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Lyα observables contain 
unique information stars & 

emitting gas

neutral
hydrogen

…about the high-z Universe.
…to understand the behaviour 
of cold, neutral gas.

…to constrain galactic subgrid models!

Lots of Lyα data…

…



Lyα spectra from 
hydrodynamical simulations

Hydro-sim: Walch, Girichidis, Naab, Gatto, Glover et al. -  https://hera.ph1.uni-koeln.de/~silcc/

The SILCC simulations
• 4pc fixed resolution 
• radiative heating & cooling 
• chemistry (CO & H2) 
• ionizing RT 
• several “subgrid” feedback 

mechanisms (SN, winds, …)

The plan: correlate spectral properties with subgrid parameters!
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Lyα spectra from 
hydrodynamical simulations

“Green Peas” (Henry et al. 2015; Yang et al. 2016, …); z~0
Erb et al. (2014); z~2-3

Do not match observations!
Lyα photons escape through cleared channels!

(similar  problems with toy models of multiphase media)
MG & Dijkstra (2016)
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The “Lyα puzzle”
Problem:
Simulated Lyα spectra “look different” 
‣ too much flux at line center 
‣ too symmetric 

➞ diminishing constraining power of Lyα. 

vs

Solutions?
1. IGM 

2. CGM 

3. a new shape of cold gas

➞ not at low-z (and problematic at high-z due to fesc≳0.5)

➞ does not affect Lyα spectrum by much (?)
Wisotzki et al. (2016); Kakiichi & Dijkstra (2017)

Hayes et al. (2010); Trainor et al. (2015); Sobral et al. (2017)



Escape of Lyα photons through 
a multiphase medium2

Clumpy FogHomogenous

escape via excursion fc < fc, crit ; escape via random walk fc > fc, crit ; escape via excursion

Fig. 1.— Sketch of the Ly↵ RT regimes discussed in this work. The left panel shows the escape from a homogeneous slab via ‘excursion’
(§ 2.1). In the central panel we display the ‘random walk’ regime of a moderately clumpy medium which leads to ⇠ fc

2 clump encounters
before escape (§ 2.2). The right panel shows the preferred escape from a ‘very clumpy’ medium (§ 2.2 & § 2.3).

function which can be approximated in the wing of the
line (|x| > 3) to be H(x) ⇠ av/(

p

⇡x2). The geometry
we consider is a semi-infinite slab of height 2B and total
line-center optical depth ⌧0 (between the half-height and
surface of the slab).

2.1. Ly↵ radiative transfer in a homogeneous medium

Ly↵ RT in homogeneous medium has been studied for
decades. The mean free path of Ly↵ photons at line
center is very small, which forces photons to scatter fre-
quently before escaping. Each scattering event changes
the frequency of the photon due to random thermal mo-
tions of the hydrogen atoms. On rare occasions scat-
tering occurs o↵ a hydrogen atom far in the tail of the
Maxwellian velocity distribution. A Ly↵ photon that
gets scattered to |x| >

⇠

2.6 can escape from a medium

with ⌧0 = 103 in a single flight. The time spent scat-
tering is small and the escape time is of order the light
crossing time (Adams 1975):

tesc =
B

c
(1)

where c is the speed of light. Throughout, we have omit-
ted geometrical factors of order unity.
For extremely opaque media, escape in single flight is

not possible because the damping wings of the Voigt pro-
file remain optically thick. We can estimate when this
happens by recalling that boundary between the line core
and wings is x⇤ ⇡ 3.1. Thus, the wings become optically
thick when ⌧0H(x⇤) > 1, i.e. ⌧0av > x2

⇤
p

⇡ = 17, or
⌧0 > 4⇥ 104 for T = 104 K.
Ly↵ scattering in the wing of the line profile (|x| >

⇠

3)
changes the frequency by an average amount h�xi =
�1/|x| with an r.m.s.

p
h�x2

i = 1 (Osterbrock 1962).
For a photon at some frequency far in the wing, xw, it
therefore takes Nw ⇠ x2

w scattering events to return to
the line core, during which the photon traverses a dis-
tance l ⇠

p

Nw�mfp(xw), where �mfp(xw) denotes the
mean free path at frequency xw. This sequence of wing
scattering events is called an ‘excursion’. We can write
�mfp(xw) = �0/H(xw), where �0 = B/⌧0 denotes the
mean free path at line centre. A photon can escape when
l = B, i.e. when xwB/(⌧0H(xw)) = B, which yields a

characteristic frequency for escape (Adams 1972; Har-
rington 1973; Neufeld 1990), xesc:

xesc = (⌧0av/
p

⇡)1/3 . (2)

At |x| < xesc it is harder to escape in an excursion, while
it is increasingly unlikely for photons to scatter to fre-
quencies |x| > xesc. The spectrum of emerging photons
therefore peaks at xesc. The escape time is:1

texc =
Nw�mfp(xesc)

c
=

B

c

✓
⌧0av
p

⇡

◆1/3

=
Bxesc

c
. (3)

The left panel of Fig. 1 illustrates the escape path in a
homogeneous medium. Initially, a large number of scat-
tering events (⇠ ⌧0) lead to practically no displacement
from the emission site. Then, the photon’s frequency
shifts to ⇠ xesc and it can escape easily (in ⇠ x2

esc scat-
ters).

2.2. Ly↵ radiative transfer in a clumpy medium

For this case, we consider a slab filled with spherical
clumps with radius rcl, gas temperature T and neutral
hydrogen column density NHI,cl (measured from the cen-
ter to the boundary of the sphere). We characterize the
number density of clumps in the slab by the covering fac-
tor fc which denotes the number of clumps intercepted
by a sightline orthogonal to the slab’s surface between
the half-height and the boundary of the slab. In this
setup, such a sightline will intercept a column density of

NHI,total =
4

3
fcNHI,cl (4)

where the 4/3 is a geometrical factor. Furthermore, we
only consider the case of optically thick clumps without
any ‘holes’ in the setup (fc & 1). We will drop these
constraints and consider the general case in Gronke et al.
(2016).

1 Adams found that it takes ⇠ ⌧0 core scattering events to be
first scattered to xesc, something that has been reproduced with
Monte-Carlo simulations (see Zheng & Miralda-Escudé 2002; Di-
jkstra et al. 2006; Laursen et al. 2009). However, the contribution
of these scattering events to the total trapping time can be safely
neglected as the cumulative distance between them is ⌧ l(xesc)
(Dijkstra & Loeb 2008).
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tering events (⇠ ⌧0) lead to practically no displacement
from the emission site. Then, the photon’s frequency
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2.2. Ly↵ radiative transfer in a clumpy medium

For this case, we consider a slab filled with spherical
clumps with radius rcl, gas temperature T and neutral
hydrogen column density NHI,cl (measured from the cen-
ter to the boundary of the sphere). We characterize the
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any ‘holes’ in the setup (fc & 1). We will drop these
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(2016).

1 Adams found that it takes ⇠ ⌧0 core scattering events to be
first scattered to xesc, something that has been reproduced with
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Figure 15. Line Widths Top Left: The r.m.s frequency shift
Σ (filled circles) and the FWHM Γ (open circles) are shown as
a function of the nth surface scatter nss for pure atomic scat-
tering. The lines are eqn. (67). Top Right: The r.m.s frequency
shift Σ and the FWHM Γ are shown as a function of the nth

surface scatter for surface motion with a Maxwellian distribution
with r.m.s. speed V c. Bottom Left: The r.m.s frequency shift Σ
as a function of the nth surface scatter when both atomic ther-
mal scattering and random cloud motion effects are combined.
The four different symbols correspond to four different values of
V c/V dop: the triangles, circles, squares, and diamonds correspond
to V c/V dop = 10, 5, 3, 1 respectively. The lines are eqn. (69).
Bottom Right: The FWHM Γ as a function of nss; otherwise all
symbols retain the same meaning as the bottom left panel.

Σ ∝ nss. For resonant scattering only, the FWHM Γ is a
more accurate measure of the line profile than Σ. Examples
of the spectra after repeated surface scatters is shown in
Figure 16.

4.3.2 Surface Motion

As shown in §3.4, when photons scatter off a moving sur-
face there is a net frequency shift per surface scatter of
⟨∆V ⟩ ∼ V⊥, where V⊥ is the velocity along the outward
normal. If the moving surfaces have a Maxwellian velocity
distribution with r.m.s. speed V c, then we expect that the
induced r.m.s. frequency shift after nss scattering surfaces
will scale as Σsm(nss) ∼ √

nss V c. For a Gaussian distri-
bution, the FWHM and the standard deviation are related
by Γ ≈ 2.2Σ, and so we expect Γsm(nss) ≈ 2.2

√
nss V c. To

check this, we simulated repeated surface scattering assum-
ing an isotropic incident angle distribution and the surface
scattering exiting angle distribution, eqn. (28). We indeed
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Figure 16. Repeated Surface Scatters: Atomic Motion
Only The normalized frequency distribution after repeated
scatters off a stationary, dust-free, surface. Shown are nss =
1, 5, 10, 15, which correspond to increasing widths in the plot.
An ensemble of photons are initially injected at line center, and
their frequencies are tracked after repeated cloud scatters. For
each cloud scatter, the analytic formula of §3.3.5 is used to gen-
erate the photon’s exiting frequency.

find that

Σsm(nss) =
√

nss V c (68)

Γsm = 2.2
√

nss V c ,

which is shown in the middle panel of Figure 15.

4.3.3 Combined Effect

In the two bottom panels of Figure 15, we show the com-
bined effects of resonant line broadening and surface motion.
For most multi-phase geometries, V c ≫ V dop, so line broad-
ening is dominated by cloud motions. In this regime, the
line width can be accurately estimated by eqn. (68). Only if
cloud motions are small and comparable to atomic thermal
motions, V c <∼V dop, does the behavior change. In this case,
the FWHM does not increase with the number of scatters;
instead it “thermalizes” to the characteristic Doppler width.
The line profile is more accurately described by eqn. (67).
When V c >∼V dop, the total r.m.s. width is (note that the
dispersions add linearly rather than in quadrature)

Σ(nss) = 2Σrs(nss) + Σsm(nss) . (69)

The FWHM has a more complex behavior because the
Doppler core tends to retard the increase in Γ beyond the
size of the Doppler core.

4.4 Lyα Escape Fractions

In this section we show how Lyα multiphase transfer can
be handled analytically based on the results in the previ-
ous subsections. We shall first estimate the typical escape
frequency of Lyα photons xe, which provides the typical
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⇡x2). The geometry
we consider is a semi-infinite slab of height 2B and total
line-center optical depth ⌧0 (between the half-height and
surface of the slab).

2.1. Ly↵ radiative transfer in a homogeneous medium

Ly↵ RT in homogeneous medium has been studied for
decades. The mean free path of Ly↵ photons at line
center is very small, which forces photons to scatter fre-
quently before escaping. Each scattering event changes
the frequency of the photon due to random thermal mo-
tions of the hydrogen atoms. On rare occasions scat-
tering occurs o↵ a hydrogen atom far in the tail of the
Maxwellian velocity distribution. A Ly↵ photon that
gets scattered to |x| >

⇠

2.6 can escape from a medium

with ⌧0 = 103 in a single flight. The time spent scat-
tering is small and the escape time is of order the light
crossing time (Adams 1975):

tesc =
B

c
(1)

where c is the speed of light. Throughout, we have omit-
ted geometrical factors of order unity.
For extremely opaque media, escape in single flight is

not possible because the damping wings of the Voigt pro-
file remain optically thick. We can estimate when this
happens by recalling that boundary between the line core
and wings is x⇤ ⇡ 3.1. Thus, the wings become optically
thick when ⌧0H(x⇤) > 1, i.e. ⌧0av > x2
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Nw�mfp(xw), where �mfp(xw) denotes the
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mean free path at line centre. A photon can escape when
l = B, i.e. when xwB/(⌧0H(xw)) = B, which yields a

characteristic frequency for escape (Adams 1972; Har-
rington 1973; Neufeld 1990), xesc:

xesc = (⌧0av/
p

⇡)1/3 . (2)

At |x| < xesc it is harder to escape in an excursion, while
it is increasingly unlikely for photons to scatter to fre-
quencies |x| > xesc. The spectrum of emerging photons
therefore peaks at xesc. The escape time is:1
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The left panel of Fig. 1 illustrates the escape path in a
homogeneous medium. Initially, a large number of scat-
tering events (⇠ ⌧0) lead to practically no displacement
from the emission site. Then, the photon’s frequency
shifts to ⇠ xesc and it can escape easily (in ⇠ x2

esc scat-
ters).

2.2. Ly↵ radiative transfer in a clumpy medium

For this case, we consider a slab filled with spherical
clumps with radius rcl, gas temperature T and neutral
hydrogen column density NHI,cl (measured from the cen-
ter to the boundary of the sphere). We characterize the
number density of clumps in the slab by the covering fac-
tor fc which denotes the number of clumps intercepted
by a sightline orthogonal to the slab’s surface between
the half-height and the boundary of the slab. In this
setup, such a sightline will intercept a column density of

NHI,total =
4

3
fcNHI,cl (4)

where the 4/3 is a geometrical factor. Furthermore, we
only consider the case of optically thick clumps without
any ‘holes’ in the setup (fc & 1). We will drop these
constraints and consider the general case in Gronke et al.
(2016).

1 Adams found that it takes ⇠ ⌧0 core scattering events to be
first scattered to xesc, something that has been reproduced with
Monte-Carlo simulations (see Zheng & Miralda-Escudé 2002; Di-
jkstra et al. 2006; Laursen et al. 2009). However, the contribution
of these scattering events to the total trapping time can be safely
neglected as the cumulative distance between them is ⌧ l(xesc)
(Dijkstra & Loeb 2008).

2

Clumpy FogHomogenous

escape via excursion fc < fc, crit ; escape via random walk fc > fc, crit ; escape via excursion

Fig. 1.— Sketch of the Ly↵ RT regimes discussed in this work. The left panel shows the escape from a homogeneous slab via ‘excursion’
(§ 2.1). In the central panel we display the ‘random walk’ regime of a moderately clumpy medium which leads to ⇠ fc

2 clump encounters
before escape (§ 2.2). The right panel shows the preferred escape from a ‘very clumpy’ medium (§ 2.2 & § 2.3).

function which can be approximated in the wing of the
line (|x| > 3) to be H(x) ⇠ av/(

p

⇡x2). The geometry
we consider is a semi-infinite slab of height 2B and total
line-center optical depth ⌧0 (between the half-height and
surface of the slab).

2.1. Ly↵ radiative transfer in a homogeneous medium

Ly↵ RT in homogeneous medium has been studied for
decades. The mean free path of Ly↵ photons at line
center is very small, which forces photons to scatter fre-
quently before escaping. Each scattering event changes
the frequency of the photon due to random thermal mo-
tions of the hydrogen atoms. On rare occasions scat-
tering occurs o↵ a hydrogen atom far in the tail of the
Maxwellian velocity distribution. A Ly↵ photon that
gets scattered to |x| >

⇠

2.6 can escape from a medium

with ⌧0 = 103 in a single flight. The time spent scat-
tering is small and the escape time is of order the light
crossing time (Adams 1975):

tesc =
B

c
(1)

where c is the speed of light. Throughout, we have omit-
ted geometrical factors of order unity.
For extremely opaque media, escape in single flight is

not possible because the damping wings of the Voigt pro-
file remain optically thick. We can estimate when this
happens by recalling that boundary between the line core
and wings is x⇤ ⇡ 3.1. Thus, the wings become optically
thick when ⌧0H(x⇤) > 1, i.e. ⌧0av > x2

⇤
p

⇡ = 17, or
⌧0 > 4⇥ 104 for T = 104 K.
Ly↵ scattering in the wing of the line profile (|x| >

⇠

3)
changes the frequency by an average amount h�xi =
�1/|x| with an r.m.s.

p
h�x2

i = 1 (Osterbrock 1962).
For a photon at some frequency far in the wing, xw, it
therefore takes Nw ⇠ x2

w scattering events to return to
the line core, during which the photon traverses a dis-
tance l ⇠

p

Nw�mfp(xw), where �mfp(xw) denotes the
mean free path at frequency xw. This sequence of wing
scattering events is called an ‘excursion’. We can write
�mfp(xw) = �0/H(xw), where �0 = B/⌧0 denotes the
mean free path at line centre. A photon can escape when
l = B, i.e. when xwB/(⌧0H(xw)) = B, which yields a

characteristic frequency for escape (Adams 1972; Har-
rington 1973; Neufeld 1990), xesc:

xesc = (⌧0av/
p

⇡)1/3 . (2)

At |x| < xesc it is harder to escape in an excursion, while
it is increasingly unlikely for photons to scatter to fre-
quencies |x| > xesc. The spectrum of emerging photons
therefore peaks at xesc. The escape time is:1

texc =
Nw�mfp(xesc)

c
=

B

c

✓
⌧0av
p

⇡

◆1/3

=
Bxesc

c
. (3)

The left panel of Fig. 1 illustrates the escape path in a
homogeneous medium. Initially, a large number of scat-
tering events (⇠ ⌧0) lead to practically no displacement
from the emission site. Then, the photon’s frequency
shifts to ⇠ xesc and it can escape easily (in ⇠ x2

esc scat-
ters).

2.2. Ly↵ radiative transfer in a clumpy medium

For this case, we consider a slab filled with spherical
clumps with radius rcl, gas temperature T and neutral
hydrogen column density NHI,cl (measured from the cen-
ter to the boundary of the sphere). We characterize the
number density of clumps in the slab by the covering fac-
tor fc which denotes the number of clumps intercepted
by a sightline orthogonal to the slab’s surface between
the half-height and the boundary of the slab. In this
setup, such a sightline will intercept a column density of

NHI,total =
4

3
fcNHI,cl (4)

where the 4/3 is a geometrical factor. Furthermore, we
only consider the case of optically thick clumps without
any ‘holes’ in the setup (fc & 1). We will drop these
constraints and consider the general case in Gronke et al.
(2016).

1 Adams found that it takes ⇠ ⌧0 core scattering events to be
first scattered to xesc, something that has been reproduced with
Monte-Carlo simulations (see Zheng & Miralda-Escudé 2002; Di-
jkstra et al. 2006; Laursen et al. 2009). However, the contribution
of these scattering events to the total trapping time can be safely
neglected as the cumulative distance between them is ⌧ l(xesc)
(Dijkstra & Loeb 2008).
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Figure 15. Line Widths Top Left: The r.m.s frequency shift
Σ (filled circles) and the FWHM Γ (open circles) are shown as
a function of the nth surface scatter nss for pure atomic scat-
tering. The lines are eqn. (67). Top Right: The r.m.s frequency
shift Σ and the FWHM Γ are shown as a function of the nth

surface scatter for surface motion with a Maxwellian distribution
with r.m.s. speed V c. Bottom Left: The r.m.s frequency shift Σ
as a function of the nth surface scatter when both atomic ther-
mal scattering and random cloud motion effects are combined.
The four different symbols correspond to four different values of
V c/V dop: the triangles, circles, squares, and diamonds correspond
to V c/V dop = 10, 5, 3, 1 respectively. The lines are eqn. (69).
Bottom Right: The FWHM Γ as a function of nss; otherwise all
symbols retain the same meaning as the bottom left panel.

Σ ∝ nss. For resonant scattering only, the FWHM Γ is a
more accurate measure of the line profile than Σ. Examples
of the spectra after repeated surface scatters is shown in
Figure 16.

4.3.2 Surface Motion

As shown in §3.4, when photons scatter off a moving sur-
face there is a net frequency shift per surface scatter of
⟨∆V ⟩ ∼ V⊥, where V⊥ is the velocity along the outward
normal. If the moving surfaces have a Maxwellian velocity
distribution with r.m.s. speed V c, then we expect that the
induced r.m.s. frequency shift after nss scattering surfaces
will scale as Σsm(nss) ∼ √

nss V c. For a Gaussian distri-
bution, the FWHM and the standard deviation are related
by Γ ≈ 2.2Σ, and so we expect Γsm(nss) ≈ 2.2

√
nss V c. To

check this, we simulated repeated surface scattering assum-
ing an isotropic incident angle distribution and the surface
scattering exiting angle distribution, eqn. (28). We indeed
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Figure 16. Repeated Surface Scatters: Atomic Motion
Only The normalized frequency distribution after repeated
scatters off a stationary, dust-free, surface. Shown are nss =
1, 5, 10, 15, which correspond to increasing widths in the plot.
An ensemble of photons are initially injected at line center, and
their frequencies are tracked after repeated cloud scatters. For
each cloud scatter, the analytic formula of §3.3.5 is used to gen-
erate the photon’s exiting frequency.

find that

Σsm(nss) =
√

nss V c (68)

Γsm = 2.2
√

nss V c ,

which is shown in the middle panel of Figure 15.

4.3.3 Combined Effect

In the two bottom panels of Figure 15, we show the com-
bined effects of resonant line broadening and surface motion.
For most multi-phase geometries, V c ≫ V dop, so line broad-
ening is dominated by cloud motions. In this regime, the
line width can be accurately estimated by eqn. (68). Only if
cloud motions are small and comparable to atomic thermal
motions, V c <∼V dop, does the behavior change. In this case,
the FWHM does not increase with the number of scatters;
instead it “thermalizes” to the characteristic Doppler width.
The line profile is more accurately described by eqn. (67).
When V c >∼V dop, the total r.m.s. width is (note that the
dispersions add linearly rather than in quadrature)

Σ(nss) = 2Σrs(nss) + Σsm(nss) . (69)

The FWHM has a more complex behavior because the
Doppler core tends to retard the increase in Γ beyond the
size of the Doppler core.

4.4 Lyα Escape Fractions

In this section we show how Lyα multiphase transfer can
be handled analytically based on the results in the previ-
ous subsections. We shall first estimate the typical escape
frequency of Lyα photons xe, which provides the typical
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Fig. 1.— Sketch of the Ly↵ RT regimes discussed in this work. The left panel shows the escape from a homogeneous slab via ‘excursion’
(§ 2.1). In the central panel we display the ‘random walk’ regime of a moderately clumpy medium which leads to ⇠ fc

2 clump encounters
before escape (§ 2.2). The right panel shows the preferred escape from a ‘very clumpy’ medium (§ 2.2 & § 2.3).

function which can be approximated in the wing of the
line (|x| > 3) to be H(x) ⇠ av/(

p

⇡x2). The geometry
we consider is a semi-infinite slab of height 2B and total
line-center optical depth ⌧0 (between the half-height and
surface of the slab).

2.1. Ly↵ radiative transfer in a homogeneous medium

Ly↵ RT in homogeneous medium has been studied for
decades. The mean free path of Ly↵ photons at line
center is very small, which forces photons to scatter fre-
quently before escaping. Each scattering event changes
the frequency of the photon due to random thermal mo-
tions of the hydrogen atoms. On rare occasions scat-
tering occurs o↵ a hydrogen atom far in the tail of the
Maxwellian velocity distribution. A Ly↵ photon that
gets scattered to |x| >

⇠

2.6 can escape from a medium

with ⌧0 = 103 in a single flight. The time spent scat-
tering is small and the escape time is of order the light
crossing time (Adams 1975):

tesc =
B

c
(1)

where c is the speed of light. Throughout, we have omit-
ted geometrical factors of order unity.
For extremely opaque media, escape in single flight is

not possible because the damping wings of the Voigt pro-
file remain optically thick. We can estimate when this
happens by recalling that boundary between the line core
and wings is x⇤ ⇡ 3.1. Thus, the wings become optically
thick when ⌧0H(x⇤) > 1, i.e. ⌧0av > x2

⇤
p

⇡ = 17, or
⌧0 > 4⇥ 104 for T = 104 K.
Ly↵ scattering in the wing of the line profile (|x| >

⇠

3)
changes the frequency by an average amount h�xi =
�1/|x| with an r.m.s.

p
h�x2

i = 1 (Osterbrock 1962).
For a photon at some frequency far in the wing, xw, it
therefore takes Nw ⇠ x2

w scattering events to return to
the line core, during which the photon traverses a dis-
tance l ⇠

p

Nw�mfp(xw), where �mfp(xw) denotes the
mean free path at frequency xw. This sequence of wing
scattering events is called an ‘excursion’. We can write
�mfp(xw) = �0/H(xw), where �0 = B/⌧0 denotes the
mean free path at line centre. A photon can escape when
l = B, i.e. when xwB/(⌧0H(xw)) = B, which yields a

characteristic frequency for escape (Adams 1972; Har-
rington 1973; Neufeld 1990), xesc:

xesc = (⌧0av/
p

⇡)1/3 . (2)

At |x| < xesc it is harder to escape in an excursion, while
it is increasingly unlikely for photons to scatter to fre-
quencies |x| > xesc. The spectrum of emerging photons
therefore peaks at xesc. The escape time is:1

texc =
Nw�mfp(xesc)

c
=

B

c

✓
⌧0av
p

⇡

◆1/3

=
Bxesc

c
. (3)

The left panel of Fig. 1 illustrates the escape path in a
homogeneous medium. Initially, a large number of scat-
tering events (⇠ ⌧0) lead to practically no displacement
from the emission site. Then, the photon’s frequency
shifts to ⇠ xesc and it can escape easily (in ⇠ x2

esc scat-
ters).

2.2. Ly↵ radiative transfer in a clumpy medium

For this case, we consider a slab filled with spherical
clumps with radius rcl, gas temperature T and neutral
hydrogen column density NHI,cl (measured from the cen-
ter to the boundary of the sphere). We characterize the
number density of clumps in the slab by the covering fac-
tor fc which denotes the number of clumps intercepted
by a sightline orthogonal to the slab’s surface between
the half-height and the boundary of the slab. In this
setup, such a sightline will intercept a column density of

NHI,total =
4

3
fcNHI,cl (4)

where the 4/3 is a geometrical factor. Furthermore, we
only consider the case of optically thick clumps without
any ‘holes’ in the setup (fc & 1). We will drop these
constraints and consider the general case in Gronke et al.
(2016).

1 Adams found that it takes ⇠ ⌧0 core scattering events to be
first scattered to xesc, something that has been reproduced with
Monte-Carlo simulations (see Zheng & Miralda-Escudé 2002; Di-
jkstra et al. 2006; Laursen et al. 2009). However, the contribution
of these scattering events to the total trapping time can be safely
neglected as the cumulative distance between them is ⌧ l(xesc)
(Dijkstra & Loeb 2008).

2
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Fig. 1.— Sketch of the Ly↵ RT regimes discussed in this work. The left panel shows the escape from a homogeneous slab via ‘excursion’
(§ 2.1). In the central panel we display the ‘random walk’ regime of a moderately clumpy medium which leads to ⇠ fc

2 clump encounters
before escape (§ 2.2). The right panel shows the preferred escape from a ‘very clumpy’ medium (§ 2.2 & § 2.3).

function which can be approximated in the wing of the
line (|x| > 3) to be H(x) ⇠ av/(

p

⇡x2). The geometry
we consider is a semi-infinite slab of height 2B and total
line-center optical depth ⌧0 (between the half-height and
surface of the slab).

2.1. Ly↵ radiative transfer in a homogeneous medium

Ly↵ RT in homogeneous medium has been studied for
decades. The mean free path of Ly↵ photons at line
center is very small, which forces photons to scatter fre-
quently before escaping. Each scattering event changes
the frequency of the photon due to random thermal mo-
tions of the hydrogen atoms. On rare occasions scat-
tering occurs o↵ a hydrogen atom far in the tail of the
Maxwellian velocity distribution. A Ly↵ photon that
gets scattered to |x| >

⇠

2.6 can escape from a medium

with ⌧0 = 103 in a single flight. The time spent scat-
tering is small and the escape time is of order the light
crossing time (Adams 1975):

tesc =
B

c
(1)

where c is the speed of light. Throughout, we have omit-
ted geometrical factors of order unity.
For extremely opaque media, escape in single flight is

not possible because the damping wings of the Voigt pro-
file remain optically thick. We can estimate when this
happens by recalling that boundary between the line core
and wings is x⇤ ⇡ 3.1. Thus, the wings become optically
thick when ⌧0H(x⇤) > 1, i.e. ⌧0av > x2

⇤
p

⇡ = 17, or
⌧0 > 4⇥ 104 for T = 104 K.
Ly↵ scattering in the wing of the line profile (|x| >

⇠

3)
changes the frequency by an average amount h�xi =
�1/|x| with an r.m.s.

p
h�x2

i = 1 (Osterbrock 1962).
For a photon at some frequency far in the wing, xw, it
therefore takes Nw ⇠ x2

w scattering events to return to
the line core, during which the photon traverses a dis-
tance l ⇠

p

Nw�mfp(xw), where �mfp(xw) denotes the
mean free path at frequency xw. This sequence of wing
scattering events is called an ‘excursion’. We can write
�mfp(xw) = �0/H(xw), where �0 = B/⌧0 denotes the
mean free path at line centre. A photon can escape when
l = B, i.e. when xwB/(⌧0H(xw)) = B, which yields a

characteristic frequency for escape (Adams 1972; Har-
rington 1973; Neufeld 1990), xesc:

xesc = (⌧0av/
p

⇡)1/3 . (2)

At |x| < xesc it is harder to escape in an excursion, while
it is increasingly unlikely for photons to scatter to fre-
quencies |x| > xesc. The spectrum of emerging photons
therefore peaks at xesc. The escape time is:1

texc =
Nw�mfp(xesc)

c
=

B

c

✓
⌧0av
p

⇡

◆1/3

=
Bxesc

c
. (3)

The left panel of Fig. 1 illustrates the escape path in a
homogeneous medium. Initially, a large number of scat-
tering events (⇠ ⌧0) lead to practically no displacement
from the emission site. Then, the photon’s frequency
shifts to ⇠ xesc and it can escape easily (in ⇠ x2

esc scat-
ters).

2.2. Ly↵ radiative transfer in a clumpy medium

For this case, we consider a slab filled with spherical
clumps with radius rcl, gas temperature T and neutral
hydrogen column density NHI,cl (measured from the cen-
ter to the boundary of the sphere). We characterize the
number density of clumps in the slab by the covering fac-
tor fc which denotes the number of clumps intercepted
by a sightline orthogonal to the slab’s surface between
the half-height and the boundary of the slab. In this
setup, such a sightline will intercept a column density of

NHI,total =
4

3
fcNHI,cl (4)

where the 4/3 is a geometrical factor. Furthermore, we
only consider the case of optically thick clumps without
any ‘holes’ in the setup (fc & 1). We will drop these
constraints and consider the general case in Gronke et al.
(2016).

1 Adams found that it takes ⇠ ⌧0 core scattering events to be
first scattered to xesc, something that has been reproduced with
Monte-Carlo simulations (see Zheng & Miralda-Escudé 2002; Di-
jkstra et al. 2006; Laursen et al. 2009). However, the contribution
of these scattering events to the total trapping time can be safely
neglected as the cumulative distance between them is ⌧ l(xesc)
(Dijkstra & Loeb 2008).
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Figure 15. Line Widths Top Left: The r.m.s frequency shift
Σ (filled circles) and the FWHM Γ (open circles) are shown as
a function of the nth surface scatter nss for pure atomic scat-
tering. The lines are eqn. (67). Top Right: The r.m.s frequency
shift Σ and the FWHM Γ are shown as a function of the nth

surface scatter for surface motion with a Maxwellian distribution
with r.m.s. speed V c. Bottom Left: The r.m.s frequency shift Σ
as a function of the nth surface scatter when both atomic ther-
mal scattering and random cloud motion effects are combined.
The four different symbols correspond to four different values of
V c/V dop: the triangles, circles, squares, and diamonds correspond
to V c/V dop = 10, 5, 3, 1 respectively. The lines are eqn. (69).
Bottom Right: The FWHM Γ as a function of nss; otherwise all
symbols retain the same meaning as the bottom left panel.

Σ ∝ nss. For resonant scattering only, the FWHM Γ is a
more accurate measure of the line profile than Σ. Examples
of the spectra after repeated surface scatters is shown in
Figure 16.

4.3.2 Surface Motion

As shown in §3.4, when photons scatter off a moving sur-
face there is a net frequency shift per surface scatter of
⟨∆V ⟩ ∼ V⊥, where V⊥ is the velocity along the outward
normal. If the moving surfaces have a Maxwellian velocity
distribution with r.m.s. speed V c, then we expect that the
induced r.m.s. frequency shift after nss scattering surfaces
will scale as Σsm(nss) ∼ √

nss V c. For a Gaussian distri-
bution, the FWHM and the standard deviation are related
by Γ ≈ 2.2Σ, and so we expect Γsm(nss) ≈ 2.2

√
nss V c. To

check this, we simulated repeated surface scattering assum-
ing an isotropic incident angle distribution and the surface
scattering exiting angle distribution, eqn. (28). We indeed
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Figure 16. Repeated Surface Scatters: Atomic Motion
Only The normalized frequency distribution after repeated
scatters off a stationary, dust-free, surface. Shown are nss =
1, 5, 10, 15, which correspond to increasing widths in the plot.
An ensemble of photons are initially injected at line center, and
their frequencies are tracked after repeated cloud scatters. For
each cloud scatter, the analytic formula of §3.3.5 is used to gen-
erate the photon’s exiting frequency.

find that

Σsm(nss) =
√

nss V c (68)

Γsm = 2.2
√

nss V c ,

which is shown in the middle panel of Figure 15.

4.3.3 Combined Effect

In the two bottom panels of Figure 15, we show the com-
bined effects of resonant line broadening and surface motion.
For most multi-phase geometries, V c ≫ V dop, so line broad-
ening is dominated by cloud motions. In this regime, the
line width can be accurately estimated by eqn. (68). Only if
cloud motions are small and comparable to atomic thermal
motions, V c <∼V dop, does the behavior change. In this case,
the FWHM does not increase with the number of scatters;
instead it “thermalizes” to the characteristic Doppler width.
The line profile is more accurately described by eqn. (67).
When V c >∼V dop, the total r.m.s. width is (note that the
dispersions add linearly rather than in quadrature)

Σ(nss) = 2Σrs(nss) + Σsm(nss) . (69)

The FWHM has a more complex behavior because the
Doppler core tends to retard the increase in Γ beyond the
size of the Doppler core.

4.4 Lyα Escape Fractions

In this section we show how Lyα multiphase transfer can
be handled analytically based on the results in the previ-
ous subsections. We shall first estimate the typical escape
frequency of Lyα photons xe, which provides the typical
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Fig. 1.— Sketch of the Ly↵ RT regimes discussed in this work. The left panel shows the escape from a homogeneous slab via ‘excursion’
(§ 2.1). In the central panel we display the ‘random walk’ regime of a moderately clumpy medium which leads to ⇠ fc

2 clump encounters
before escape (§ 2.2). The right panel shows the preferred escape from a ‘very clumpy’ medium (§ 2.2 & § 2.3).

function which can be approximated in the wing of the
line (|x| > 3) to be H(x) ⇠ av/(

p

⇡x2). The geometry
we consider is a semi-infinite slab of height 2B and total
line-center optical depth ⌧0 (between the half-height and
surface of the slab).

2.1. Ly↵ radiative transfer in a homogeneous medium

Ly↵ RT in homogeneous medium has been studied for
decades. The mean free path of Ly↵ photons at line
center is very small, which forces photons to scatter fre-
quently before escaping. Each scattering event changes
the frequency of the photon due to random thermal mo-
tions of the hydrogen atoms. On rare occasions scat-
tering occurs o↵ a hydrogen atom far in the tail of the
Maxwellian velocity distribution. A Ly↵ photon that
gets scattered to |x| >

⇠

2.6 can escape from a medium

with ⌧0 = 103 in a single flight. The time spent scat-
tering is small and the escape time is of order the light
crossing time (Adams 1975):

tesc =
B

c
(1)

where c is the speed of light. Throughout, we have omit-
ted geometrical factors of order unity.
For extremely opaque media, escape in single flight is

not possible because the damping wings of the Voigt pro-
file remain optically thick. We can estimate when this
happens by recalling that boundary between the line core
and wings is x⇤ ⇡ 3.1. Thus, the wings become optically
thick when ⌧0H(x⇤) > 1, i.e. ⌧0av > x2

⇤
p

⇡ = 17, or
⌧0 > 4⇥ 104 for T = 104 K.
Ly↵ scattering in the wing of the line profile (|x| >

⇠

3)
changes the frequency by an average amount h�xi =
�1/|x| with an r.m.s.

p
h�x2

i = 1 (Osterbrock 1962).
For a photon at some frequency far in the wing, xw, it
therefore takes Nw ⇠ x2

w scattering events to return to
the line core, during which the photon traverses a dis-
tance l ⇠

p

Nw�mfp(xw), where �mfp(xw) denotes the
mean free path at frequency xw. This sequence of wing
scattering events is called an ‘excursion’. We can write
�mfp(xw) = �0/H(xw), where �0 = B/⌧0 denotes the
mean free path at line centre. A photon can escape when
l = B, i.e. when xwB/(⌧0H(xw)) = B, which yields a

characteristic frequency for escape (Adams 1972; Har-
rington 1973; Neufeld 1990), xesc:

xesc = (⌧0av/
p

⇡)1/3 . (2)

At |x| < xesc it is harder to escape in an excursion, while
it is increasingly unlikely for photons to scatter to fre-
quencies |x| > xesc. The spectrum of emerging photons
therefore peaks at xesc. The escape time is:1

texc =
Nw�mfp(xesc)

c
=

B

c

✓
⌧0av
p

⇡

◆1/3

=
Bxesc

c
. (3)

The left panel of Fig. 1 illustrates the escape path in a
homogeneous medium. Initially, a large number of scat-
tering events (⇠ ⌧0) lead to practically no displacement
from the emission site. Then, the photon’s frequency
shifts to ⇠ xesc and it can escape easily (in ⇠ x2

esc scat-
ters).

2.2. Ly↵ radiative transfer in a clumpy medium

For this case, we consider a slab filled with spherical
clumps with radius rcl, gas temperature T and neutral
hydrogen column density NHI,cl (measured from the cen-
ter to the boundary of the sphere). We characterize the
number density of clumps in the slab by the covering fac-
tor fc which denotes the number of clumps intercepted
by a sightline orthogonal to the slab’s surface between
the half-height and the boundary of the slab. In this
setup, such a sightline will intercept a column density of

NHI,total =
4

3
fcNHI,cl (4)

where the 4/3 is a geometrical factor. Furthermore, we
only consider the case of optically thick clumps without
any ‘holes’ in the setup (fc & 1). We will drop these
constraints and consider the general case in Gronke et al.
(2016).

1 Adams found that it takes ⇠ ⌧0 core scattering events to be
first scattered to xesc, something that has been reproduced with
Monte-Carlo simulations (see Zheng & Miralda-Escudé 2002; Di-
jkstra et al. 2006; Laursen et al. 2009). However, the contribution
of these scattering events to the total trapping time can be safely
neglected as the cumulative distance between them is ⌧ l(xesc)
(Dijkstra & Loeb 2008).
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Fig. 1.— Sketch of the Ly↵ RT regimes discussed in this work. The left panel shows the escape from a homogeneous slab via ‘excursion’
(§ 2.1). In the central panel we display the ‘random walk’ regime of a moderately clumpy medium which leads to ⇠ fc

2 clump encounters
before escape (§ 2.2). The right panel shows the preferred escape from a ‘very clumpy’ medium (§ 2.2 & § 2.3).

function which can be approximated in the wing of the
line (|x| > 3) to be H(x) ⇠ av/(

p

⇡x2). The geometry
we consider is a semi-infinite slab of height 2B and total
line-center optical depth ⌧0 (between the half-height and
surface of the slab).

2.1. Ly↵ radiative transfer in a homogeneous medium

Ly↵ RT in homogeneous medium has been studied for
decades. The mean free path of Ly↵ photons at line
center is very small, which forces photons to scatter fre-
quently before escaping. Each scattering event changes
the frequency of the photon due to random thermal mo-
tions of the hydrogen atoms. On rare occasions scat-
tering occurs o↵ a hydrogen atom far in the tail of the
Maxwellian velocity distribution. A Ly↵ photon that
gets scattered to |x| >

⇠

2.6 can escape from a medium

with ⌧0 = 103 in a single flight. The time spent scat-
tering is small and the escape time is of order the light
crossing time (Adams 1975):

tesc =
B

c
(1)

where c is the speed of light. Throughout, we have omit-
ted geometrical factors of order unity.
For extremely opaque media, escape in single flight is

not possible because the damping wings of the Voigt pro-
file remain optically thick. We can estimate when this
happens by recalling that boundary between the line core
and wings is x⇤ ⇡ 3.1. Thus, the wings become optically
thick when ⌧0H(x⇤) > 1, i.e. ⌧0av > x2

⇤
p

⇡ = 17, or
⌧0 > 4⇥ 104 for T = 104 K.
Ly↵ scattering in the wing of the line profile (|x| >

⇠

3)
changes the frequency by an average amount h�xi =
�1/|x| with an r.m.s.

p
h�x2

i = 1 (Osterbrock 1962).
For a photon at some frequency far in the wing, xw, it
therefore takes Nw ⇠ x2

w scattering events to return to
the line core, during which the photon traverses a dis-
tance l ⇠

p

Nw�mfp(xw), where �mfp(xw) denotes the
mean free path at frequency xw. This sequence of wing
scattering events is called an ‘excursion’. We can write
�mfp(xw) = �0/H(xw), where �0 = B/⌧0 denotes the
mean free path at line centre. A photon can escape when
l = B, i.e. when xwB/(⌧0H(xw)) = B, which yields a

characteristic frequency for escape (Adams 1972; Har-
rington 1973; Neufeld 1990), xesc:

xesc = (⌧0av/
p

⇡)1/3 . (2)

At |x| < xesc it is harder to escape in an excursion, while
it is increasingly unlikely for photons to scatter to fre-
quencies |x| > xesc. The spectrum of emerging photons
therefore peaks at xesc. The escape time is:1

texc =
Nw�mfp(xesc)

c
=

B

c

✓
⌧0av
p

⇡

◆1/3

=
Bxesc

c
. (3)

The left panel of Fig. 1 illustrates the escape path in a
homogeneous medium. Initially, a large number of scat-
tering events (⇠ ⌧0) lead to practically no displacement
from the emission site. Then, the photon’s frequency
shifts to ⇠ xesc and it can escape easily (in ⇠ x2

esc scat-
ters).

2.2. Ly↵ radiative transfer in a clumpy medium

For this case, we consider a slab filled with spherical
clumps with radius rcl, gas temperature T and neutral
hydrogen column density NHI,cl (measured from the cen-
ter to the boundary of the sphere). We characterize the
number density of clumps in the slab by the covering fac-
tor fc which denotes the number of clumps intercepted
by a sightline orthogonal to the slab’s surface between
the half-height and the boundary of the slab. In this
setup, such a sightline will intercept a column density of

NHI,total =
4

3
fcNHI,cl (4)

where the 4/3 is a geometrical factor. Furthermore, we
only consider the case of optically thick clumps without
any ‘holes’ in the setup (fc & 1). We will drop these
constraints and consider the general case in Gronke et al.
(2016).

1 Adams found that it takes ⇠ ⌧0 core scattering events to be
first scattered to xesc, something that has been reproduced with
Monte-Carlo simulations (see Zheng & Miralda-Escudé 2002; Di-
jkstra et al. 2006; Laursen et al. 2009). However, the contribution
of these scattering events to the total trapping time can be safely
neglected as the cumulative distance between them is ⌧ l(xesc)
(Dijkstra & Loeb 2008).
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Figure 15. Line Widths Top Left: The r.m.s frequency shift
Σ (filled circles) and the FWHM Γ (open circles) are shown as
a function of the nth surface scatter nss for pure atomic scat-
tering. The lines are eqn. (67). Top Right: The r.m.s frequency
shift Σ and the FWHM Γ are shown as a function of the nth

surface scatter for surface motion with a Maxwellian distribution
with r.m.s. speed V c. Bottom Left: The r.m.s frequency shift Σ
as a function of the nth surface scatter when both atomic ther-
mal scattering and random cloud motion effects are combined.
The four different symbols correspond to four different values of
V c/V dop: the triangles, circles, squares, and diamonds correspond
to V c/V dop = 10, 5, 3, 1 respectively. The lines are eqn. (69).
Bottom Right: The FWHM Γ as a function of nss; otherwise all
symbols retain the same meaning as the bottom left panel.

Σ ∝ nss. For resonant scattering only, the FWHM Γ is a
more accurate measure of the line profile than Σ. Examples
of the spectra after repeated surface scatters is shown in
Figure 16.

4.3.2 Surface Motion

As shown in §3.4, when photons scatter off a moving sur-
face there is a net frequency shift per surface scatter of
⟨∆V ⟩ ∼ V⊥, where V⊥ is the velocity along the outward
normal. If the moving surfaces have a Maxwellian velocity
distribution with r.m.s. speed V c, then we expect that the
induced r.m.s. frequency shift after nss scattering surfaces
will scale as Σsm(nss) ∼ √

nss V c. For a Gaussian distri-
bution, the FWHM and the standard deviation are related
by Γ ≈ 2.2Σ, and so we expect Γsm(nss) ≈ 2.2

√
nss V c. To

check this, we simulated repeated surface scattering assum-
ing an isotropic incident angle distribution and the surface
scattering exiting angle distribution, eqn. (28). We indeed
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Figure 16. Repeated Surface Scatters: Atomic Motion
Only The normalized frequency distribution after repeated
scatters off a stationary, dust-free, surface. Shown are nss =
1, 5, 10, 15, which correspond to increasing widths in the plot.
An ensemble of photons are initially injected at line center, and
their frequencies are tracked after repeated cloud scatters. For
each cloud scatter, the analytic formula of §3.3.5 is used to gen-
erate the photon’s exiting frequency.

find that

Σsm(nss) =
√

nss V c (68)

Γsm = 2.2
√

nss V c ,

which is shown in the middle panel of Figure 15.

4.3.3 Combined Effect

In the two bottom panels of Figure 15, we show the com-
bined effects of resonant line broadening and surface motion.
For most multi-phase geometries, V c ≫ V dop, so line broad-
ening is dominated by cloud motions. In this regime, the
line width can be accurately estimated by eqn. (68). Only if
cloud motions are small and comparable to atomic thermal
motions, V c <∼V dop, does the behavior change. In this case,
the FWHM does not increase with the number of scatters;
instead it “thermalizes” to the characteristic Doppler width.
The line profile is more accurately described by eqn. (67).
When V c >∼V dop, the total r.m.s. width is (note that the
dispersions add linearly rather than in quadrature)

Σ(nss) = 2Σrs(nss) + Σsm(nss) . (69)

The FWHM has a more complex behavior because the
Doppler core tends to retard the increase in Γ beyond the
size of the Doppler core.

4.4 Lyα Escape Fractions

In this section we show how Lyα multiphase transfer can
be handled analytically based on the results in the previ-
ous subsections. We shall first estimate the typical escape
frequency of Lyα photons xe, which provides the typical
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Fig. 1.— Sketch of the Ly↵ RT regimes discussed in this work. The left panel shows the escape from a homogeneous slab via ‘excursion’
(§ 2.1). In the central panel we display the ‘random walk’ regime of a moderately clumpy medium which leads to ⇠ fc

2 clump encounters
before escape (§ 2.2). The right panel shows the preferred escape from a ‘very clumpy’ medium (§ 2.2 & § 2.3).

function which can be approximated in the wing of the
line (|x| > 3) to be H(x) ⇠ av/(

p

⇡x2). The geometry
we consider is a semi-infinite slab of height 2B and total
line-center optical depth ⌧0 (between the half-height and
surface of the slab).

2.1. Ly↵ radiative transfer in a homogeneous medium

Ly↵ RT in homogeneous medium has been studied for
decades. The mean free path of Ly↵ photons at line
center is very small, which forces photons to scatter fre-
quently before escaping. Each scattering event changes
the frequency of the photon due to random thermal mo-
tions of the hydrogen atoms. On rare occasions scat-
tering occurs o↵ a hydrogen atom far in the tail of the
Maxwellian velocity distribution. A Ly↵ photon that
gets scattered to |x| >

⇠

2.6 can escape from a medium

with ⌧0 = 103 in a single flight. The time spent scat-
tering is small and the escape time is of order the light
crossing time (Adams 1975):

tesc =
B

c
(1)

where c is the speed of light. Throughout, we have omit-
ted geometrical factors of order unity.
For extremely opaque media, escape in single flight is

not possible because the damping wings of the Voigt pro-
file remain optically thick. We can estimate when this
happens by recalling that boundary between the line core
and wings is x⇤ ⇡ 3.1. Thus, the wings become optically
thick when ⌧0H(x⇤) > 1, i.e. ⌧0av > x2

⇤
p

⇡ = 17, or
⌧0 > 4⇥ 104 for T = 104 K.
Ly↵ scattering in the wing of the line profile (|x| >

⇠

3)
changes the frequency by an average amount h�xi =
�1/|x| with an r.m.s.

p
h�x2

i = 1 (Osterbrock 1962).
For a photon at some frequency far in the wing, xw, it
therefore takes Nw ⇠ x2

w scattering events to return to
the line core, during which the photon traverses a dis-
tance l ⇠

p

Nw�mfp(xw), where �mfp(xw) denotes the
mean free path at frequency xw. This sequence of wing
scattering events is called an ‘excursion’. We can write
�mfp(xw) = �0/H(xw), where �0 = B/⌧0 denotes the
mean free path at line centre. A photon can escape when
l = B, i.e. when xwB/(⌧0H(xw)) = B, which yields a

characteristic frequency for escape (Adams 1972; Har-
rington 1973; Neufeld 1990), xesc:

xesc = (⌧0av/
p

⇡)1/3 . (2)

At |x| < xesc it is harder to escape in an excursion, while
it is increasingly unlikely for photons to scatter to fre-
quencies |x| > xesc. The spectrum of emerging photons
therefore peaks at xesc. The escape time is:1

texc =
Nw�mfp(xesc)

c
=

B

c

✓
⌧0av
p

⇡

◆1/3

=
Bxesc

c
. (3)

The left panel of Fig. 1 illustrates the escape path in a
homogeneous medium. Initially, a large number of scat-
tering events (⇠ ⌧0) lead to practically no displacement
from the emission site. Then, the photon’s frequency
shifts to ⇠ xesc and it can escape easily (in ⇠ x2

esc scat-
ters).

2.2. Ly↵ radiative transfer in a clumpy medium

For this case, we consider a slab filled with spherical
clumps with radius rcl, gas temperature T and neutral
hydrogen column density NHI,cl (measured from the cen-
ter to the boundary of the sphere). We characterize the
number density of clumps in the slab by the covering fac-
tor fc which denotes the number of clumps intercepted
by a sightline orthogonal to the slab’s surface between
the half-height and the boundary of the slab. In this
setup, such a sightline will intercept a column density of

NHI,total =
4

3
fcNHI,cl (4)

where the 4/3 is a geometrical factor. Furthermore, we
only consider the case of optically thick clumps without
any ‘holes’ in the setup (fc & 1). We will drop these
constraints and consider the general case in Gronke et al.
(2016).

1 Adams found that it takes ⇠ ⌧0 core scattering events to be
first scattered to xesc, something that has been reproduced with
Monte-Carlo simulations (see Zheng & Miralda-Escudé 2002; Di-
jkstra et al. 2006; Laursen et al. 2009). However, the contribution
of these scattering events to the total trapping time can be safely
neglected as the cumulative distance between them is ⌧ l(xesc)
(Dijkstra & Loeb 2008).
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Fig. 1.— Sketch of the Ly↵ RT regimes discussed in this work. The left panel shows the escape from a homogeneous slab via ‘excursion’
(§ 2.1). In the central panel we display the ‘random walk’ regime of a moderately clumpy medium which leads to ⇠ fc

2 clump encounters
before escape (§ 2.2). The right panel shows the preferred escape from a ‘very clumpy’ medium (§ 2.2 & § 2.3).

function which can be approximated in the wing of the
line (|x| > 3) to be H(x) ⇠ av/(

p

⇡x2). The geometry
we consider is a semi-infinite slab of height 2B and total
line-center optical depth ⌧0 (between the half-height and
surface of the slab).

2.1. Ly↵ radiative transfer in a homogeneous medium

Ly↵ RT in homogeneous medium has been studied for
decades. The mean free path of Ly↵ photons at line
center is very small, which forces photons to scatter fre-
quently before escaping. Each scattering event changes
the frequency of the photon due to random thermal mo-
tions of the hydrogen atoms. On rare occasions scat-
tering occurs o↵ a hydrogen atom far in the tail of the
Maxwellian velocity distribution. A Ly↵ photon that
gets scattered to |x| >

⇠

2.6 can escape from a medium

with ⌧0 = 103 in a single flight. The time spent scat-
tering is small and the escape time is of order the light
crossing time (Adams 1975):

tesc =
B

c
(1)

where c is the speed of light. Throughout, we have omit-
ted geometrical factors of order unity.
For extremely opaque media, escape in single flight is

not possible because the damping wings of the Voigt pro-
file remain optically thick. We can estimate when this
happens by recalling that boundary between the line core
and wings is x⇤ ⇡ 3.1. Thus, the wings become optically
thick when ⌧0H(x⇤) > 1, i.e. ⌧0av > x2

⇤
p

⇡ = 17, or
⌧0 > 4⇥ 104 for T = 104 K.
Ly↵ scattering in the wing of the line profile (|x| >

⇠

3)
changes the frequency by an average amount h�xi =
�1/|x| with an r.m.s.

p
h�x2

i = 1 (Osterbrock 1962).
For a photon at some frequency far in the wing, xw, it
therefore takes Nw ⇠ x2

w scattering events to return to
the line core, during which the photon traverses a dis-
tance l ⇠

p

Nw�mfp(xw), where �mfp(xw) denotes the
mean free path at frequency xw. This sequence of wing
scattering events is called an ‘excursion’. We can write
�mfp(xw) = �0/H(xw), where �0 = B/⌧0 denotes the
mean free path at line centre. A photon can escape when
l = B, i.e. when xwB/(⌧0H(xw)) = B, which yields a

characteristic frequency for escape (Adams 1972; Har-
rington 1973; Neufeld 1990), xesc:

xesc = (⌧0av/
p

⇡)1/3 . (2)

At |x| < xesc it is harder to escape in an excursion, while
it is increasingly unlikely for photons to scatter to fre-
quencies |x| > xesc. The spectrum of emerging photons
therefore peaks at xesc. The escape time is:1

texc =
Nw�mfp(xesc)

c
=

B

c

✓
⌧0av
p

⇡

◆1/3

=
Bxesc

c
. (3)

The left panel of Fig. 1 illustrates the escape path in a
homogeneous medium. Initially, a large number of scat-
tering events (⇠ ⌧0) lead to practically no displacement
from the emission site. Then, the photon’s frequency
shifts to ⇠ xesc and it can escape easily (in ⇠ x2

esc scat-
ters).

2.2. Ly↵ radiative transfer in a clumpy medium

For this case, we consider a slab filled with spherical
clumps with radius rcl, gas temperature T and neutral
hydrogen column density NHI,cl (measured from the cen-
ter to the boundary of the sphere). We characterize the
number density of clumps in the slab by the covering fac-
tor fc which denotes the number of clumps intercepted
by a sightline orthogonal to the slab’s surface between
the half-height and the boundary of the slab. In this
setup, such a sightline will intercept a column density of

NHI,total =
4

3
fcNHI,cl (4)

where the 4/3 is a geometrical factor. Furthermore, we
only consider the case of optically thick clumps without
any ‘holes’ in the setup (fc & 1). We will drop these
constraints and consider the general case in Gronke et al.
(2016).

1 Adams found that it takes ⇠ ⌧0 core scattering events to be
first scattered to xesc, something that has been reproduced with
Monte-Carlo simulations (see Zheng & Miralda-Escudé 2002; Di-
jkstra et al. 2006; Laursen et al. 2009). However, the contribution
of these scattering events to the total trapping time can be safely
neglected as the cumulative distance between them is ⌧ l(xesc)
(Dijkstra & Loeb 2008).

tmp
esc ⇠ fcB

c
t

h
esc ⇠

Bxesc(NHI)

c

MG, Dijkstra, McCourt, Oh (2016, 2017)

18 Hansen & Oh

0 5 10 15 20 25 30
nss

0

5

10

15

{Γ
, Σ

} rs
 / 

V
do

p

0 5 10 15 20 25 30
nss

0

5

10

15

{Γ
, Σ

} sm
 /V

c

0 5 10 15 20 25 30
nss

0

10

20

30

40

50

Σ
 /V

do
p

0 5 10 15 20 25 30
nss

0

10

20

30

40

50

Γ
 /V

do
p

Atomic thermal motions Cloud motions

Combined Combined

Figure 15. Line Widths Top Left: The r.m.s frequency shift
Σ (filled circles) and the FWHM Γ (open circles) are shown as
a function of the nth surface scatter nss for pure atomic scat-
tering. The lines are eqn. (67). Top Right: The r.m.s frequency
shift Σ and the FWHM Γ are shown as a function of the nth

surface scatter for surface motion with a Maxwellian distribution
with r.m.s. speed V c. Bottom Left: The r.m.s frequency shift Σ
as a function of the nth surface scatter when both atomic ther-
mal scattering and random cloud motion effects are combined.
The four different symbols correspond to four different values of
V c/V dop: the triangles, circles, squares, and diamonds correspond
to V c/V dop = 10, 5, 3, 1 respectively. The lines are eqn. (69).
Bottom Right: The FWHM Γ as a function of nss; otherwise all
symbols retain the same meaning as the bottom left panel.

Σ ∝ nss. For resonant scattering only, the FWHM Γ is a
more accurate measure of the line profile than Σ. Examples
of the spectra after repeated surface scatters is shown in
Figure 16.

4.3.2 Surface Motion

As shown in §3.4, when photons scatter off a moving sur-
face there is a net frequency shift per surface scatter of
⟨∆V ⟩ ∼ V⊥, where V⊥ is the velocity along the outward
normal. If the moving surfaces have a Maxwellian velocity
distribution with r.m.s. speed V c, then we expect that the
induced r.m.s. frequency shift after nss scattering surfaces
will scale as Σsm(nss) ∼ √

nss V c. For a Gaussian distri-
bution, the FWHM and the standard deviation are related
by Γ ≈ 2.2Σ, and so we expect Γsm(nss) ≈ 2.2

√
nss V c. To

check this, we simulated repeated surface scattering assum-
ing an isotropic incident angle distribution and the surface
scattering exiting angle distribution, eqn. (28). We indeed
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Figure 16. Repeated Surface Scatters: Atomic Motion
Only The normalized frequency distribution after repeated
scatters off a stationary, dust-free, surface. Shown are nss =
1, 5, 10, 15, which correspond to increasing widths in the plot.
An ensemble of photons are initially injected at line center, and
their frequencies are tracked after repeated cloud scatters. For
each cloud scatter, the analytic formula of §3.3.5 is used to gen-
erate the photon’s exiting frequency.

find that

Σsm(nss) =
√

nss V c (68)

Γsm = 2.2
√

nss V c ,

which is shown in the middle panel of Figure 15.

4.3.3 Combined Effect

In the two bottom panels of Figure 15, we show the com-
bined effects of resonant line broadening and surface motion.
For most multi-phase geometries, V c ≫ V dop, so line broad-
ening is dominated by cloud motions. In this regime, the
line width can be accurately estimated by eqn. (68). Only if
cloud motions are small and comparable to atomic thermal
motions, V c <∼V dop, does the behavior change. In this case,
the FWHM does not increase with the number of scatters;
instead it “thermalizes” to the characteristic Doppler width.
The line profile is more accurately described by eqn. (67).
When V c >∼V dop, the total r.m.s. width is (note that the
dispersions add linearly rather than in quadrature)

Σ(nss) = 2Σrs(nss) + Σsm(nss) . (69)

The FWHM has a more complex behavior because the
Doppler core tends to retard the increase in Γ beyond the
size of the Doppler core.

4.4 Lyα Escape Fractions

In this section we show how Lyα multiphase transfer can
be handled analytically based on the results in the previ-
ous subsections. We shall first estimate the typical escape
frequency of Lyα photons xe, which provides the typical
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5

Fig. 4.— Spectra emergent from an outflowing slab with total column density NHI,total = 4/3 ⇥ 1019 cm�2. The panels show di↵erent
outflow velocities (increasing from left to right), and in each panel the colored lines show the spectra obtained from a clumpy medium
with various covering factors. The black dashed line shows the spectrum from a homogeneous slab with matching total column density
and outflow velocity.

that the flux in the ‘valley’ between the peaks is small
(Henry et al. 2015; Yang et al. 2016). In addition,
the peaks themselves commonly show an asymmetry
with extended wings; another feature which points
towards strong, systematic RT e↵ects4. A successful
model has to be able to reproduce these observations:
the consistent asymmetry of the spectral line, and if
double-peaked, the low flux in the valley.

Models for Ly↵ transfer through multiphase media
have not yet matched all of these constraints. The hot,
ionized phase provides low-NHI channels through which
a significant fraction of the flux can escape. This applies
both to simplified clumpy models with low fc (Hansen
& Oh 2006; Laursen et al. 2013; Gronke & Dijkstra
2014, 2016), and to snapshots from hydrodynamical
simulations (e.g., Laursen et al. 2009; Zheng et al. 2010;
Verhamme et al. 2012; Behrens & Braun 2014; Trebitsch
et al. 2016), which typically have � 1pc resolution – not
enough to resolve the shattering process (McCourt et al.
2016). As a consequence, hydrodynamical simulations
likely give a too low a value for fc for any given total HI
column density, which then generally gives rise to Ly↵
spectra which possess a too large flux at line center and
/ or do not show su�cient asymmetries.

Our results hint that if astrophysical systems do in-
deed possess similar small-scale structures, that these
a↵ect Ly↵ photons in a way that more closely resem-
bles a homogeneous medium. This may provide some
new insights into the success of the ‘shell-model’, though
this needs to made more quantitative. An additional
advantage of this interpretation of this shell-model, is
that it may alleviate potential problems with the val-
ues inferred by ‘shell-model fitting’. Examples include
unnaturally large Doppler parameters b, and/or intrinsic
spectra which are wider than their H↵ counterparts (e.g.,
Hashimoto et al. 2015; Yang et al. 2016). The former (as
well as highly supersonic expansion) can be explained if
the cold clumps are comoving with the hot gas, and the
latter could hint at RT e↵ects prior to scattering through
the multiphase outflow. We will explore complications
such as bulk flows, turbulence, and dust in more detail
in future work.
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Fig. 4.— Spectra emergent from an outflowing slab with total column density NHI,total = 4/3 ⇥ 1019 cm�2. The panels show di↵erent
outflow velocities (increasing from left to right), and in each panel the colored lines show the spectra obtained from a clumpy medium
with various covering factors. The black dashed line shows the spectrum from a homogeneous slab with matching total column density
and outflow velocity.

that the flux in the ‘valley’ between the peaks is small
(Henry et al. 2015; Yang et al. 2016). In addition,
the peaks themselves commonly show an asymmetry
with extended wings; another feature which points
towards strong, systematic RT e↵ects4. A successful
model has to be able to reproduce these observations:
the consistent asymmetry of the spectral line, and if
double-peaked, the low flux in the valley.

Models for Ly↵ transfer through multiphase media
have not yet matched all of these constraints. The hot,
ionized phase provides low-NHI channels through which
a significant fraction of the flux can escape. This applies
both to simplified clumpy models with low fc (Hansen
& Oh 2006; Laursen et al. 2013; Gronke & Dijkstra
2014, 2016), and to snapshots from hydrodynamical
simulations (e.g., Laursen et al. 2009; Zheng et al. 2010;
Verhamme et al. 2012; Behrens & Braun 2014; Trebitsch
et al. 2016), which typically have � 1pc resolution – not
enough to resolve the shattering process (McCourt et al.
2016). As a consequence, hydrodynamical simulations
likely give a too low a value for fc for any given total HI
column density, which then generally gives rise to Ly↵
spectra which possess a too large flux at line center and
/ or do not show su�cient asymmetries.

Our results hint that if astrophysical systems do in-
deed possess similar small-scale structures, that these
a↵ect Ly↵ photons in a way that more closely resem-
bles a homogeneous medium. This may provide some
new insights into the success of the ‘shell-model’, though
this needs to made more quantitative. An additional
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the multiphase outflow. We will explore complications
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in future work.
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Fig. 4.— Spectra emergent from an outflowing slab with total column density NHI,total = 4/3 ⇥ 1019 cm�2. The panels show di↵erent
outflow velocities (increasing from left to right), and in each panel the colored lines show the spectra obtained from a clumpy medium
with various covering factors. The black dashed line shows the spectrum from a homogeneous slab with matching total column density
and outflow velocity.

that the flux in the ‘valley’ between the peaks is small
(Henry et al. 2015; Yang et al. 2016). In addition,
the peaks themselves commonly show an asymmetry
with extended wings; another feature which points
towards strong, systematic RT e↵ects4. A successful
model has to be able to reproduce these observations:
the consistent asymmetry of the spectral line, and if
double-peaked, the low flux in the valley.

Models for Ly↵ transfer through multiphase media
have not yet matched all of these constraints. The hot,
ionized phase provides low-NHI channels through which
a significant fraction of the flux can escape. This applies
both to simplified clumpy models with low fc (Hansen
& Oh 2006; Laursen et al. 2013; Gronke & Dijkstra
2014, 2016), and to snapshots from hydrodynamical
simulations (e.g., Laursen et al. 2009; Zheng et al. 2010;
Verhamme et al. 2012; Behrens & Braun 2014; Trebitsch
et al. 2016), which typically have � 1pc resolution – not
enough to resolve the shattering process (McCourt et al.
2016). As a consequence, hydrodynamical simulations
likely give a too low a value for fc for any given total HI
column density, which then generally gives rise to Ly↵
spectra which possess a too large flux at line center and
/ or do not show su�cient asymmetries.

Our results hint that if astrophysical systems do in-
deed possess similar small-scale structures, that these
a↵ect Ly↵ photons in a way that more closely resem-
bles a homogeneous medium. This may provide some
new insights into the success of the ‘shell-model’, though
this needs to made more quantitative. An additional
advantage of this interpretation of this shell-model, is
that it may alleviate potential problems with the val-
ues inferred by ‘shell-model fitting’. Examples include
unnaturally large Doppler parameters b, and/or intrinsic
spectra which are wider than their H↵ counterparts (e.g.,
Hashimoto et al. 2015; Yang et al. 2016). The former (as
well as highly supersonic expansion) can be explained if
the cold clumps are comoving with the hot gas, and the
latter could hint at RT e↵ects prior to scattering through
the multiphase outflow. We will explore complications
such as bulk flows, turbulence, and dust in more detail
in future work.
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Other evidence for tiny “droplets”
• smooth absorption & 

emission profiles over v 
≳1000 km/s in BLR & CGM

• dense cold gas out to in 
galactic halos (large areal but 
low volume filling fraction; ➞ e.g., Ting-

Wen Lan’s talk)

• “shattering” instability 
(theory predicting droplets of size 
~0.1 ncgs-1pc) Prochaska et al. (2017)
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The “Lyα puzzle”
Problem:
Simulated Lyα spectra “look different” 
‣ too much flux at line center 
‣ too symmetric 

➞ diminishing constraining power of Lyα. 

vs

Solutions?
1. IGM 

2. CGM 

3. a new shape of cold gas 

4. another form of feedback

➞ not at low-z (and problematic at high-z due to fesc≳0.5)

➞ does not affect Lyα spectrum by much (?)
Wisotzki et al. (2016); Kakiichi & Dijkstra (2017)

Hayes et al. (2010); Trainor et al. (2015); Sobral et al. (2017)
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Girichidis et al. (2018)

no CRs with CRs

no CRs with CRs



Impact of cosmic-ray feedback 
on Lyα spectra

• non-thermal feedback moves 
gas without heating it 

• doesn’t clear channels Lyα 
can escape through

MG, Girichidis, Naab, Walch (in prep.)
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Simulating realistic 
Lyman-α spectra

• Lyα spectra can be used to probe 
our understanding of (cold) gas 
behaviour 

• Modelling realistic spectra is 
crucial but problematic in high-
resolution, multiphase systems 

• Two proposes mechanisms to 
successfully model realistic Lyα 
spectra: 

1. ubiquitous droplets 

2. cosmic ray feedback
…not exclusive!

spectra

SB polarization

see: Eide, MG, Dijkstra, Hayes (2018)

Model small-scale gas 
dynamics 

Compare to the the “Lyα 
triangle of truth”

➔The future is (Lyα) bright!

Work in progress…

(spatially resolved)


