

perturbation spectrum

Rad-dom.

1/Hr ~a2

log L

1/H0

PBH formation: conventional scenario

ç
reheating

𝑘∗ = 𝐻𝑎∗Planck

≳ 𝟐𝟎 𝐞𝐟𝐨𝐥𝐝𝐬

strong constraints 

from CMB & LSS

almost no constraint 

on small scales
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N= log a

a/k*

a* aend 1are-entry aeq

a/H0

The peak re-enters horizon during radiation 

era. If the amplitude > O(0.1), PBH will form. 

log L

1/H0

ç

𝑘∗ = 𝐻𝑎∗

PBH formation: conventional scenario

≳ 𝟐𝟎 𝐞𝐟𝐨𝐥𝐝𝐬

probes late stage 

of inflation

reheating

Rad-dom.

1/Hr ~a2
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PBH in a nutshell

• Primordial Black Holes (PBHs) are 

those formed in the very early 

universe, conventionally when the 

universe was radiation-dominated.

• Presumably they originate from a 

large positive curvature perturbation 

produced during inflation (which hence 

should be a rare event).

• For a BH to form during radiation 

dominance, the perturbation must be 

O(1) on the Hubble horizon scale.

time
Hubble radius (∝ 𝑎2)

comoving scale (∝ 𝑎)

PBH

O(1)

𝑴𝐏𝐁𝐇~ 𝑴𝐡𝐨𝐫𝐢𝐳𝐨𝐧

~
100MeV

𝑇

2
𝑀⊙~

𝓁

1pc

2

𝑀⊙
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no constraint due to

finite size effect/wave effect

Niikura et al. 1701.02151

observational constraints

𝑀PBH ≈ 1017 − 1022g Tre-entry ~ 104 -108 GeVbig window at

Subaru

HSC
LIGO-Virgo (LV)

BHs?
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fraction β that turns into PBHs

• When sM << d c, β can be approximated by exponential:

for Gaussian probability distribution

𝛿𝑐 ≡
𝛿𝜌𝑐

𝜌
crit

∼ 0.4

Carr, ApJ 201, 1 (1975), …

• Recent studies indicates enhanced production: 𝛿𝑐 ∼ 0.2
Yoo, Harada, Garriga & Kohri, 1805.03946using peak theory

• Non-Gaussianity may significantly affect b 

non-Gaussianity
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induced GWs 
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(iGWs)



GWs can capture PBHs!

curvature

perturbation

spacetime oscillations

PBH

PBHs = CDM with MPBH ~1021g 

generates iGWs with f~10-3 Hz
Background GWs

at LISA band

PBHs =LV BHs with MPBH ~10M⊙

generates iGWs with f~10-8 Hz

Background GWs

at PTA band
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GWs can test PBH scenario!  

Saito & Yokoyama 0812.4339

(ΩPBHℎ2, 𝑀PBH) = (10−5, 100𝑀⊙)

(ΩPBHℎ2, 𝑀PBH) = (10−1,1020 g)

PBHs = CDM?
PBHs = LV BHs?

Cai, Pi, Wang & Yang 1907.06372

➢PBHs =LV BHs scenario is already constrained by NANOGrav(PTA)
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Inflation models
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• Scalaron f becomes massive at the end of the 1st stage.
• Field c  plays the role of inflaton at the 2nd stage. 

c

f

(1) Two-field inflation model
Pi, Zhang, Huang & MS, 1712.09896

many 2-stage models 

can account for 

PBH formation

~ Starobinsky (scalaron) + curvaton
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sharp peak

scalaron + x model can produce a sharp peak in the 
curvature perturbation spectrum at small scale

𝛿𝑐 = 𝑂(1)

𝜇2 =
𝑀2

3𝐻2

(local) non-Gaussianity is usually small in this kind of models
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PBH mass function

Niikura et al. ‘17

HSC M31 constraint (95%CL)

sharp peak

scalaron+x model can realize

PBH=CDM scenario with a monochromatic PBH mass!

[g]

𝑓(𝑀PBH) ∝ exp −
𝛿𝑐

2

2𝑃(𝑘)

𝛿𝑐 = 𝑂(1)

spike!
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(2) Non-minimal curvaton model
Pi & MS, 2112.12680

𝑓(𝜑)

𝜑

dip
• assume f <<1 when j ∼ j *

𝜑
*

(𝑚𝑥
2≪ 𝐻2)

• vacuum fluctuation: 𝑓 𝜑 𝛿𝑥 =
𝐻

2𝜋

𝛿𝑥 =
𝐻

2𝜋𝑓

• dc is enhanced at j = j *

1

𝑘
𝑘

*

𝑃 (𝑘)
dc

leads to PBH formation

peak ∝ 1/𝑓(𝜑∗)

𝑘∗ = 𝐻𝑎(𝑡∗)

𝜑∗ = 𝜑(𝑡∗)
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Fully non-Gaussian curvature perturbation

𝑒4𝜁-
4𝑟

3+𝑟
1 +

𝛿𝜒

𝜒

2
𝑒𝜁 +

3𝑟−3

3+𝑟
=0

z = curvature perturbation on uniform density slices

r = rc/rtot at epoch of curvaton decay

MS, Valiviita & Wands, astro-ph/0607627

• Yet, power spectrum is well approximated by that of dc2 for r <<1, 

while by that of log(1+dc/c) for r ~1.

• PBH formation criterion is fully non-Gaussian: 

criterion z > zcr~0.5 gives a highly nonlinear expression in dc/c

for r<<1𝜁 =
𝛿𝜒

𝜒
+ 

3

4𝑟

𝛿𝜒

𝜒

2

𝜁 =
1

3
ln 1 +

𝛿𝜒

𝜒

2

for r~1

ProbΔ(Δ)𝑑Δ = Prob𝜁[𝜁]𝑑𝜁 = Prob𝛿𝜒[𝛿𝜒]𝑑(𝛿𝜒)

Δ(R) ≈
4𝑘∗

2𝑅2

9
𝜁(𝑅)

D(R) : dr/r

smoothed over 

comoving scale R

𝑃 (𝑘 )
dc *

for spectrum peaked at k=k*
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log10𝛽tot

quadratic 

approx.

<(dc/c)2>

r

<(z-<z>)2> & btot contours and WGW

𝜁 =
1

3
ln 1 +

𝛿𝜒

𝜒

2

𝜁 =
𝛿𝜒

𝜒
+ 

3

4𝑟

𝛿𝜒

𝜒

2
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LISA will detect iGWs if PBH=CDM

PBH as DM



(3) Resonant Amplification Model

𝛿𝜙

𝛿𝜒

without 

amplification

𝛿𝜙: amplified by oscillating potential

𝛿𝜒: amplified through coupling to df

This leads to enhanced

curvature perturbation

2010.03537
2010.03537

Z. Zhou, J. Jiang. Y-f. Cai, MS & S. Pi, 2010.03537

𝑽 𝝓 ~𝚲 𝝓 cos
𝜙

𝑓𝑎
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Curvature pertn, PBH mass fcn, Induced GWs

PBH mass function

amplification factor

Δ = 𝑂(1)

∼ 106

□ℎ𝑖𝑗 ∼ 𝐺𝜕𝑖𝛿𝜙𝜕𝑗𝛿𝜙

PBHs can account for CDM

GW probes 𝛿𝜙

PBH probes 𝛿𝜒
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• eqn of motion

• energy conservation (=continuity of H) at the step

Cai, Ma, MS, Wang & Zhou, 2112.13836

(in 𝑀Planck = 1 units)

(4) A new mechanism : potential with an upward step
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curvature perturbation on comoving slices

𝑔 ≡
𝜋𝑑

𝜋𝑐

dN computation (for f >fc)

for 𝑔 ≪ 1

~ Gaussian

enhancement for g <<1

p dep near f=fc

is important
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amplification of power spectrum

even for a tiny step, DV<<V, Pℛ(k) is enhanced by 1/g2  if g <<1

𝑔 =
𝜋𝑑

𝜋𝑐
≪ 1

superhorizon

enhancement

due to non-slowroll p

~ ultra slowroll inflation

near f =fc

negative frequency mode 

mixing inside horizon

may lead to copious PBH formation
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non-perturbative non-Gaussianity at tail of distribution

• perturbative non-Gaussianity is small if −ℎ ≡
6 2𝜀𝑉

𝜋𝑑
≪ 1

𝒫 𝑘 ≈ 𝒫𝐺 𝑘
power spectrum is 

given by Gaussian part

no PBH formation if ℛcut < ℛcrit~0.5

• tail of distribution is extremely non-Gaussian

exponential enhancement

for |h|<O(1)

∙ ∙ ∙ ∙ normalization

∙ ∙ ∙ ∙ ∙ ∙ ∙ Gaussian power spectrum

∙ ∙ ∙ ∃cutoff
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Isocurvature
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PBHs from Isocurvature Perturbation
eg, E. Cotner, A. Kusenko, MS & V. Takhistov,1907.10613 

𝜌𝑎3

𝑎matter-dom

𝜌

𝑥
matter-dom stage

𝜌

𝑥initial rad-dom stage

𝜌𝑚 ∝ 𝑎−3

𝐻−1

adiabatic
BH

non-grav formation of compact objects/Q-balls/etc

distribution may be inhomogeneous = isocurvature

PBH may form if clustered

rad-dom again if objects decay to radiation

𝐻−1

can be nonlinear from the beginning

25



Constraints on CDM isocurvature on small scales

• Putting aside all possible nonlinear corrections, one can derive model-

independent constraints on primordial CDM isocurvature perturbation

Too many BHs

No BHs

• S>>1 perturbations would collapse during radiation-dominance

might lead to interesting secondary effects like induced GWs.

𝜎𝑐(𝑅)

𝑘𝑅/𝑘eq ∝ 1/𝑅

𝑆 ≡ 𝛿𝐶𝐷𝑀 −
3

4
𝛿𝛾

𝜎𝑐(𝑅) = ⟨𝑆2(𝑅)⟩

Passaglia & MS, 2109.12824

Domenech, Passaglia & Renaux-Petel,  2112.10163

must be highly non-

Gaussian as S>-1
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take-home message:

• PBHs may play central roles in GW cosmology

• (nonlinear) isocurvature perturbations may play 

important roles in PBH cosmology 

PBH-GW Cosmology!

• late stage of inflation can be probed by PBHs and 

the associated secondary/induced GWs

• there are various inflation models for PBH formation 

with specific testable predictions
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