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My Introduc,on

• Kyohei Kawaguchi (川口 恭平） 

• Ins,tute for Cosmic Ray Research (ICRR), 
Gravita,onal waves / High energy astrophysics group 

• YITP (Kyoto Uni.) → AEI (MPI, Postdam) → ICRR  

• Compact binary merger (NS binary merger), 
numerical-rela,vity simula,on,  
gravita,onal waves, electromagne,c counterparts



Today’s talk

• Introduc,on 

• Gravita,onal waves from binary neutron stars 

• Electromagne,c counterparts to binary neutron stars: 
Kilonovae/Macronovae 

• Future works



IntroducKon



Gravita,onal waves
• Gravita,onal waves (GW): the ripples of curvature that 

propagate with the speed of light  

• GW sources for ground-based GW detectors 

• Compact binary mergers 

• Core collapse Super Novae 

• Rota,ng Neutron stars 

• Primordial GW (Infla,on)  

• Cosmic Strings

advanced	LIGO

advanced	Virgo

KAGRA

hPps://
www.ligo.caltech.edu/

hPp://gwcenter.icrr.u-
tokyo.ac.jp/

hPp://www.virgo-
gw.eu/

Compact	Binary:	Binary	composed	of	  
black-holes	(BHs)	and/or	neutron	stars	(NSs)

https://www.ligo.caltech.edu/
http://gwcenter.icrr.u-tokyo.ac.jp/
http://www.virgo-gw.eu/


Compact binary mergers
• Compact Binary—Binary composed of black-holes (BHs) and/or  

neutron stars (NSs)— efficiently emit gravita,onal waves shrinking 
their orbital separa,on, and the objects gradually merge 

• Observa,on of gravita,onal waves provides us to the physical 
informa,on of the binary (masses, spins, inclina,on…)

Ref:	K.	Hotokezaka	et	al.	2013



Electromagne,c Counterparts 
to NS binary mergers

• Various transient EM counterparts are 
proposed for NS binary mergers 

• for example, 

• short-hard gamma-ray-burst 

• A]erglow 

• cocoon emission 

• kilonovae/macronovae 

• radio flare, etc. 

• Host galaxy iden,fica,on, remnant 
proper,es, environment  

• Possible synthesis site of r-process nuclei
Ref:	B.	Metzger	and	E.	Berger	2012



Gravita,onal-wave 
Astronomy

• Since 14th of September 2015, many 
GW events have been detected 

• Binary BH (BBH; BH-BH) 

• GW150914, GW151226, 
GW170104, GW170608, 
GW170814 

• Binary NS (BNS; NS-NS)  
GW170817  
 
→Simultaneous detec,on of 
electromagne,c (EM) counterparts

properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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Ref:	B.P.Abbot	et	al.	2016

・GW150914	(The	first	GW	event)

BH-NS
NS	Binary



GW170817:  
Binary Neutron star Merger

• On 17th of August 2017, advanced 
LIGO and advanced Virgo reported 
the first detec,on of gravita,onal 
waves from a binary BNS merger 

• Electromagne,c (EM) 
counterparts to GW170817 were 
observed over the en,re 
wavelength range  (from radio to 
gamma wavelengths)

∼100 s (calculated starting from 24 Hz) in the detectors’
sensitive band, the inspiral signal ended at 12∶41:04.4 UTC.
In addition, a γ-ray burst was observed 1.7 s after the
coalescence time [39–45]. The combination of data from
the LIGO and Virgo detectors allowed a precise sky
position localization to an area of 28 deg2. This measure-
ment enabled an electromagnetic follow-up campaign that
identified a counterpart near the galaxy NGC 4993, con-
sistent with the localization and distance inferred from
gravitational-wave data [46–50].
From the gravitational-wave signal, the best measured

combination of the masses is the chirp mass [51]
M ¼ 1.188þ0.004

−0.002M⊙. From the union of 90% credible
intervals obtained using different waveform models (see
Sec. IV for details), the total mass of the system is between
2.73 and 3.29 M⊙. The individual masses are in the broad
range of 0.86 to 2.26 M⊙, due to correlations between their
uncertainties. This suggests a BNS as the source of the
gravitational-wave signal, as the total masses of known
BNS systems are between 2.57 and 2.88 M⊙ with compo-
nents between 1.17 and ∼1.6 M⊙ [52]. Neutron stars in
general have precisely measured masses as large as 2.01#
0.04 M⊙ [53], whereas stellar-mass black holes found in
binaries in our galaxy have masses substantially greater
than the components of GW170817 [54–56].
Gravitational-wave observations alone are able to mea-

sure the masses of the two objects and set a lower limit on
their compactness, but the results presented here do not
exclude objects more compact than neutron stars such as
quark stars, black holes, or more exotic objects [57–61].
The detection of GRB 170817A and subsequent electro-
magnetic emission demonstrates the presence of matter.
Moreover, although a neutron star–black hole system is not
ruled out, the consistency of the mass estimates with the
dynamically measured masses of known neutron stars in
binaries, and their inconsistency with the masses of known
black holes in galactic binary systems, suggests the source
was composed of two neutron stars.

II. DATA

At the time of GW170817, the Advanced LIGO detec-
tors and the Advanced Virgo detector were in observing
mode. The maximum distances at which the LIGO-
Livingston and LIGO-Hanford detectors could detect a
BNS system (SNR ¼ 8), known as the detector horizon
[32,62,63], were 218 Mpc and 107 Mpc, while for Virgo
the horizon was 58 Mpc. The GEO600 detector [64] was
also operating at the time, but its sensitivity was insufficient
to contribute to the analysis of the inspiral. The configu-
ration of the detectors at the time of GW170817 is
summarized in [29].
A time-frequency representation [65] of the data from

all three detectors around the time of the signal is shown in
Fig 1. The signal is clearly visible in the LIGO-Hanford
and LIGO-Livingston data. The signal is not visible

in the Virgo data due to the lower BNS horizon and the
direction of the source with respect to the detector’s antenna
pattern.
Figure 1 illustrates the data as they were analyzed to

determine astrophysical source properties. After data col-
lection, several independently measured terrestrial contribu-
tions to the detector noise were subtracted from the LIGO
data usingWiener filtering [66], as described in [67–70]. This
subtraction removed calibration lines and 60 Hz ac power
mains harmonics from both LIGO data streams. The sensi-
tivity of the LIGO-Hanford detector was particularly
improved by the subtraction of laser pointing noise; several
broad peaks in the 150–800 Hz region were effectively
removed, increasing the BNS horizon of that detector
by 26%.

FIG. 1. Time-frequency representations [65] of data containing
the gravitational-wave event GW170817, observed by the LIGO-
Hanford (top), LIGO-Livingston (middle), and Virgo (bottom)
detectors. Times are shown relative to August 17, 2017 12∶41:04
UTC. The amplitude scale in each detector is normalized to that
detector’s noise amplitude spectral density. In the LIGO data,
independently observable noise sources and a glitch that occurred
in the LIGO-Livingston detector have been subtracted, as
described in the text. This noise mitigation is the same as that
used for the results presented in Sec. IV.
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In the mid-1960s, gamma-ray bursts (GRBs) were discovered
by the Vela satellites, and their cosmic origin was first established
by Klebesadel et al. (1973). GRBs are classified as long or short,
based on their duration and spectral hardness(Dezalay et al. 1992;
Kouveliotou et al. 1993). Uncovering the progenitors of GRBs
has been one of the key challenges in high-energy astrophysics
ever since(Lee & Ramirez-Ruiz 2007). It has long been
suggested that short GRBs might be related to neutron star
mergers (Goodman 1986; Paczynski 1986; Eichler et al. 1989;
Narayan et al. 1992).

In 2005, the field of short gamma-ray burst (sGRB) studies
experienced a breakthrough (for reviews see Nakar 2007; Berger
2014) with the identification of the first host galaxies of sGRBs
and multi-wavelength observation (from X-ray to optical and
radio) of their afterglows (Berger et al. 2005; Fox et al. 2005;
Gehrels et al. 2005; Hjorth et al. 2005b; Villasenor et al. 2005).
These observations provided strong hints that sGRBs might be
associated with mergers of neutron stars with other neutron stars
or with black holes. These hints included: (i) their association with
both elliptical and star-forming galaxies (Barthelmy et al. 2005;
Prochaska et al. 2006; Berger et al. 2007; Ofek et al. 2007; Troja
et al. 2008; D’Avanzo et al. 2009; Fong et al. 2013), due to a very
wide range of delay times, as predicted theoretically(Bagot et al.
1998; Fryer et al. 1999; Belczynski et al. 2002); (ii) a broad
distribution of spatial offsets from host-galaxy centers(Berger
2010; Fong & Berger 2013; Tunnicliffe et al. 2014), which was
predicted to arise from supernova kicks(Narayan et al. 1992;
Bloom et al. 1999); and (iii) the absence of associated
supernovae(Fox et al. 2005; Hjorth et al. 2005c, 2005a;
Soderberg et al. 2006; Kocevski et al. 2010; Berger et al.
2013a). Despite these strong hints, proof that sGRBs were
powered by neutron star mergers remained elusive, and interest
intensified in following up gravitational-wave detections electro-
magnetically(Metzger & Berger 2012; Nissanke et al. 2013).

Evidence of beaming in some sGRBs was initially found by
Soderberg et al. (2006) and Burrows et al. (2006) and confirmed

by subsequent sGRB discoveries (see the compilation and
analysis by Fong et al. 2015 and also Troja et al. 2016). Neutron
star binary mergers are also expected, however, to produce
isotropic electromagnetic signals, which include (i) early optical
and infrared emission, a so-called kilonova/macronova (hereafter
kilonova; Li & Paczyński 1998; Kulkarni 2005; Rosswog 2005;
Metzger et al. 2010; Roberts et al. 2011; Barnes & Kasen 2013;
Kasen et al. 2013; Tanaka & Hotokezaka 2013; Grossman et al.
2014; Barnes et al. 2016; Tanaka 2016; Metzger 2017) due to
radioactive decay of rapid neutron-capture process (r-process)
nuclei(Lattimer & Schramm 1974, 1976) synthesized in
dynamical and accretion-disk-wind ejecta during the merger;
and (ii) delayed radio emission from the interaction of the merger
ejecta with the ambient medium (Nakar & Piran 2011; Piran et al.
2013; Hotokezaka & Piran 2015; Hotokezaka et al. 2016). The
late-time infrared excess associated with GRB 130603B was
interpreted as the signature of r-process nucleosynthesis (Berger
et al. 2013b; Tanvir et al. 2013), and more candidates were
identified later (for a compilation see Jin et al. 2016).
Here, we report on the global effort958 that led to the first joint

detection of gravitational and electromagnetic radiation from a
single source. An ∼ 100 s long gravitational-wave signal
(GW170817) was followed by an sGRB (GRB 170817A) and
an optical transient (SSS17a/AT 2017gfo) found in the host
galaxy NGC 4993. The source was detected across the
electromagnetic spectrum—in the X-ray, ultraviolet, optical,
infrared, and radio bands—over hours, days, and weeks. These
observations support the hypothesis that GW170817 was
produced by the merger of two neutron stars in NGC4993,
followed by an sGRB and a kilonova powered by the radioactive
decay of r-process nuclei synthesized in the ejecta.

Figure 1. Localization of the gravitational-wave, gamma-ray, and optical signals. The left panel shows an orthographic projection of the 90% credible regions from
LIGO (190 deg2; light green), the initial LIGO-Virgo localization (31 deg2; dark green), IPN triangulation from the time delay between Fermi and INTEGRAL (light
blue), and Fermi-GBM (dark blue). The inset shows the location of the apparent host galaxy NGC 4993 in the Swope optical discovery image at 10.9 hr after the
merger (top right) and the DLT40 pre-discovery image from 20.5 days prior to merger (bottom right). The reticle marks the position of the transient in both images.

958 A follow-up program established during initial LIGO-Virgo observations
(Abadie et al. 2012) was greatly expanded in preparation for Advanced LIGO-
Virgo observations. Partners have followed up binary black hole detections,
starting with GW150914 (Abbott et al. 2016a), but have discovered no firm
electromagnetic counterparts to those events.
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Mul,-messenger Astronomy 

• Single event, but many physics 
• Constraints on NS masses, spins 

, and NS equa,on of state (NS ,dal deformability) 
• associa,on of kilonova/macronova (?): mass ejec,on 

, r-process synthesis 
• A]erglow, radio flare: constraints on rela,vis,c jet 

,  environment of the event 
• Host galaxy: Hubble parameter, GW propaga,on speed 
• etc… 

• …and many tasks and problems 

• accurate	GW	template	for	BNSs	
• accurate	kilonovae/macronovae	lightcurve	predic/on	
• Existence of rela,vis,c jet 

cocoon emission?, structured jet?

low-spin case and (1.0, 0.7) in the high-spin case. Further
analysis is required to establish the uncertainties of these
tighter bounds, and a detailed studyof systematics is a subject
of ongoing work.
Preliminary comparisons with waveform models under

development [171,173–177] also suggest the post-
Newtonian model used will systematically overestimate
the value of the tidal deformabilities. Therefore, based on
our current understanding of the physics of neutron stars,
we consider the post-Newtonian results presented in this
Letter to be conservative upper limits on tidal deform-
ability. Refinements should be possible as our knowledge
and models improve.

V. IMPLICATIONS

A. Astrophysical rate

Our analyses identified GW170817 as the only BNS-
mass signal detected in O2 with a false alarm rate below
1=100 yr. Using a method derived from [27,178,179], and
assuming that the mass distribution of the components of
BNS systems is flat between 1 and 2 M⊙ and their
dimensionless spins are below 0.4, we are able to infer
the local coalescence rate density R of BNS systems.
Incorporating the upper limit of 12600 Gpc−3 yr−1 from O1
as a prior, R ¼ 1540þ3200

−1220 Gpc−3 yr−1. Our findings are

consistent with the rate inferred from observations of
galactic BNS systems [19,20,155,180].
From this inferred rate, the stochastic background of

gravitational wave s produced by unresolved BNS mergers
throughout the history of the Universe should be compa-
rable in magnitude to the stochastic background produced
by BBH mergers [181,182]. As the advanced detector
network improves in sensitivity in the coming years, the
total stochastic background from BNS and BBH mergers
should be detectable [183].

B. Remnant

Binary neutron star mergers may result in a short- or long-
lived neutron star remnant that could emit gravitational
waves following the merger [184–190]. The ringdown of
a black hole formed after the coalescence could also produce
gravitational waves, at frequencies around 6 kHz, but the
reduced interferometer response at high frequencies makes
their observation unfeasible. Consequently, searches have
been made for short (tens of ms) and intermediate duration
(≤ 500 s) gravitational-wave signals from a neutron star
remnant at frequencies up to 4 kHz [75,191,192]. For the
latter, the data examined start at the time of the coalescence
and extend to the end of the observing run on August 25,
2017. With the time scales and methods considered so far
[193], there is no evidence of a postmerger signal of

FIG. 5. Probability density for the tidal deformability parameters of the high and low mass components inferred from the detected
signals using the post-Newtonian model. Contours enclosing 90% and 50% of the probability density are overlaid (dashed lines). The
diagonal dashed line indicates the Λ1 ¼ Λ2 boundary. The Λ1 and Λ2 parameters characterize the size of the tidally induced mass
deformations of each star and are proportional to k2ðR=mÞ5. Constraints are shown for the high-spin scenario jχj ≤ 0.89 (left panel) and
for the low-spin jχj ≤ 0.05 (right panel). As a comparison, we plot predictions for tidal deformability given by a set of representative
equations of state [156–160] (shaded filled regions), with labels following [161], all of which support stars of 2.01M⊙. Under the
assumption that both components are neutron stars, we apply the function ΛðmÞ prescribed by that equation of state to the 90% most
probable region of the component mass posterior distributions shown in Fig. 4. EOS that produce less compact stars, such as MS1 and
MS1b, predict Λ values outside our 90% contour.
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NS	Tidal	deformability

Today,	I	will	talk	about	our	recent	works	for	modelling	 
gravitaKonal	waves	(briefly)	and	  

electromagneKc	counterparts	(mainly)	
from	binary	neutron	star	mergers



GravitaKonal	waves	from 
binary	neutron	star	mergers



Neutron star binaries
• Gravita,onal waves contain the informa,on of the 

binary (masses, spins, etc…) in its waveforms. 

• In par,cular, if the binary contains a NS, we can 
extract the informa,on of the internal structure of 
the NS 

• During the inspiral, a NS is deformed by the ,dal 
force of the companion object. Deforma,on of a 
NS (s) accelerates the orbital shrinking, and 
modifies gravita,onal waveforms 

• From the observed waveforms,  
the	%dal	deformability of a NS can be extracted 

• The ,dal deformability reflects the internal 
structure of a NS, and it can be used to constrain 
the	NS	equa/on	of	state	(EOS)

（dimensionless）tidal deformability

��Tidal
GW (t)

Modification in the GW phase 

Tidal deformation

Quadrupole tidal field

Qij = ��Eij = ��@i@j�
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Accuracy of gravita,onal 
waveform model

• Physical informa,on is extracted from observed gravita,onal 
waves by the comparison with theore,cal templates  
→ an	accurate	waveform	templates	are	crucial	for	parameter	
es/ma/on	

• Accurate waveform models for point-par,cle (no ,dal effect) 
waveforms calibrated by numerical simula,ons are well 
developed (ex. EOB model, Phenom model) 

• On the other hand, only a limited number of models (Dietrich 
et al. 2017) exist for the waveforms including NS ,dal effects 
calibrated by numerical simula,ons



• The waveforms including the linear- order ,dal effects are derived  
by post-Newtonian (PN) calcula,on (and the Effec,ve-One-Body formalism) 

• Newtonian (Flanagan et al. 2008) 

• 1 PN (Vines et al. 2011) 

• 2.5 PN (Damour et al. 2012) 

• Self force (Bernuzzi et al. 2015) 

• Dynamical ,de (Hinderer et al. 2016) 

• Tidal	effects	become	significant	in	the	last	part	of	the	inspiral.	However,	the	
model	based	on	PN	calcula/on	would	not	be	accurate	just	before	the	merger.

Analy,c GW models for BNS

PredicKon	by	numerical	simulaKons	is	important	for	BNS	waveform	modelling.  
(at	least	needed	to	be	checked)
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the tidal part of the gravitational-wave phase computed
from the hybrid waveforms,  Hybrid

tidal (=  Hybrid �  pp,
where  Hybrid is the phase of the hybrid waveforms), for
the equal-mass binaries normalized by the 2.5 PN order
(equal-mass) tidal-part phase given by2 [12]

 2.5PN
tidal =

3

32

✓

�39

2
⇤

◆

x5/2

⇥


1 +
3115

1248
x� ⇡x3/2 +

28024205

3302208
x2 � 4283

1092
⇡x5/2

�

,

(2.14)

where x = (⇡m0f)
2/3 is a dimensionless PN parame-

ter, and ⇤ = ⇤1 = ⇤2 for the equal-mass cases. We
note that the tidal-part phase of the hybrid waveforms
in Fig. 2 is aligned with the 2.5 PN order tidal-part
phase given by Eq. (2.14) for 10Hz  f  50Hz employ-
ing Eqs. (2.12) and (2.13). We find that the tidal-part
phase of the hybrid waveforms deviates significantly from
the 2.5 PN order tidal-part phase in the high-frequency
range, f & 500Hz (x & 0.075 for m0 = 2.7M�), and the
deviation depends non-linearly on ⇤ (note the quantities
shown in Fig. 2 are already normalized by ⇤). This indi-
cates that the non-linear contribution of ⇤ is appreciably
present in  Hybrid

tidal for the high-frequency range.
In Fig. 3, we plot the relative deviation of the

tidal-part phase of the hybrid waveforms from the 2.5

2 Strictly speaking, this formula is not complete up to the 2.5 PN
order because the 2 PN order tidal correction to gravitational-
radiation reaction is neglected. We overlook such correction in
this work because it is expected to be sub-dominant [12].

PN order tidal-part phase normalized by ⇤2/3, i.e.,
( Hybrid

tidal / 2.5PN
tidal � 1)/⇤2/3. Figure 3 clearly shows that

the relative deviation can be well approximated by a
power law in x. Furthermore, it shows that the relative
deviation is approximately proportional to ⇤2/3 because
all the curves align. We note that, exceptionally, the rela-
tive deviation for the B equation of state shows a slightly
di↵erent trend from the other cases. The reason for this is
that the tidal deformability is so small that its e↵ect can-
not be accurately extracted from the numerical-relativity
waveform for such a soft equation of state.
To correct this deviation, we extend the 2.5 PN order

tidal-part phase formula of Eq. (2.14) by multiplying a
non-linear correction to ⇤ as

 em
tidal =

3

32
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(2.15)

where a and p are fitting parameters. We note that the
exponent of the nonlinear term in ⇤, p, is deduced to be
⇡ 2/3 even if it is also set to be a fitting parameter and
determined by employing several hybrid waveforms. The
fitting parameters, a and p, are determined by minimiz-
ing

I 00 =

Z f
max

f
min

�

�

�

 Hybrid
tidal (f)� em

tidal (f)� 2⇡ft0 + �0

�

�

�

2
df,

(2.16)

where t0 and �0 are parameters that correspond to the
degrees of freedom for choosing the time and phase ori-
gins. Thus, we minimize I 00 for the four parameters, a,
p, t0, and �0. The fitting is performed for fmin = 10Hz
and fmax = 1000Hz.
We use the hybrid waveform of 15H125-125 for deter-

mining the fitting parameters because the non-linear con-
tribution of ⇤ is most significant for this among the bi-
nary neutron star models employed in this work. Then
we obtain

a = 12.55,

p = 4.240. (2.17)

Figure 4 shows the phase di↵erence between the tidal-
part of the hybrid waveforms and the tidal-part phase
model of Eq. (2.15) for the equal-mass cases, where two
phases are aligned for 10Hz  f  1000Hz employing
Eqs. (2.12) and (2.13). Although the fitting parameters
are determined by employing only the hybrid waveform
of 15H125-125 as a reference, we find that the error in
the tidal-part phase model, Eq. (2.15), is always smaller
than 0.05 rad except for 15H135-135. This result indi-
cates that there is only a small di↵erence between the
waveform models determined from di↵erent hybrid wave-
forms (see Appendix D). The phase error for 15H135-135

x := (⇡m0f)
2/3 ⇡

⇣
v

c

⌘2
: PNparameter
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・2.5	PN	Kdal	phase	correcKon



Numerical Rela,vity Simula,on
• Numerical-rela/vity	(NR)	simula/on is the unique method to 

predict dynamics and gravita,onal waves in the merger phase—a 
regime where the non-linear effect of hydrodynamics should be 
taken into account in the framework of general rela,vity.  

• We performed the simula,ons by using a numerical-rela,vity 
code, SACRA (Yamamoto et al. 2008),in which an adap,ve-mesh-
refinement (AMR) algorithm is implemented  
(Kiuchi et al. 2017, KK et al. 2018)

Gµ⌫ =
8⇡G

c4
Tµ⌫ rµT

µ⌫ = 0rµ (⇢u
µ) = 0

P = P (⇢), P (⇢, T, Ye), · · ·

Einstein’s	equaKon Euler	equaKon

EquaKon	of	state	(EOS)
(+MHD,	viscosity,	neutrino,	etc.,	)



Results (1.35-1.35M_sun)

!

• Radius & Tidal deformability  
15H>125H>H>HB>B



Comparison with EOB model
• We compare our NR waveforms with the EOB 

waveforms considering dynamical ,des 
(Hinderer et al. 2016)  

• These latest ,dal-EOB (SEOBNRv2T) waveforms 
can be accurate even up to 
 ~3 ms before the onset of merger.  

• The phase difference between the TEOB 
waveforms and the numerical-rela,vity results is 
s,ll larger than 
 ~1 rad a]er two NSs come into contact for the 
case that the NS radii are larger than 13 km 
(Λ~850)  
 
→Further	improvement	of	the	waveform	
model	may	be	needed	to	suppress	the	
systema/c	error	in	the	measurement	of	the	
/dal	deformability.
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For the NR waveforms, we use the data with N = 150.

Here, A2,2
NR and �NR denote the amplitude and phase

of gravitational waves for the numerical-relativity data,
respectively. A2,2

TEOB and �TEOB denote those by the
TEOB formalism. For calculating the correlation, we
employ the time domain NR waveforms of 20ms  tret 
40ms. The corresponding gravitational-wave frequency
at tret = 20 and 40ms is ⇡ 410 and 500Hz, respectively.

The reason that we choose the rather late-time NR
waveforms of 20ms  tret  40ms for the correlation Ic
is as follows: In the early stage of the numerical evolution
with tret . 15ms, the frequency of gravitational waves al-
ways has an irregular modulation (see Appendix A). For
precisely comparing the NR waveforms with those by the
TEOB approach, such modulation, even if its amplitude
is not very large, introduces the uncertainty in matching.
To remove such uncertainty, we discard the waveforms in

TABLE III. �NR ��TEOB at t = tpeak in units of radian for
the equal-mass models with N = 182 and 150, and for the
unequal-mass models with N = 150.

EOS (⌘, N) = (0.250, 182) (0.250, 150) (0.247, 150)

B 0.1 0.3 0.2

HB 0.3 0.6 0.4

H 0.7 0.9 0.7

125H 1.0 1.1 1.1

15H 1.3 1.3 1.3

the early stage. We note that even for tret � 20ms, there
are & 22 wave cycles (& 11 orbits) in our numerical data.
We confirmed that the choice of the time-window of the
matching does not significantly a↵ect the following result.
In Figs. 5 and 6, we compare the NR waveforms

with the TEOB waveforms. In Table III, we also list
�NR��TEOB at the moment that the gravitational-wave
amplitude reaches the peak (referred to as tpeak in the fol-
lowing). Figures 5 and 6 show that up to tpeak�3ms, the
TEOB waveforms well reproduce the NR waveforms irre-
spective of the EOS and mass ratio: In particular for the
models for which the compactness is large and the tidal
deformability is small (e.g., for B EOS), the agreement
is quite good even at t = tpeak � 1ms, and the disagree-
ment in the gravitational-wave phase is within 0.3 rad up
to tpeak, which is within the uncertainty due to the phase
error.

On the other hand, for the models for which the com-
pactness is relatively small (e.g., for 125H and 15H EOS),
agreement between the NR and TEOB waveforms be-
comes poor for the last few ms prior to tpeak, leading to
a phase disagreement of & 1 rad, which is greater than
the uncertainty due to the phase error (see Table III).
The interpretation for this is described as follows: For
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FIG. 7. Density profiles on the equatorial plane for the model 15H135-135 with N = 182 at t = tpeak � 1.10ms (left),
tpeak � 0.55ms (middle), and tpeak (right).

these small-compactness models, two neutron stars come
into contact at tcont ⇠ tpeak � 1ms (see the left panel
of Fig. 7). Then, after the contact, the tidal deforma-
tion is further enhanced and a dumbbell-like object is
formed (see the middle panel of Fig. 7). However, the
density peaks of the dumbbell-like object are still clearly
separated, and hence, the gravitational waveform has
a chirp-type signal although the waveform is di↵erent
slightly from the chirp signal from the separated body;
that is, the evolution process of the system is determined
by hydrodynamics equations (not simply by two-body
equations of motion) and emission process of gravita-
tional waves by the dumbbell-like object. As the dis-
tance between two density peaks decreases su�ciently,
the gravitational-wave amplitude eventually reaches the
peak (see the right panel of Fig. 7), and after the two den-
sity peaks merge, the amplitude significantly decreases.
As mentioned above, for tcont  tret  tpeak, chirp-type
gravitational waves are emitted from a dumbbell-like ob-
ject. However, the evolution of the object and the result-
ing gravitational waveforms cannot be well modeled by
the current TEOB formalism because this stage is beyond
the range of its application.

For the larger-compactness models, similar disagree-
ment is found but only for the short duration because
the tidal e↵ects are weak, and furthermore, tpeak � tcont
is . 1ms: For such compact models, the separation be-
tween two neutron stars is already small at tret = tcont,
and hence, the time scale of gravitational radiation re-
action is as short as or shorter than the orbital period.
Therefore, the duration of the stage of the dumbbell-
like configuration is quite short and the disagreement
between the NR and TEOB waveforms are not very re-
markable.

Figure 5 and Table III show that irrespective of the
numerical data employed, we obtain approximately the
same results for the comparison between the NR and
TEOB waveforms. This reconfirms that for N & 150, an
approximately convergent waveform (but with the phase
error of order 0.1 rad) can be obtained in our numerical

implementation.
To quantify the disagreement between the NR and

TEOB waveforms, we define a measure of the mismatch
by

M(tret) := 1� |(hNR|hTEOB)|
(hTEOB|hTEOB)1/2(hNR|hNR)1/2

,(4.2)

where (h1|h2) is a function of tret defined (without refer-
ring to detector noises) by

(h1|h2) :=

Z tret

ti

h1(t
0
ret)h

⇤
2(t

0
ret)dt

0
ret, (4.3)

and h⇤ denotes the complex conjugate of h. Here, ti is
chosen to be 20ms, and hNR and hTEOB denote the NR
and TEOB waveforms, respectively.
Figure 8 plots M(t) for all the models with N � 150

that we consider in this paper. This shows that the de-
gree of the mismatch steeply increases for the last in-
spiral orbits, in particular for the sti↵ EOS, due to the
lack of modeling in the TEOB formalism as mentioned
above. On the other hand, up to ⇠ tpeak � 3ms, the
match is quite good: M is smaller than 10�3. This con-
vinces us that the final issue in the TEOB formalism,
in particular for the sti↵ EOS of large tidal deformabil-
ity, is to take into account dynamics and the waveform
in the dumbbell-like object phase. The phase di↵erence,
�NR � �TEOB, as well as the mismatch, M, at a given
moment of the retarded time increases nonlinearly with
⇤̃. This suggests that for the improvement of the TEOB
approach, a new nonlinear term of the tidal deformability
is needed. This point will be discussed in our accompa-
nying paper [59].

V. SUMMARY

We presented our latest numerical-relativity results of
long-term, high-accuracy simulations for the inspiraling
binary neutron stars. The simulations were performed

NR	v.s.	SEOBNRv2T	1.35-1.35	M_sun



Binary neutron star models
• 4	mass	configuraKon	(m1+m2)  

1.35	M_sun+1.35	M_sun  
1.21	M_sun+1.51	M_sun	(q=m1/m2=0.8)  
1.16	M_sun+1.58	M_sun	(q=m1/m2=0.73)  
1.25	M_sun+1.25	M_sun	

•  

• 5	equaKons	of	state	(EOS)  
2	piecewise-polytropic	EOS  
(Read	et	al.	2009,	Lackey	et.	al	2012)  
 
 

!

!

• We	focus	only	on	the	case	that	the	neutron-star	
spins	are	absent.	
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the 1 PN order tidal correction to the wave phase can be
written in terms of the symmetric and anti-symmetric
contributions of neutron-star tidal deformation as [3]

 1PN
tidal =

3
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where ⇤̃ and �⇤̃ are defined by
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respectively. We refer to ⇤̃ as the binary tidal deforma-
bility. For the realistic cases, the tidal contributions to
the gravitational-wave phase are dominated by the con-
tributions from the ⇤̃ terms [3]. Assuming that the con-
tributions from the �⇤̃ terms and those from the higher-
order terms are always sub-dominant in the tidal part of
the wave phase, we extend the formula of Eq. (2.15) by
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FIG. 5. The di↵erence between the tidal-part phase of the
hybrid waveforms and the tidal-part wave-phase model de-
scribed in Eq. (2.21) for the unequal-mass cases. Here,
the phases are aligned for 10Hz  f  1000Hz employing
Eqs. (2.12) and (2.13).

replacing 3/32 to 3/128⌘ [48] and ⇤ to ⇤̃ as

 tidal =
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Figure 5 shows the phase di↵erence between the hy-
brid waveforms and the tidal-part wave-phase model de-
scribed in Eq. (2.21) for the unequal-mass cases. Here,
two phases are aligned for 10Hz  f  1000Hz em-
ploying Eqs. (2.12) and (2.13). Although the fitting pa-
rameters are determined only by employing the hybrid
waveform of 15H125-125, Eq. (2.17), we find that the
phase error is always smaller than ⇡ 0.05 rad for these
unequal-mass cases.

D. Tidal part model for the gravitational-wave
amplitude

We derive the tidal-part wave-amplitude model in the
same approach as we took for the wave-phase model:
First, we derive the tidal-part wave-amplitude model for
the hybrid waveforms for equal-mass cases, and then we
extend it to unequal-mass cases.

The tidal-part wave-amplitude model for the hybrid
waveforms is derived based on the 1 PN order (equal-
mass) formula for the tidal-part wave amplitude given

300 . ⇤̃ . 1900

4

TABLE I. Model name, mass of each neutron star, mi (i = 1, 2), equations of state (EOS) employed, chirp mass, Mc =

(m1m2)
3/5

/ (m1 +m2)
1/5, symmetric mass ratio, ⌘ = m1m2/ (m1 +m2)

2, binary tidal deformability ⇤̃ (see Eq. (2.19) for its
definition), location of outer boundaries along each axis denoted by L, and finest grid spacing of the simulation, �xfinest. The
radius and the dimensionless tidal deformability of neutron stars for each equation of state are listed in Table II.

Model m1 m2 EOS Mc ⌘ ⇤̃ L [km] �xfinest [m]

15H135-135 1.35 1.35 15H 1.17524 0.25 1211 7990 86

125H135-135 1.35 1.35 125H 1.17524 0.25 863 7324 79

H135-135 1.35 1.35 H 1.17524 0.25 607 6991 75

HB135-135 1.35 1.35 HB 1.17524 0.25 422 6392 69

B135-135 1.35 1.35 B 1.17524 0.25 289 5860 63

15H121-151 1.21 1.51 15H 1.17524 0.247 1198 7822 84

125H121-151 1.21 1.51 125H 1.17524 0.247 856 7323 79

H121-151 1.21 1.51 H 1.17524 0.247 604 6823 73

HB121-151 1.21 1.51 HB 1.17524 0.247 422 6324 68

B121-151 1.21 1.51 B 1.17524 0.247 290 5991 64

15H116-158 1.16 1.58 15H 1.17524 0.244 1185 7989 86

125H116-158 1.16 1.58 125H 1.17524 0.244 848 7490 80

H116-158 1.16 1.58 H 1.17524 0.244 601 6991 75

HB116-158 1.16 1.58 HB 1.17524 0.244 421 6491 70

B116-158 1.16 1.58 B 1.17524 0.244 291 5992 64

15H125-125 1.25 1.25 15H 1.08819 0.25 1875 7822 84

125H125-125 1.25 1.25 125H 1.08819 0.25 1352 7323 79

H125-125 1.25 1.25 H 1.08819 0.25 966 6823 73

HB125-125 1.25 1.25 HB 1.08819 0.25 683 6324 68

B125-125 1.25 1.25 B 1.08819 0.25 476 5991 64

TABLE II. Equations of state employed, the radius, RM , and the dimensionless tidal deformability, ⇤M , for spherical neutron
stars of M = 1.16, 1.21, 1.25, 1.35, 1.51 and 1.58M�. RM is listed in units of km.

EOS R1.16 R1.21 R1.25 R1.35 R1.51 R1.58 ⇤1.16 ⇤1.21 ⇤1.25 ⇤1.35 ⇤1.51 ⇤1.58

15H 13.60 13.63 13.65 13.69 13.73 13.73 2863 2238 1875 1211 625 465

125H 12.90 12.93 12.94 12.97 12.98 12.98 2085 1621 1352 863 435 319

H 12.23 12.25 12.26 12.27 12.26 12.25 1506 1163 966 607 298 215

HB 11.59 11.60 11.61 11.61 11.57 11.53 1079 827 683 422 200 142

B 11.98 10.98 10.98 10.96 10.89 10.84 765 581 476 289 131 91

of each neutron star. Other tidal parameters required for
generating the SEOBNRv2T waveforms, such as the oc-
tupolar tidal deformability and f-mode frequency of neu-
tron stars, are determined from given values of ⇤i by em-
ploying universal relations derived in Refs. [48, 49]. The
initial gravitational-wave frequency of the SEOBNRv2T
waveforms is always set to be 9Hz, and we use the spec-
tral data only for f � 10Hz to suppress the unphysical
modulation due to the truncation of the waveforms at
the initial time.

The hybridization of the waveforms is performed by
the procedure described in Ref. [36]. First, we align the
time and phase of the SEOBNRv2T waveforms and the
numerical-relativity waveforms by searching for ts’s and

�s’s that minimize

I =

Z t
max

t
min

�

�hNR (t0ret)� hTEOB (t0ret + ts) e
i�

s

�

�

2
dt0ret,

(2.4)

where tret is the retarded time of the simulation, hNR and
hTEOB are the time-domain complex waveforms derived
by numerical-relativity simulation and the SEOBNRv2T
formalism, respectively. Here, the complex waveform, h,
is defined by h = h+ � ih⇥, with h+ and h⇥ denoting
the plus and cross modes of gravitational waves, respec-
tively. We choose tmin = 20ms and tmax = 40ms fol-
lowing Ref. [29]. After the alignment, two waveforms are

Binary	Kdal	deformability	(e.g.	Wade	et	al.)

10.8 km  RNS  13.7 km
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⌘ =

m1m2

m1 +m2
: symmetricmass ratio

<latexit sha1_base64="VHjYFKsRQtMDIt0OIu49GiiWDPs=">AAACI3icbVBNSwMxEM3Wr1q/qh69BIsgWMquCIogFL14rGBV6JYlm85qaLK7JLNCWfpfvPhXvHhQihcP/heztQdtHQh5vDcvmXlhKoVB1/10SnPzC4tL5eXKyura+kZ1c+vGJJnm0OaJTPRdyAxIEUMbBUq4SzUwFUq4DfsXhX77CNqIJL7GQQpdxe5jEQnO0FJB9dQHZGd+pBnPVeCp4HBY3AcFOPXrua8VNQOlALXgfl0xY/y6LszDoFpzG+646CzwJqBGJtUKqiO/l/BMQYxc2oc6nptiN2caBZcwrPiZgZTxPruHjoUxU2C6+XjHId2zTI9GibYnRjpmfztypowdNLSdiuGDmdYK8j+tk2F00s1FnGYIMf/5KMokxYQWgdGe0MBRDixgXAs7K+UPzOaFNtaKDcGbXnkW3Bw2PLfhXR3VmueTOMpkh+ySfeKRY9Ikl6RF2oSTJ/JC3si78+y8OiPn46e15Ew82+RPOV/fM9CkoA==</latexit><latexit sha1_base64="VHjYFKsRQtMDIt0OIu49GiiWDPs=">AAACI3icbVBNSwMxEM3Wr1q/qh69BIsgWMquCIogFL14rGBV6JYlm85qaLK7JLNCWfpfvPhXvHhQihcP/heztQdtHQh5vDcvmXlhKoVB1/10SnPzC4tL5eXKyura+kZ1c+vGJJnm0OaJTPRdyAxIEUMbBUq4SzUwFUq4DfsXhX77CNqIJL7GQQpdxe5jEQnO0FJB9dQHZGd+pBnPVeCp4HBY3AcFOPXrua8VNQOlALXgfl0xY/y6LszDoFpzG+646CzwJqBGJtUKqiO/l/BMQYxc2oc6nptiN2caBZcwrPiZgZTxPruHjoUxU2C6+XjHId2zTI9GibYnRjpmfztypowdNLSdiuGDmdYK8j+tk2F00s1FnGYIMf/5KMokxYQWgdGe0MBRDixgXAs7K+UPzOaFNtaKDcGbXnkW3Bw2PLfhXR3VmueTOMpkh+ySfeKRY9Ikl6RF2oSTJ/JC3si78+y8OiPn46e15Ew82+RPOV/fM9CkoA==</latexit><latexit sha1_base64="VHjYFKsRQtMDIt0OIu49GiiWDPs=">AAACI3icbVBNSwMxEM3Wr1q/qh69BIsgWMquCIogFL14rGBV6JYlm85qaLK7JLNCWfpfvPhXvHhQihcP/heztQdtHQh5vDcvmXlhKoVB1/10SnPzC4tL5eXKyura+kZ1c+vGJJnm0OaJTPRdyAxIEUMbBUq4SzUwFUq4DfsXhX77CNqIJL7GQQpdxe5jEQnO0FJB9dQHZGd+pBnPVeCp4HBY3AcFOPXrua8VNQOlALXgfl0xY/y6LszDoFpzG+646CzwJqBGJtUKqiO/l/BMQYxc2oc6nptiN2caBZcwrPiZgZTxPruHjoUxU2C6+XjHId2zTI9GibYnRjpmfztypowdNLSdiuGDmdYK8j+tk2F00s1FnGYIMf/5KMokxYQWgdGe0MBRDixgXAs7K+UPzOaFNtaKDcGbXnkW3Bw2PLfhXR3VmueTOMpkh+ySfeKRY9Ikl6RF2oSTJ/JC3si78+y8OiPn46e15Ew82+RPOV/fM9CkoA==</latexit><latexit sha1_base64="VHjYFKsRQtMDIt0OIu49GiiWDPs=">AAACI3icbVBNSwMxEM3Wr1q/qh69BIsgWMquCIogFL14rGBV6JYlm85qaLK7JLNCWfpfvPhXvHhQihcP/heztQdtHQh5vDcvmXlhKoVB1/10SnPzC4tL5eXKyura+kZ1c+vGJJnm0OaJTPRdyAxIEUMbBUq4SzUwFUq4DfsXhX77CNqIJL7GQQpdxe5jEQnO0FJB9dQHZGd+pBnPVeCp4HBY3AcFOPXrua8VNQOlALXgfl0xY/y6LszDoFpzG+646CzwJqBGJtUKqiO/l/BMQYxc2oc6nptiN2caBZcwrPiZgZTxPruHjoUxU2C6+XjHId2zTI9GibYnRjpmfztypowdNLSdiuGDmdYK8j+tk2F00s1FnGYIMf/5KMokxYQWgdGe0MBRDixgXAs7K+UPzOaFNtaKDcGbXnkW3Bw2PLfhXR3VmueTOMpkh+ySfeKRY9Ikl6RF2oSTJ/JC3si78+y8OiPn46e15Ew82+RPOV/fM9CkoA==</latexit>

Mc = (m1 +m2)⌘
3/5 : chirpmass
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Frequency-domain waveform model
• We derive a frequency domain waveform model based on the numerical-rela,vity 

waveforms, in par,cular, in the frequency domain for convenience in data analysis 

• NR waveforms are s,ll too short for the use of construc,ng an waveform model, 
so we construct hybrid waveforms composed of our latest numerical-rela,vity 
waveforms (>400 Hz) and the EOB (SEOBNRv2T) waveforms (<400 Hz) to calibrate the 
waveform model. 

• Numerical-rela,vity waveforms ~30 gravita,onal cycles (>200 rad)  
0.1–0.6 rad phase error up to the peak of the amplitude  
(less than 0.1 rad un,l f < 1000Hz) 

• The EOB (SEOBNRv2T) waveforms (Hinderer et al. 2016)  
Ini,al frequency: 10 Hz

alignment	window



Results
• The following phenomenological form of a fiwng formula is 

employed: 

!

!

• Model parameters are determined by employing the hybrid 
waveform of 15H125-125, which has the largest value of Λ, 
and we obtained 

!

• The phase difference between our waveform model and the 
hybrid waveforms is always smaller than 0.1 rad. 

• There is only a small difference between the waveform 
models determined from different BNS hybrid waveforms
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FIG. 4. The di↵erence between the tidal-part phase of the
hybrid waveforms and the tidal-part phase model described
in Eq. (2.15) for the equal-mass cases, where the phases
are aligned for 10Hz  f  1000Hz employing Eqs. (2.12)
and (2.13).

is as large as 0.08 rad for f ⇡ 1000Hz. However, it is
smaller than the phase error in the numerical-relativity
waveforms associated with the finite-di↵erencing [29].

2. Unequal-mass cases

Next, we extend the tidal-part phase model of
Eq. (2.15) to unequal-mass cases. Considering the depen-
dence on the symmetric mass ratio, the 1 PN order tidal
correction to the phase can be written in terms of the
symmetric and anti-symmetric contributions of neutron-
star tidal deformation as [19]

 1PN
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FIG. 5. The di↵erence between the tidal-part phase of the
hybrid waveforms and the tidal-part phase model described
in Eq. (2.21) for the unequal-mass cases. Here, the phases
are aligned for 10Hz  f  1000Hz employing Eqs. (2.12)
and (2.13).

respectively. We refer to ⇤̃ as the binary tidal deforma-
bility. For realistic cases, the tidal contributions to the
gravitational-wave phase are dominated by the contribu-
tions from the ⇤̃ terms [19]. Assuming that the contribu-
tions from the �⇤̃ terms and those from the higher-order
terms are always sub-dominant in the tidal part of the
phase, we extend the formula of Eq. (2.15) by replacing
3/32 to 3/128⌘ [38] and ⇤ to ⇤̃ as

 tidal =
3

128⌘
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where the values in Eq. (2.17) are used for a and p.
Figure 5 shows the phase di↵erence between the hybrid

waveforms and the tidal-part phase model described in
Eq. (2.21) for the unequal-mass cases. Here, two phases
are again aligned for 10Hz  f  1000Hz employing
Eqs. (2.12) and (2.13). Although the fitting parameters
are determined only by employing the hybrid waveform
of 15H125-125, Eq. (2.17), we find that the phase error
is always smaller than ⇡ 0.07 rad for these unequal-mass
cases.

D. Tidal part model for the gravitational-wave
amplitude

We derive the tidal-part amplitude model in the same
approach as we took for the phase model: First, we derive
the tidal-part amplitude model for the hybrid waveforms
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FIG. 4. The di↵erence between the tidal-part phase of the
hybrid waveforms and the tidal-part phase model described
in Eq. (2.15) for the equal-mass cases, where the phases
are aligned for 10Hz  f  1000Hz employing Eqs. (2.12)
and (2.13).

is as large as 0.08 rad for f ⇡ 1000Hz. However, it is
smaller than the phase error in the numerical-relativity
waveforms associated with the finite-di↵erencing [29].

2. Unequal-mass cases

Next, we extend the tidal-part phase model of
Eq. (2.15) to unequal-mass cases. Considering the depen-
dence on the symmetric mass ratio, the 1 PN order tidal
correction to the phase can be written in terms of the
symmetric and anti-symmetric contributions of neutron-
star tidal deformation as [19]
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FIG. 5. The di↵erence between the tidal-part phase of the
hybrid waveforms and the tidal-part phase model described
in Eq. (2.21) for the unequal-mass cases. Here, the phases
are aligned for 10Hz  f  1000Hz employing Eqs. (2.12)
and (2.13).

respectively. We refer to ⇤̃ as the binary tidal deforma-
bility. For realistic cases, the tidal contributions to the
gravitational-wave phase are dominated by the contribu-
tions from the ⇤̃ terms [19]. Assuming that the contribu-
tions from the �⇤̃ terms and those from the higher-order
terms are always sub-dominant in the tidal part of the
phase, we extend the formula of Eq. (2.15) by replacing
3/32 to 3/128⌘ [38] and ⇤ to ⇤̃ as

 tidal =
3

128⌘



�39

2
⇤̃
⇣

1 + a⇤̃2/3xp
⌘

�

x5/2

⇥


1 +
3115

1248
x� ⇡x3/2 +

28024205

3302208
x2 � 4283

1092
⇡x5/2

�

,

(2.21)

where the values in Eq. (2.17) are used for a and p.
Figure 5 shows the phase di↵erence between the hybrid

waveforms and the tidal-part phase model described in
Eq. (2.21) for the unequal-mass cases. Here, two phases
are again aligned for 10Hz  f  1000Hz employing
Eqs. (2.12) and (2.13). Although the fitting parameters
are determined only by employing the hybrid waveform
of 15H125-125, Eq. (2.17), we find that the phase error
is always smaller than ⇡ 0.07 rad for these unequal-mass
cases.

D. Tidal part model for the gravitational-wave
amplitude

We derive the tidal-part amplitude model in the same
approach as we took for the phase model: First, we derive
the tidal-part amplitude model for the hybrid waveforms
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is as large as 0.08 rad for f ⇡ 1000Hz. However, it is
smaller than the phase error in the numerical-relativity
waveforms associated with the finite-di↵erencing [29].

2. Unequal-mass cases

Next, we extend the tidal-part phase model of
Eq. (2.15) to unequal-mass cases. Considering the depen-
dence on the symmetric mass ratio, the 1 PN order tidal
correction to the phase can be written in terms of the
symmetric and anti-symmetric contributions of neutron-
star tidal deformation as [19]
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hybrid waveforms and the tidal-part phase model described
in Eq. (2.21) for the unequal-mass cases. Here, the phases
are aligned for 10Hz  f  1000Hz employing Eqs. (2.12)
and (2.13).

respectively. We refer to ⇤̃ as the binary tidal deforma-
bility. For realistic cases, the tidal contributions to the
gravitational-wave phase are dominated by the contribu-
tions from the ⇤̃ terms [19]. Assuming that the contribu-
tions from the �⇤̃ terms and those from the higher-order
terms are always sub-dominant in the tidal part of the
phase, we extend the formula of Eq. (2.15) by replacing
3/32 to 3/128⌘ [38] and ⇤ to ⇤̃ as
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where the values in Eq. (2.17) are used for a and p.
Figure 5 shows the phase di↵erence between the hybrid

waveforms and the tidal-part phase model described in
Eq. (2.21) for the unequal-mass cases. Here, two phases
are again aligned for 10Hz  f  1000Hz employing
Eqs. (2.12) and (2.13). Although the fitting parameters
are determined only by employing the hybrid waveform
of 15H125-125, Eq. (2.17), we find that the phase error
is always smaller than ⇡ 0.07 rad for these unequal-mass
cases.

D. Tidal part model for the gravitational-wave
amplitude

We derive the tidal-part amplitude model in the same
approach as we took for the phase model: First, we derive
the tidal-part amplitude model for the hybrid waveforms
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the tidal part of the gravitational-wave phase computed
from the hybrid waveforms,  Hybrid

tidal (=  Hybrid �  pp,
where  Hybrid is the phase of the hybrid waveforms), for
the equal-mass binaries normalized by the 2.5 PN order
(equal-mass) tidal-part phase given by2 [12]
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tidal =
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where x = (⇡m0f)
2/3 is a dimensionless PN parame-

ter, and ⇤ = ⇤1 = ⇤2 for the equal-mass cases. We
note that the tidal-part phase of the hybrid waveforms
in Fig. 2 is aligned with the 2.5 PN order tidal-part
phase given by Eq. (2.14) for 10Hz  f  50Hz employ-
ing Eqs. (2.12) and (2.13). We find that the tidal-part
phase of the hybrid waveforms deviates significantly from
the 2.5 PN order tidal-part phase in the high-frequency
range, f & 500Hz (x & 0.075 for m0 = 2.7M�), and the
deviation depends non-linearly on ⇤ (note the quantities
shown in Fig. 2 are already normalized by ⇤). This indi-
cates that the non-linear contribution of ⇤ is appreciably
present in  Hybrid

tidal for the high-frequency range.
In Fig. 3, we plot the relative deviation of the

tidal-part phase of the hybrid waveforms from the 2.5

2 Strictly speaking, this formula is not complete up to the 2.5 PN
order because the 2 PN order tidal correction to gravitational-
radiation reaction is neglected. We overlook such correction in
this work because it is expected to be sub-dominant [12].

PN order tidal-part phase normalized by ⇤2/3, i.e.,
( Hybrid

tidal / 2.5PN
tidal � 1)/⇤2/3. Figure 3 clearly shows that

the relative deviation can be well approximated by a
power law in x. Furthermore, it shows that the relative
deviation is approximately proportional to ⇤2/3 because
all the curves align. We note that, exceptionally, the rela-
tive deviation for the B equation of state shows a slightly
di↵erent trend from the other cases. The reason for this is
that the tidal deformability is so small that its e↵ect can-
not be accurately extracted from the numerical-relativity
waveform for such a soft equation of state.
To correct this deviation, we extend the 2.5 PN order

tidal-part phase formula of Eq. (2.14) by multiplying a
non-linear correction to ⇤ as

 em
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where a and p are fitting parameters. We note that the
exponent of the nonlinear term in ⇤, p, is deduced to be
⇡ 2/3 even if it is also set to be a fitting parameter and
determined by employing several hybrid waveforms. The
fitting parameters, a and p, are determined by minimiz-
ing

I 00 =

Z f
max

f
min

�

�

�

 Hybrid
tidal (f)� em

tidal (f)� 2⇡ft0 + �0

�

�

�

2
df,

(2.16)

where t0 and �0 are parameters that correspond to the
degrees of freedom for choosing the time and phase ori-
gins. Thus, we minimize I 00 for the four parameters, a,
p, t0, and �0. The fitting is performed for fmin = 10Hz
and fmax = 1000Hz.
We use the hybrid waveform of 15H125-125 for deter-

mining the fitting parameters because the non-linear con-
tribution of ⇤ is most significant for this among the bi-
nary neutron star models employed in this work. Then
we obtain

a = 12.55,

p = 4.240. (2.17)

Figure 4 shows the phase di↵erence between the tidal-
part of the hybrid waveforms and the tidal-part phase
model of Eq. (2.15) for the equal-mass cases, where two
phases are aligned for 10Hz  f  1000Hz employing
Eqs. (2.12) and (2.13). Although the fitting parameters
are determined by employing only the hybrid waveform
of 15H125-125 as a reference, we find that the error in
the tidal-part phase model, Eq. (2.15), is always smaller
than 0.05 rad except for 15H135-135. This result indi-
cates that there is only a small di↵erence between the
waveform models determined from di↵erent hybrid wave-
forms (see Appendix D). The phase error for 15H135-135



Validity check: 
Systema,c error

• The	systemaKc	error	in	the	
measurement	of	Λ	with	respect	to	
the	hybrid	waveforms	is	always	
smaller	than	20
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TABLE IV. The systematic error of our waveform model and the PN waveform model (PNtidal(TF2+)) in the measurement
of binary parameters using the hybrid waveforms as hypothetical signals.

Model our waveform model PNtidal(TF2+)

⇤̃ �Mc [M�] �⌘ �⇤̃ �Mc [M�] �⌘ �⇤̃

15H135-135 1211 1.1⇥ 10�7 1.8⇥ 10�6 2.1 3.8⇥ 10�6 3.1⇥ 10�4 250

125H135-135 863 1.9⇥ 10�7 7.7⇥ 10�6 2.8 3.1⇥ 10�6 2.5⇥ 10�4 177

H135-135 607 2.2⇥ 10�7 9.0⇥ 10�6 0.1 2.0⇥ 10�6 1.6⇥ 10�4 105

HB135-135 422 2.3⇥ 10�7 8.8⇥ 10�6 -2.4 1.4⇥ 10�6 1.0⇥ 10�4 59

B135-135 289 1.7⇥ 10�7 6.0⇥ 10�6 -3.7 7.8⇥ 10�7 5.5⇥ 10�5 28.9

15H121-151 1198 4.1⇥ 10�7 2.4⇥ 10�5 9.8 3.9⇥ 10�6 3.1⇥ 10�4 245

125H121-151 856 2.2⇥ 10�7 1.0⇥ 10�5 2.1 3.2⇥ 10�6 2.5⇥ 10�4 175

H121-151 604 1.8⇥ 10�7 6.9⇥ 10�6 -1.9 2.1⇥ 10�6 1.6⇥ 10�4 105

HB121-151 422 2.6⇥ 10�7 1.1⇥ 10�5 -2.6 1.4⇥ 10�6 1.0⇥ 10�4 59

B121-151 290 1.6⇥ 10�7 5.3⇥ 10�6 -6.1 8.0⇥ 10�7 5.5⇥ 10�5 27

15H116-158 1185 6.3⇥ 10�7 4.0⇥ 10�5 14.7 4.0⇥ 10�6 3.2⇥ 10�4 243

125H116-158 848 5.0⇥ 10�7 2.9⇥ 10�5 6.7 3.4⇥ 10�6 2.6⇥ 10�4 176

H116-158 601 2.8⇥ 10�7 1.4⇥ 10�5 -1.5 2.2⇥ 10�6 1.6⇥ 10�4 105

HB116-158 421 2.3⇥ 10�7 9.7⇥ 10�6 -5.0 1.5⇥ 10�6 1.0⇥ 10�4 58

B116-158 291 1.4⇥ 10�7 2.9⇥ 10�6 -9.1 7.7⇥ 10�7 5.2⇥ 10�5 24

15H125-125 1875 1.7⇥ 10�7 4.3⇥ 10�6 1.5 2.5⇥ 10�6 2.6⇥ 10�4 296

125H125-125 1352 7.1⇥ 10�8 �3.2⇥ 10�6 -3.6 3.2⇥ 10�6 3.0⇥ 10�4 265

H125-125 966 5.3⇥ 10�8 �5.3⇥ 10�6 -8.1 2.2⇥ 10�6 2.0⇥ 10�4 168

HB125-125 683 �4.5⇥ 10�8 �6.9⇥ 10�6 -13 1.4⇥ 10�6 1.2⇥ 10�4 93

B125-125 476 �4.3⇥ 10�8 �1.5⇥ 10�5 -20 7.8⇥ 10�7 6.2⇥ 10�5 39
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are 104 and 0.89, respectively.

correlated with the value of the distinguishability. In
particular, we find that the correlation can be described
by a fitting formula in the form |�⇤̃| = c[�⇢(⇢ = 50)]r,
where c and r are 104 and 0.89, respectively. Assum-
ing that this relation approximately holds for the SEOB-
NRv2T waveforms, the systematic error of the SEOB-

NRv2T waveforms in the measurement of ⇤̃ with respect
to the hybrid waveforms is as large as ⇠ 50 for the 15H
equation of state, and in particular, ⇠ 100 for 15H125-
125. This indicates that the improvement is needed for
the TEOB formalism for large values of ⇤̃, for example
the low-mass cases, if we want to constrain ⇤̃ within an
error of ⇠ 100.

C. Variation of the binary tidal deformability with
respect to the masses

The binary tidal deformability, ⇤̃, is tightly correlated
with the chirp mass, Mc, for a given equation of state,
while it depends only weakly on the mass ratio for a rea-
sonable range (see also Fig. 2 of Ref. [19]). Figure 8 shows
the relation between ⇤̃ and Mc in the range of the mass
ratio 0.7  m1/m2 = 1 or equivalently the symmetric
mass ratio 0.242 . ⌘  0.25 [3]. The variation of ⇤̃ at
Mc = 1.35M�/21/5 is less than 3% for equations of state
adopted in this study. Quantitatively, the variation of ⇤̃
between values at m1/m2 = 0.7 (⌘ ⇡ 0.242) and at 1
(⌘ = 0.25) is 35 (3%), 20 (2%), 19 (1.5%), 1 (< 1%),
and 3 (< 1%) for 15H, 125H, H, HB, and B, respectively.
This variation is smaller than the statistical error in mea-
suring ⇤̃ shown in Fig. 10 even for ⇢ = 100 (see the next
section for details). Thus, a simultaneous measurement
of the chirp mass, Mc, and the binary tidal deformabil-
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where �0 and t0 are the arbitrary phase and time shifts
of the waveforms. We also define the mismatch (or un-
faithfulness) between two waveforms, h̃1 and h̃2, by

F̄ = 1�max
�
0

,t
0

⇣

h̃1

�

�

�

h̃2 (�0, t0)
⌘

||h̃1|| ||h̃2||
. (3.5)

Throughout this paper, we employ the noise spectrum
density of the ZERO DETUNED HIGH POWER configuration
of advanced LIGO [50] for Sn. The lower and upper
bounds of the integration in Eq. (3.2) are set to be 10Hz
and 1000Hz, respectively. We note that ⇢ corresponds
to the signal-to-noise ratio of the signal. �⇢ = 1 shows
that two waveforms are distinguishable approximately at
the 1� level [49]. The signal-to-noise ratio and the distin-
guishability are proportional to the inverse of the e↵ective
distance, De↵ .

In Table III, we summarize the distinguishability be-
tween our waveform model and the hybrid waveforms.
Here, the signal-to-noise ratio is always fixed to be 50 by
adjusting De↵ because the tidal deformability is clearly
measurable only for events with a high signal-to-noise ra-
tio. For comparison, we also compute the distinguishabil-
ity of the TEOBv2 waveforms and PN waveform models
with respect to the hybrid waveforms. For the tidal part
of the PN waveform models, we employ the 2.5 PN order
wave-phase and the 1 PN order wave-amplitude formulas
given by [2, 13, 36]

 2.5PN0

tidal =
3
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�39
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and

A1PN0

tidal =

r

5⇡⌘

24

m2
0

De↵
⇤̃x�7/4

✓

�27

16
x5 � 449

64
x6

◆

, (3.7)

respectively.3 “PNtidal(TF2)” and “PNtidal(TF2+)” in
Table III denote PN waveform models employing Tay-
lorF2 and TF2+ (see Appendix A) as the point-particle
parts of gravitational waves, respectively. Here, the
3.5 PN and 3 PN order formulas are employed for the
wave phase and wave amplitude, respectively, for Tay-
lorF2 [48].

For all the cases, the distinguishability and the mis-
match between our waveform model and the hybrid wave-
forms are smaller than 0.2 and 10�5, respectively. This

3 We note that, for Eqs. (3.6) and (3.7), the dependence on the
mass ratio is only considered in the leading order coe�cient and
in ⇤̃ for simplicity. This can be justified by the fact that the
asymmetric-tidal correction is expected to be sub-dominant [3].
Indeed, we find that employing PN tidal formulas with full de-
pendence on the mass ratio changes the results in Table III only
by . 10%.

means that the distinguishability of our waveform model
from the hybrid waveforms is smaller than unity even
for ⇢ = 250 in the frequency region of 10–1000Hz. In
Sec. IID, we found that the error of the tidal-part wave-
amplitude model is relatively large for ⇤̃ � 850. Never-
theless, the results in Table III show that our waveform
model agrees with the hybrid waveforms in reasonable
accuracy.
The TEOBv2 waveforms also show good agreements

with the hybrid waveforms for ⇤̃ . 600. On the other
hand, the TEOBv2 waveforms have larger values of the
distinguishability and the mismatch than our waveform
model for ⇤̃ & 700 with respect to the hybrid waveforms.
The value of the distinguishability is larger than 0.5 for
the cases with the 15H EOS, and in particular, the dis-
tinguishability is ⇡ 0.8 for 15H125-125. For this case,
the TEOBv2 waveforms and the hybrid waveforms are
distinguishable at the 1� level for ⇢ ⇠ 60. These re-
sults are consistent with the results of Ref. [29] in which
larger phase di↵erence between the TEOBv2 waveforms
and the numerical waveforms is found for the cases with
larger values of ⇤̃.
PN waveform models, PNtidal(TF2) and PNti-

dal(TF2+), show poor agreements with the hybrid wave-
forms. For PNtidal(TF2), the distinguishability and the
mismatch are always larger than 2 and 8⇥ 10�3, respec-
tively, and in particular, the distinguishability is larger
than 4 for 15H121-151 and 15H125-125. This large dis-
tinguishability is not only due to the lack of higher-order
terms in the tidal part but also due to the lack of those
terms in the point-particle part of PNtidal(TF2) wave-
forms. Indeed, the distinguishability of PNtidal(TF2+)
from the hybrid waveforms, which purely reflects the dif-
ference of PNtidal(TF2+) from the hybrid waveforms in
the tidal parts of gravitational waves, is always smaller
than that of PNtidal(TF2), and in particular, is as small
as ⇠ 0.3 for the cases with the B EOS. However, even
for PNtidal(TF2+), the distinguishability is larger than
⇡ 1.4 for the case that ⇤̃ � 850. This indicates that PN
tidal formulas of Eqs. (3.6) and (3.7) are not suitable for
the case that ⇤̃ & 850 and ⇢ & 35.

B. Systematic error

Next, we estimate the systematic errors of our wave-
form model in the measurement of binary parameters.
Employing the hybrid waveforms as hypothetical signals,
the systematic error for each waveform parameter, �✓i,
is defined by ✓Ti �✓i where ✓Ti is a parameter of the hybrid
waveforms and ✓i is the corresponding best-fit parameter
determined from

min
{✓i}6

i=1

�

�

�

�

�

�

h̃Hybrid

h

�

✓Ti
 6

i=1

i

� h̃model

h

{✓i}6i=1

i

�

�

�

�

�

�

, (3.8)

where h̃Hybrid is the Fourier spectrum of the hybrid wave-
forms. We note that the systematic error does not de-
pend on the signal-to-noise ratio.
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where De↵ is the e↵ective distance to the binary (see
Ref. [36] for its definition). To take the higher PN order
tidal e↵ects into account, we add a polynomial term to
Eq. (2.22) as
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where b and q are the fitting parameters. We determine
b and q by minimizing
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where AHybrid
tidal is the tidal-part amplitude of the hy-

brid waveforms, fmin and fmax are set to be 10Hz and
1000Hz, respectively. Employing the hybrid waveform
of 15H125-125 as a reference, we obtain b = �4251 and
q = 7.890.

As in the wave-phase model, we extend Eq. (2.23) to
unequal-mass cases by replacing the leading order coef-
ficient,
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Figure 6 shows the relative error of the tidal-part wave-
amplitude model defined by (AHybrid

tidal � Atidal)/AHybrid,
where AHybrid is the amplitude of the hybrid waveforms.
For ⇤̃  850, the relative error of the tidal-part wave-
amplitude model is always smaller than 10%. The rela-
tive error is larger for ⇤̃ � 850, and in particular, it is
larger than 15% for 15H135-135 and 15H121-151. How-
ever, such large errors are only present for f & 900Hz,
and they have only minor e↵ects on the accuracy of our
waveform model as is shown in the next section.

III. VALIDITY OF THE ANALYTICAL MODEL

We constructed a frequency-domain gravitational-
waveform model for binary neutron stars by employing
the tidal-part and point-particle part models of gravi-
tational waves derived in the previous section and Ap-
pendix A, respectively, as

h̃model = h̃model

⇣

f ;Mc, ⌘, ⇤̃,�0, t0, De↵

⌘

(3.1)

= (ATF2+ +Atidal) e
�i( 

TF2+

+ 
tidal

).

This waveform model has 6 parameters, {✓i}6i=1 =
n

Mc, ⌘, ⇤̃,�0, t0, De↵

o

. In this section we check the va-

lidity of our waveform model assuming the hybrid wave-
forms as signals.

A. Distinguishability

To check the validity of our waveform model derived in
the previous section, we calculate the distinguishability
between our waveform model and the hybrid waveforms
supposing advanced LIGO as a fiducial detector. For this
purpose, we introduce an inner product and the norm of
the waveforms as

⇣
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and

⇢ = ||h̃|| =
r
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�

h̃
⌘

, (3.3)

respectively, where Sn denotes the one-sided noise spec-
trum density of the detector. The distinguishability be-
tween two waveforms, h̃1 and h̃2, is defined by [17, 49]

�⇢
⇣

h̃1, h̃2

⌘

= min
�
0

,t
0

||h̃1 � h̃2 (�0, t0) ||, (3.4)
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where De↵ is the e↵ective distance to the binary (see
Ref. [36] for its definition). To take the higher PN order
tidal e↵ects into account, we add a polynomial term to
Eq. (2.22) as
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where b and q are the fitting parameters. We determine
b and q by minimizing

I 000 =
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where AHybrid
tidal is the tidal-part amplitude of the hy-

brid waveforms, fmin and fmax are set to be 10Hz and
1000Hz, respectively. Employing the hybrid waveform
of 15H125-125 as a reference, we obtain b = �4251 and
q = 7.890.

As in the wave-phase model, we extend Eq. (2.23) to
unequal-mass cases by replacing the leading order coef-
ficient,

p

5⇡/96, and ⇤ to
p

5⇡⌘/24 and ⇤̃, respectively,

as
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Figure 6 shows the relative error of the tidal-part wave-
amplitude model defined by (AHybrid

tidal � Atidal)/AHybrid,
where AHybrid is the amplitude of the hybrid waveforms.
For ⇤̃  850, the relative error of the tidal-part wave-
amplitude model is always smaller than 10%. The rela-
tive error is larger for ⇤̃ � 850, and in particular, it is
larger than 15% for 15H135-135 and 15H121-151. How-
ever, such large errors are only present for f & 900Hz,
and they have only minor e↵ects on the accuracy of our
waveform model as is shown in the next section.

III. VALIDITY OF THE ANALYTICAL MODEL

We constructed a frequency-domain gravitational-
waveform model for binary neutron stars by employing
the tidal-part and point-particle part models of gravi-
tational waves derived in the previous section and Ap-
pendix A, respectively, as

h̃model = h̃model

⇣

f ;Mc, ⌘, ⇤̃,�0, t0, De↵

⌘

(3.1)

= (ATF2+ +Atidal) e
�i( 

TF2+

+ 
tidal

).

This waveform model has 6 parameters, {✓i}6i=1 =
n

Mc, ⌘, ⇤̃,�0, t0, De↵

o

. In this section we check the va-

lidity of our waveform model assuming the hybrid wave-
forms as signals.

A. Distinguishability

To check the validity of our waveform model derived in
the previous section, we calculate the distinguishability
between our waveform model and the hybrid waveforms
supposing advanced LIGO as a fiducial detector. For this
purpose, we introduce an inner product and the norm of
the waveforms as
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and
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respectively, where Sn denotes the one-sided noise spec-
trum density of the detector. The distinguishability be-
tween two waveforms, h̃1 and h̃2, is defined by [17, 49]
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h̃1, h̃2

⌘

= min
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0

,t
0

||h̃1 � h̃2 (�0, t0) ||, (3.4)

SystemaKc	error:
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where De↵ is the e↵ective distance to the binary (see
Ref. [36] for its definition). To take the higher PN order
tidal e↵ects into account, we add a polynomial term to
Eq. (2.22) as
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where b and q are the fitting parameters. We determine
b and q by minimizing

I 000 =
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where AHybrid
tidal is the tidal-part amplitude of the hy-

brid waveforms, fmin and fmax are set to be 10Hz and
1000Hz, respectively. Employing the hybrid waveform
of 15H125-125 as a reference, we obtain b = �4251 and
q = 7.890.

As in the wave-phase model, we extend Eq. (2.23) to
unequal-mass cases by replacing the leading order coef-
ficient,

p

5⇡/96, and ⇤ to
p

5⇡⌘/24 and ⇤̃, respectively,

as
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Figure 6 shows the relative error of the tidal-part wave-
amplitude model defined by (AHybrid

tidal � Atidal)/AHybrid,
where AHybrid is the amplitude of the hybrid waveforms.
For ⇤̃  850, the relative error of the tidal-part wave-
amplitude model is always smaller than 10%. The rela-
tive error is larger for ⇤̃ � 850, and in particular, it is
larger than 15% for 15H135-135 and 15H121-151. How-
ever, such large errors are only present for f & 900Hz,
and they have only minor e↵ects on the accuracy of our
waveform model as is shown in the next section.

III. VALIDITY OF THE ANALYTICAL MODEL

We constructed a frequency-domain gravitational-
waveform model for binary neutron stars by employing
the tidal-part and point-particle part models of gravi-
tational waves derived in the previous section and Ap-
pendix A, respectively, as

h̃model = h̃model

⇣

f ;Mc, ⌘, ⇤̃,�0, t0, De↵

⌘

(3.1)

= (ATF2+ +Atidal) e
�i( 

TF2+

+ 
tidal

).

This waveform model has 6 parameters, {✓i}6i=1 =
n

Mc, ⌘, ⇤̃,�0, t0, De↵

o

. In this section we check the va-

lidity of our waveform model assuming the hybrid wave-
forms as signals.

A. Distinguishability

To check the validity of our waveform model derived in
the previous section, we calculate the distinguishability
between our waveform model and the hybrid waveforms
supposing advanced LIGO as a fiducial detector. For this
purpose, we introduce an inner product and the norm of
the waveforms as
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and
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, (3.3)

respectively, where Sn denotes the one-sided noise spec-
trum density of the detector. The distinguishability be-
tween two waveforms, h̃1 and h̃2, is defined by [17, 49]
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= min
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,t
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where De↵ is the e↵ective distance to the binary (see
Ref. [36] for its definition). To take the higher PN order
tidal e↵ects into account, we add a polynomial term to
Eq. (2.22) as
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where b and q are the fitting parameters. We determine
b and q by minimizing
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where AHybrid
tidal is the tidal-part amplitude of the hy-

brid waveforms, fmin and fmax are set to be 10Hz and
1000Hz, respectively. Employing the hybrid waveform
of 15H125-125 as a reference, we obtain b = �4251 and
q = 7.890.

As in the wave-phase model, we extend Eq. (2.23) to
unequal-mass cases by replacing the leading order coef-
ficient,

p

5⇡/96, and ⇤ to
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Figure 6 shows the relative error of the tidal-part wave-
amplitude model defined by (AHybrid

tidal � Atidal)/AHybrid,
where AHybrid is the amplitude of the hybrid waveforms.
For ⇤̃  850, the relative error of the tidal-part wave-
amplitude model is always smaller than 10%. The rela-
tive error is larger for ⇤̃ � 850, and in particular, it is
larger than 15% for 15H135-135 and 15H121-151. How-
ever, such large errors are only present for f & 900Hz,
and they have only minor e↵ects on the accuracy of our
waveform model as is shown in the next section.

III. VALIDITY OF THE ANALYTICAL MODEL

We constructed a frequency-domain gravitational-
waveform model for binary neutron stars by employing
the tidal-part and point-particle part models of gravi-
tational waves derived in the previous section and Ap-
pendix A, respectively, as

h̃model = h̃model

⇣

f ;Mc, ⌘, ⇤̃,�0, t0, De↵

⌘

(3.1)

= (ATF2+ +Atidal) e
�i( 

TF2+

+ 
tidal

).

This waveform model has 6 parameters, {✓i}6i=1 =
n

Mc, ⌘, ⇤̃,�0, t0, De↵

o

. In this section we check the va-

lidity of our waveform model assuming the hybrid wave-
forms as signals.

A. Distinguishability

To check the validity of our waveform model derived in
the previous section, we calculate the distinguishability
between our waveform model and the hybrid waveforms
supposing advanced LIGO as a fiducial detector. For this
purpose, we introduce an inner product and the norm of
the waveforms as
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respectively, where Sn denotes the one-sided noise spec-
trum density of the detector. The distinguishability be-
tween two waveforms, h̃1 and h̃2, is defined by [17, 49]
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Sn (f) : noise spectrumdensity

(the ZERO DETUNED HIGH POWER configuration)
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Sta,s,cal error

• Employing the standard Fisher-matrix 
analysis, we es,mated the sta,s,cal error  
in the measurement of binary parameters  

• Sta,s,cal error is always smaller than  
the systema,c error of the model  
(against the hybrid waveforms)  
if SNR is smaller than ~100 

• We obtained results consistent with  
the previous studies  
(Hinderer et al. 2010, Damour et al. 2012, 
Wade et al. 2014)
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and dashed curves denote the cases with ⌘ = 0.25 and
0.244, respectively. The black curves denote the results
for (Mc/(1/4)3/5, ⇤̃) = (2.7M�, 0) in which analysis the
tides are not considered (note that the tides are consid-
ered in the analysis for the ⇤̃ = 0 cases for which the
results are shown with blue, green and light-blue curves
in Fig. 9).

The top panel in Fig. 9 shows that the statistical error
in the measurement of Mc depends only weakly on the
upper-bound frequency of the analysis for fmax & 400Hz.
The improvement of the statistical error by changing
fmax from 400Hz to 1000Hz is only ⇡ 25%. Figure 9
also shows that the statistical error becomes smaller for
smaller values of Mc, and depends only very weakly on
⌘ and ⇤̃. The bottom panel in Fig. 9 shows that the
statistical error in the measurement of ⌘ depends more
strongly on the upper-bound frequency than that of Mc.
The statistical error is reduced by ⇡ 40% by changing
fmax from 400Hz to 1000Hz. On the other hand, the
statistical error of ⌘ depends only very weakly on the bi-
nary parameters, such as Mc, ⌘, and ⇤̃. The results of
the analysis without tides show that, if tides are consid-
ered, the statistical error of Mc increases by ⇡ 25–40%,
and that of ⌘ by a factor of 2. These results are consistent
with those found in Ref. [12].

Figure 10 shows the statistical error in the measure-
ment of ⇤̃. The top panel of Fig. 10 shows that the
statistical error of ⇤̃ is significantly reduced if the upper-
bound frequency is increased. The statistical error de-
creases approximately in proportion to 1/f2

max. On the
other hand, the statistical error depends only weakly on
Mc and ⌘. This dependence on fmax and ⌘ is consistent
with Eq. (23) in Ref. [10]. The bottom panel of Fig. 10
shows the statistical error of ⇤̃ as a function of ⇤̃ for
the case fmax = 1000Hz. This indicates that the sta-
tistical error of ⇤̃ does not depend strongly on ⇤̃, and
it is always 110–170 for the case that the signal-to-noise
ratio is 50 and fmax = 1000Hz. Thus, the systematic er-
ror in our waveform model is likely to be always smaller
than the statistical error unless the signal-to-noise ra-
tio is larger than ⇠ 300. We note that the statistical
error of ⇤̃ shown in Fig. 10 is slightly larger than that
obtained in Refs. [12, 19]. This is because these works
employ higher upper-bound frequency than in Fig. 10:
The upper-bound frequency is set to be the frequency of
the innermost-stable-circular orbit (f ⇡1500–1800Hz) or
the frequency at the contact of neutron stars (f ⇡1200–
1800Hz) in Refs. [12, 19]. Indeed, we obtain the val-
ues consistent with Refs. [12, 19] if we employ the same
upper-bound frequency as in Refs. [12, 19]. However, we
restrict our model to < 1000Hz because our model is
calibrated only up to 1000Hz (see Appendix B.)

We neglected the e↵ects of the neutron-star spins on
the waveforms in this work. We note that if we take
into account the e↵ect of neutron-star spins, the sta-
tistical error would increase [3, 12]. For currently ob-
served values of spin parameters in Galactic binary pul-
sars [3, 53, 54], we may incorporate the spin e↵ects in
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FIG. 10. (Top panel) The same as Fig. 9 but for ⇤̃. (Bottom
panel) The statistical error in the measurement of ⇤̃ as a
function of ⇤̃. The upper-bound frequency is set to be 1000Hz
and the signal-to-noise ratio is set to be 50.

our waveform model by adding PN correction to the for-
mula: ⇡ 0.03 is the largest dimensionless-spin parameter
observed in the binary neutron star systems which will
merge in the Hubble time [3, 53, 54] assuming 1.35M�
and 2 ⇥ 1045 g cm2 [55] for the mass and the moment
of inertia of the neutron star, respectively. Up to such
magnitude of the neutron-star spin, employing the spin
correction up to the 3.5 PN order (including the 2 PN
quadratic spin correction) [38, 56, 57] may be su�cient
to describe the e↵ects of the spins in the level of our
model uncertainty, if the spin contribution to the tidal
e↵ects is negligible. Indeed, employing the SEOBNRv2
waveforms, we found that the error induced by neglect-
ing the higher-order PN spin correction would be only
at most comparable to the fitting error of our waveform
model for the case that the dimensionless spin parameter

SNR ⇡
q

(h̃|h̃)
<latexit sha1_base64="xUE+jscwVMlr4/eMi0jXqsPSK60=">AAACF3icbZDLSsNAFIYn9VbrLerSzWAR6qYkIuiy6MaV1Esv0IQymU7boZOLMydiiXkLN76KGxeKuNWdb+O0DaitPwx8/OcczpzfiwRXYFlfRm5ufmFxKb9cWFldW98wN7fqKowlZTUailA2PaKY4AGrAQfBmpFkxPcEa3iD01G9ccuk4mFwDcOIuT7pBbzLKQFttc1y4kgfX51fpg6JIhneOepGQlJKHOCiw3A/vf/B/bRtFq2yNRaeBTuDIspUbZufTieksc8CoIIo1bKtCNyESOBUsLTgxIpFhA5Ij7U0BsRnyk3Gd6V4Tzsd3A2lfgHgsft7IiG+UkPf050+gb6aro3M/2qtGLrHbsKDKAYW0MmibiwwhHgUEu5wySiIoQZCJdd/xbRPJKGgoyzoEOzpk2ehflC2rbJ9cVisnGRx5NEO2kUlZKMjVEFnqIpqiKIH9IRe0KvxaDwbb8b7pDVnZDPb6I+Mj28Ux6B6</latexit><latexit sha1_base64="xUE+jscwVMlr4/eMi0jXqsPSK60=">AAACF3icbZDLSsNAFIYn9VbrLerSzWAR6qYkIuiy6MaV1Esv0IQymU7boZOLMydiiXkLN76KGxeKuNWdb+O0DaitPwx8/OcczpzfiwRXYFlfRm5ufmFxKb9cWFldW98wN7fqKowlZTUailA2PaKY4AGrAQfBmpFkxPcEa3iD01G9ccuk4mFwDcOIuT7pBbzLKQFttc1y4kgfX51fpg6JIhneOepGQlJKHOCiw3A/vf/B/bRtFq2yNRaeBTuDIspUbZufTieksc8CoIIo1bKtCNyESOBUsLTgxIpFhA5Ij7U0BsRnyk3Gd6V4Tzsd3A2lfgHgsft7IiG+UkPf050+gb6aro3M/2qtGLrHbsKDKAYW0MmibiwwhHgUEu5wySiIoQZCJdd/xbRPJKGgoyzoEOzpk2ehflC2rbJ9cVisnGRx5NEO2kUlZKMjVEFnqIpqiKIH9IRe0KvxaDwbb8b7pDVnZDPb6I+Mj28Ux6B6</latexit><latexit sha1_base64="xUE+jscwVMlr4/eMi0jXqsPSK60=">AAACF3icbZDLSsNAFIYn9VbrLerSzWAR6qYkIuiy6MaV1Esv0IQymU7boZOLMydiiXkLN76KGxeKuNWdb+O0DaitPwx8/OcczpzfiwRXYFlfRm5ufmFxKb9cWFldW98wN7fqKowlZTUailA2PaKY4AGrAQfBmpFkxPcEa3iD01G9ccuk4mFwDcOIuT7pBbzLKQFttc1y4kgfX51fpg6JIhneOepGQlJKHOCiw3A/vf/B/bRtFq2yNRaeBTuDIspUbZufTieksc8CoIIo1bKtCNyESOBUsLTgxIpFhA5Ij7U0BsRnyk3Gd6V4Tzsd3A2lfgHgsft7IiG+UkPf050+gb6aro3M/2qtGLrHbsKDKAYW0MmibiwwhHgUEu5wySiIoQZCJdd/xbRPJKGgoyzoEOzpk2ehflC2rbJ9cVisnGRx5NEO2kUlZKMjVEFnqIpqiKIH9IRe0KvxaDwbb8b7pDVnZDPb6I+Mj28Ux6B6</latexit><latexit sha1_base64="xUE+jscwVMlr4/eMi0jXqsPSK60=">AAACF3icbZDLSsNAFIYn9VbrLerSzWAR6qYkIuiy6MaV1Esv0IQymU7boZOLMydiiXkLN76KGxeKuNWdb+O0DaitPwx8/OcczpzfiwRXYFlfRm5ufmFxKb9cWFldW98wN7fqKowlZTUailA2PaKY4AGrAQfBmpFkxPcEa3iD01G9ccuk4mFwDcOIuT7pBbzLKQFttc1y4kgfX51fpg6JIhneOepGQlJKHOCiw3A/vf/B/bRtFq2yNRaeBTuDIspUbZufTieksc8CoIIo1bKtCNyESOBUsLTgxIpFhA5Ij7U0BsRnyk3Gd6V4Tzsd3A2lfgHgsft7IiG+UkPf050+gb6aro3M/2qtGLrHbsKDKAYW0MmibiwwhHgUEu5wySiIoQZCJdd/xbRPJKGgoyzoEOzpk2ehflC2rbJ9cVisnGRx5NEO2kUlZKMjVEFnqIpqiKIH9IRe0KvxaDwbb8b7pDVnZDPb6I+Mj28Ux6B6</latexit>

✓T
<latexit sha1_base64="H6tb2MH/NaioK856QauAZXtH34w=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK/YI2ls120y7dbMLuRCmh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4dua3H7k2IlYNnCTcj+hQiVAwilZ66OGII+1nPR2RxrRfrrhVdw6ySrycVCBHvV/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/OopObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMwiIAOhOUM5sYQyLeythI2opgxtUCUbgrf88ippXVQ9t+rdX1ZqN3kcRTiBUzgHD66gBndQhyYw0PAMr/DmPDkvzrvzsWgtOPnMMfyB8/kDf4uSfg==</latexit><latexit sha1_base64="H6tb2MH/NaioK856QauAZXtH34w=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK/YI2ls120y7dbMLuRCmh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4dua3H7k2IlYNnCTcj+hQiVAwilZ66OGII+1nPR2RxrRfrrhVdw6ySrycVCBHvV/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/OopObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMwiIAOhOUM5sYQyLeythI2opgxtUCUbgrf88ippXVQ9t+rdX1ZqN3kcRTiBUzgHD66gBndQhyYw0PAMr/DmPDkvzrvzsWgtOPnMMfyB8/kDf4uSfg==</latexit><latexit sha1_base64="H6tb2MH/NaioK856QauAZXtH34w=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK/YI2ls120y7dbMLuRCmh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4dua3H7k2IlYNnCTcj+hQiVAwilZ66OGII+1nPR2RxrRfrrhVdw6ySrycVCBHvV/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/OopObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMwiIAOhOUM5sYQyLeythI2opgxtUCUbgrf88ippXVQ9t+rdX1ZqN3kcRTiBUzgHD66gBndQhyYw0PAMr/DmPDkvzrvzsWgtOPnMMfyB8/kDf4uSfg==</latexit><latexit sha1_base64="H6tb2MH/NaioK856QauAZXtH34w=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK/YI2ls120y7dbMLuRCmh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4dua3H7k2IlYNnCTcj+hQiVAwilZ66OGII+1nPR2RxrRfrrhVdw6ySrycVCBHvV/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/OopObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMwiIAOhOUM5sYQyLeythI2opgxtUCUbgrf88ippXVQ9t+rdX1ZqN3kcRTiBUzgHD66gBndQhyYw0PAMr/DmPDkvzrvzsWgtOPnMMfyB8/kDf4uSfg==</latexit>

�✓
<latexit sha1_base64="gBK/ZIYqwO5zadNd3R5YUfVqic4=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQtlsJ+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNkmmObR4IhPdDZkBKRS0UKCEbqqBxaGETji+nfmdJ9BGJOoRJykEMRsqEQnO0Eq+fwcSmY8jQNav1ty6OwddJV5BaqRAs1/98gcJz2JQyCUzpue5KQY50yi4hGnFzwykjI/ZEHqWKhaDCfL5zVN6ZpUBjRJtSyGdq78nchYbM4lD2xkzHJllbyb+5/UyjK6DXKg0Q1B8sSjKJMWEzgKgA6GBo5xYwrgW9lbKR0wzjjamig3BW355lbQv6p5b9x4ua42bIo4yOSGn5Jx45Io0yD1pkhbhJCXP5JW8OZnz4rw7H4vWklPMHJM/cD5/AAcHkao=</latexit><latexit sha1_base64="gBK/ZIYqwO5zadNd3R5YUfVqic4=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQtlsJ+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNkmmObR4IhPdDZkBKRS0UKCEbqqBxaGETji+nfmdJ9BGJOoRJykEMRsqEQnO0Eq+fwcSmY8jQNav1ty6OwddJV5BaqRAs1/98gcJz2JQyCUzpue5KQY50yi4hGnFzwykjI/ZEHqWKhaDCfL5zVN6ZpUBjRJtSyGdq78nchYbM4lD2xkzHJllbyb+5/UyjK6DXKg0Q1B8sSjKJMWEzgKgA6GBo5xYwrgW9lbKR0wzjjamig3BW355lbQv6p5b9x4ua42bIo4yOSGn5Jx45Io0yD1pkhbhJCXP5JW8OZnz4rw7H4vWklPMHJM/cD5/AAcHkao=</latexit><latexit sha1_base64="gBK/ZIYqwO5zadNd3R5YUfVqic4=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQtlsJ+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNkmmObR4IhPdDZkBKRS0UKCEbqqBxaGETji+nfmdJ9BGJOoRJykEMRsqEQnO0Eq+fwcSmY8jQNav1ty6OwddJV5BaqRAs1/98gcJz2JQyCUzpue5KQY50yi4hGnFzwykjI/ZEHqWKhaDCfL5zVN6ZpUBjRJtSyGdq78nchYbM4lD2xkzHJllbyb+5/UyjK6DXKg0Q1B8sSjKJMWEzgKgA6GBo5xYwrgW9lbKR0wzjjamig3BW355lbQv6p5b9x4ua42bIo4yOSGn5Jx45Io0yD1pkhbhJCXP5JW8OZnz4rw7H4vWklPMHJM/cD5/AAcHkao=</latexit><latexit sha1_base64="gBK/ZIYqwO5zadNd3R5YUfVqic4=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQtlsJ+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNkmmObR4IhPdDZkBKRS0UKCEbqqBxaGETji+nfmdJ9BGJOoRJykEMRsqEQnO0Eq+fwcSmY8jQNav1ty6OwddJV5BaqRAs1/98gcJz2JQyCUzpue5KQY50yi4hGnFzwykjI/ZEHqWKhaDCfL5zVN6ZpUBjRJtSyGdq78nchYbM4lD2xkzHJllbyb+5/UyjK6DXKg0Q1B8sSjKJMWEzgKgA6GBo5xYwrgW9lbKR0wzjjamig3BW355lbQv6p5b9x4ua42bIo4yOSGn5Jx45Io0yD1pkhbhJCXP5JW8OZnz4rw7H4vWklPMHJM/cD5/AAcHkao=</latexit>

�✓ /⇡ SNR�1
<latexit sha1_base64="f2VlAFZWJY8jGNciqcowvtoAm+A=">AAACEnicbZDLSgMxFIYz3q23qks3wSLowjIjgi5FN67EW1Xo1HImTdvQZBKSM2IZ+gxufBU3LhRx68qdb2Nau/D2Q+DjP+dwcv7ESOEwDD+CkdGx8YnJqenCzOzc/EJxcenC6cwyXmFaanuVgONSpLyCAiW/MpaDSiS/TDoH/frlDbdO6PQcu4bXFLRS0RQM0Fv14kbsREtBPcY2R4iN1QZ1DMbDbR5bRc+OTnvX+WbUqxdLYTkciP6FaAglMtRxvfgeNzTLFE+RSXCuGoUGazlYFEzyXiHOHDfAOtDiVY8pKO5q+eCkHl3zToM2tfUvRTpwv0/koJzrqsR3KsC2+13rm//Vqhk2d2u5SE2GPGVfi5qZpKhpPx/aEJYzlF0PwKzwf6WsDRYY+hQLPoTo98l/4WKrHIXl6GS7tLc/jGOKrJBVsk4iskP2yCE5JhXCyB15IE/kObgPHoOX4PWrdSQYziyTHwrePgFJqJ5z</latexit><latexit sha1_base64="f2VlAFZWJY8jGNciqcowvtoAm+A=">AAACEnicbZDLSgMxFIYz3q23qks3wSLowjIjgi5FN67EW1Xo1HImTdvQZBKSM2IZ+gxufBU3LhRx68qdb2Nau/D2Q+DjP+dwcv7ESOEwDD+CkdGx8YnJqenCzOzc/EJxcenC6cwyXmFaanuVgONSpLyCAiW/MpaDSiS/TDoH/frlDbdO6PQcu4bXFLRS0RQM0Fv14kbsREtBPcY2R4iN1QZ1DMbDbR5bRc+OTnvX+WbUqxdLYTkciP6FaAglMtRxvfgeNzTLFE+RSXCuGoUGazlYFEzyXiHOHDfAOtDiVY8pKO5q+eCkHl3zToM2tfUvRTpwv0/koJzrqsR3KsC2+13rm//Vqhk2d2u5SE2GPGVfi5qZpKhpPx/aEJYzlF0PwKzwf6WsDRYY+hQLPoTo98l/4WKrHIXl6GS7tLc/jGOKrJBVsk4iskP2yCE5JhXCyB15IE/kObgPHoOX4PWrdSQYziyTHwrePgFJqJ5z</latexit><latexit sha1_base64="f2VlAFZWJY8jGNciqcowvtoAm+A=">AAACEnicbZDLSgMxFIYz3q23qks3wSLowjIjgi5FN67EW1Xo1HImTdvQZBKSM2IZ+gxufBU3LhRx68qdb2Nau/D2Q+DjP+dwcv7ESOEwDD+CkdGx8YnJqenCzOzc/EJxcenC6cwyXmFaanuVgONSpLyCAiW/MpaDSiS/TDoH/frlDbdO6PQcu4bXFLRS0RQM0Fv14kbsREtBPcY2R4iN1QZ1DMbDbR5bRc+OTnvX+WbUqxdLYTkciP6FaAglMtRxvfgeNzTLFE+RSXCuGoUGazlYFEzyXiHOHDfAOtDiVY8pKO5q+eCkHl3zToM2tfUvRTpwv0/koJzrqsR3KsC2+13rm//Vqhk2d2u5SE2GPGVfi5qZpKhpPx/aEJYzlF0PwKzwf6WsDRYY+hQLPoTo98l/4WKrHIXl6GS7tLc/jGOKrJBVsk4iskP2yCE5JhXCyB15IE/kObgPHoOX4PWrdSQYziyTHwrePgFJqJ5z</latexit><latexit sha1_base64="f2VlAFZWJY8jGNciqcowvtoAm+A=">AAACEnicbZDLSgMxFIYz3q23qks3wSLowjIjgi5FN67EW1Xo1HImTdvQZBKSM2IZ+gxufBU3LhRx68qdb2Nau/D2Q+DjP+dwcv7ESOEwDD+CkdGx8YnJqenCzOzc/EJxcenC6cwyXmFaanuVgONSpLyCAiW/MpaDSiS/TDoH/frlDbdO6PQcu4bXFLRS0RQM0Fv14kbsREtBPcY2R4iN1QZ1DMbDbR5bRc+OTnvX+WbUqxdLYTkciP6FaAglMtRxvfgeNzTLFE+RSXCuGoUGazlYFEzyXiHOHDfAOtDiVY8pKO5q+eCkHl3zToM2tfUvRTpwv0/koJzrqsR3KsC2+13rm//Vqhk2d2u5SE2GPGVfi5qZpKhpPx/aEJYzlF0PwKzwf6WsDRYY+hQLPoTo98l/4WKrHIXl6GS7tLc/jGOKrJBVsk4iskP2yCE5JhXCyB15IE/kObgPHoOX4PWrdSQYziyTHwrePgFJqJ5z</latexit>

✓best
<latexit sha1_base64="WW1OcRf7Nvqwgbhp8qT9ag6nKHs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh6DXjxGMA9IlmV20psMmX0w06uENZ/ixYMiXv0Sb/6Nk2QPmljQUFR1090VpFJodJxvq7S2vrG5Vd6u7Ozu7R/Y1cO2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOObmd95AKVFEt/jJAUvYsNYhIIzNJJvV/s4AmR+3lcRDUDj1LdrTt2Zg64StyA1UqDp21/9QcKzCGLkkmndc50UvZwpFFzCtNLPNKSMj9kQeobGLALt5fPTp/TUKAMaJspUjHSu/p7IWaT1JApMZ8RwpJe9mfif18swvPJyEacZQswXi8JMUkzoLAc6EAo4yokhjCthbqV8xBTjaNKqmBDc5ZdXSfu87jp19+6i1rgu4iiTY3JCzohLLkmD3JImaRFOHskzeSVv1pP1Yr1bH4vWklXMHJE/sD5/AITFlCc=</latexit><latexit sha1_base64="WW1OcRf7Nvqwgbhp8qT9ag6nKHs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh6DXjxGMA9IlmV20psMmX0w06uENZ/ixYMiXv0Sb/6Nk2QPmljQUFR1090VpFJodJxvq7S2vrG5Vd6u7Ozu7R/Y1cO2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOObmd95AKVFEt/jJAUvYsNYhIIzNJJvV/s4AmR+3lcRDUDj1LdrTt2Zg64StyA1UqDp21/9QcKzCGLkkmndc50UvZwpFFzCtNLPNKSMj9kQeobGLALt5fPTp/TUKAMaJspUjHSu/p7IWaT1JApMZ8RwpJe9mfif18swvPJyEacZQswXi8JMUkzoLAc6EAo4yokhjCthbqV8xBTjaNKqmBDc5ZdXSfu87jp19+6i1rgu4iiTY3JCzohLLkmD3JImaRFOHskzeSVv1pP1Yr1bH4vWklXMHJE/sD5/AITFlCc=</latexit><latexit sha1_base64="WW1OcRf7Nvqwgbhp8qT9ag6nKHs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh6DXjxGMA9IlmV20psMmX0w06uENZ/ixYMiXv0Sb/6Nk2QPmljQUFR1090VpFJodJxvq7S2vrG5Vd6u7Ozu7R/Y1cO2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOObmd95AKVFEt/jJAUvYsNYhIIzNJJvV/s4AmR+3lcRDUDj1LdrTt2Zg64StyA1UqDp21/9QcKzCGLkkmndc50UvZwpFFzCtNLPNKSMj9kQeobGLALt5fPTp/TUKAMaJspUjHSu/p7IWaT1JApMZ8RwpJe9mfif18swvPJyEacZQswXi8JMUkzoLAc6EAo4yokhjCthbqV8xBTjaNKqmBDc5ZdXSfu87jp19+6i1rgu4iiTY3JCzohLLkmD3JImaRFOHskzeSVv1pP1Yr1bH4vWklXMHJE/sD5/AITFlCc=</latexit><latexit sha1_base64="WW1OcRf7Nvqwgbhp8qT9ag6nKHs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh6DXjxGMA9IlmV20psMmX0w06uENZ/ixYMiXv0Sb/6Nk2QPmljQUFR1090VpFJodJxvq7S2vrG5Vd6u7Ozu7R/Y1cO2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOObmd95AKVFEt/jJAUvYsNYhIIzNJJvV/s4AmR+3lcRDUDj1LdrTt2Zg64StyA1UqDp21/9QcKzCGLkkmndc50UvZwpFFzCtNLPNKSMj9kQeobGLALt5fPTp/TUKAMaJspUjHSu/p7IWaT1JApMZ8RwpJe9mfif18swvPJyEacZQswXi8JMUkzoLAc6EAo4yokhjCthbqV8xBTjaNKqmBDc5ZdXSfu87jp19+6i1rgu4iiTY3JCzohLLkmD3JImaRFOHskzeSVv1pP1Yr1bH4vWklXMHJE/sD5/AITFlCc=</latexit>

SystemaKc	error

StaKsKcal	error



Now-going works

• We apply the BNS waveform model for the analysis of GW170817  
(with Narikawa-san, Uchikata-san, Tagoshi-san) 

• We are also working for upda,ng the waveform model by employing NR BNS 
waveforms in a wider parameter range (lower mass, higher mass ra,o, NS spin) 

Prelim
inary Ref:	Narikawa	et	al.	in	prep.



ElectromagneKc	counterparts	
to	binary	neutron	stars:	
Kilonovae/Macronovae



Mass Ejec,on
•  A frac,on of NS material would be ejected 

from the system during the merger 

• Ejected material is neutron-rich 
→heavy radioac,ve nuclei would be 
synthesised in the ejecta by the so-called  
r-process nucleosynthesis 
 
→EM emission in op,cal and NIR 
wavelengths could occur by radioac,ve 
decays of heavy elements 
: kilonova/macronova (r-process nova) 
 
   Li & Paczyński 1998, Kulkarni 2005 
   , Metzger et al. 2010 … Ref:	K.	Hotokezaka	et	al.	2013



• Kilonova/macronova	is	expected	to	be	nearly	
isotropic	emission.	  
(cf.																				for	sGRB)	

• The	peak	Kme	of	the	emission	will	come	in  
	~1—10	days.  
(cf.	~1	year		for	radio	flare)	

• The	most	of	the	emission	occurs	in	around	
op/cal	and	infrared.		

• The	mass,	velocity,	morphology,	and	the	
composi/on(electron	frac/on)	of	the	ejecta	
characterize	the	lightcurve	of	the	kilonova/
macronova.

Proper,es of  
kilonovae / macronovae

✓jet ⇠ 10�

Meje :ejecta mass

veje :expanding velocity

 :opacity

Rough	EsKmaKon

In	parKcular	the	value	of	κ	can	vary	significantly	depending	on	 
the	electron	fracKon	Ye	of	ejecta		

κ	=	0.1—10	cm^2/g

f : energy conversion rate
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R-proc. nucleosynthesis depends on Ye (=[p]/([p]+[n]))  
(M. Tanaka et al., 1708.09101)�
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Opacity depends strongly on abundance, i.e., Ye  
determined by lanthanide 

(M. Tanaka et al., 1708.09101)�
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Fraction of lanthanides vs electron fraction�
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•  Roughly speaking 
1.  For Ye < ~0.25                à  κ~10 cm2/g 
2.  For ~0.25 < Ye < ~0.27   à  κ=O(1) cm2/g 
3.  For Ye >~0.27                  à  κ=O(0.1) cm2/g 
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Mass Ejec,on Mechanisms

• Merger process and evolu,on of the 
merger remnant have been studied by  
NR simula,ons in the last decades 
revealing the mass ejec,on process 

• Dynamical	mass	ejec/on  
mass ejec,on driven by ,dal interac,on 
                     or 
shock hea,ng during the collision 

• Post-merger	mass	ejec/on  
mass ejec,on from the merger remnant 
driven by viscous and neutrino hea,ng 

Dynamical	mass	ejecKon  
@merger

Post-merger	mass	ejecKon  
@arer	merger



Dynamical mass ejec,on

NR	simulaKon	considering	neutrino	transport 
and	its	effect	on	the	Ye

Ref:	Y.	Sekiguchi	et	al.	2016
SKff	EOS	(DD2,	R~13.2	km):	1.30-1.40	M_sun	

              p+νe → n+ e+

               n+νe → p+ e−

Shock	heaKng	driven

Tidal	torque	driven



Dynamical mass ejec,on
The Astrophysical Journal Letters, 778:L16 (5pp), 2013 November 20 Hotokezaka et al.
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Figure 2. Ejecta masses as a function of the compactness of the neutron star, which is defined by GMtot/2R1.35c
2 and GMNS/R1.35c

2 for NS–NS and BH–NS models,
respectively. Left panel: NS–NS models. Each point shows the ejecta mass for the equal mass cases. Error bars denote the dispersion of the ejecta masses due to
the various Q. Right panel: BH–NS models. The filled and open symbols correspond to the models with (Q, χ ) = (3–7, 0.75) and (7, 0.5), respectively. The blue
shaded region in each panel shows the ejecta masses allowed in order to reproduce the observed near-infrared excess of GRB 130603B, 0.02 ! Mej/M⊙ ! 0.07 and
0.02 ! Mej/M⊙ ! 0.1 for the NS–NS and BH–NS models, respectively. The lower and upper bounds are imposed by hypothetical high- and low-heating models,
respectively.
(A color version of this figure is available in the online journal.)

as a hypermassive neutron star with a lifetime of !10 ms is
formed after the merger. More massive NS–NS mergers result
in hypermassive neutron stars with a lifetime of "10 ms or in
black holes. For such a case, the ejecta mass decreases with
increasing Mtot because of the shorter duration of mass ejection.

BH–NS ejecta. Tidal disruption of a neutron star results in
anisotropic mass ejection for a BH–NS merger (Kyutoku et al.
2013). As a result, the ejecta is concentrated near the binary
orbital plane as shown in Figure 1, and it is shaped like a disk
or crescent.

The amount of ejecta for the BH–NS models is smaller for
more compact neutron star models with fixed values of χ and Q
as shown in Figure 2. This is because tidal disruption occurs in
a less significant manner. This dependence of the BH–NS ejecta
on the compactness of neutron stars is opposite to the case of
the NS–NS ejecta.

More specifically, the amount of ejecta is

5 × 10−4 " Mej/M⊙ " 10−2 (soft EOSs),

4 × 10−2 " Mej/M⊙ " 7 × 10−2 (stiff EOSs), (2)

for χ = 0.75 and 3 # Q # 7. For χ = 0.5, the ejecta mass is
smaller than that for χ = 0.75. Only the stiff EOS models can
produce large amounts of ejecta more than 0.01 M⊙ for χ = 0.5
and Q = 7.

For both NS–NS and BH–NS merger models, winds driven
by neutrino/viscous/nuclear-recombination heating or the mag-
netic field from the central object might provide ejecta in addi-
tion to the dynamical ejecta (Dessart et al. 2009; Wanajo & Janka
2012; Kiuchi et al. 2012; Fernández & Metzger 2013). However,
it is not easy to estimate the amount of wind ejecta, because it
depends strongly on the condition of the remnant formed after
the merger. In this Letter, we focus only on the dynamical ejecta.

3. RADIATIVE TRANSFER SIMULATIONS
FOR THE EJECTA

For the NS–NS and BH–NS merger models described in
Section 2, we perform radiative transfer simulations to obtain

the light curves of the radioactively powered emission from
the ejecta using the three-dimensional, time-dependent, multi-
frequency Monte Carlo radiative transfer code (Tanaka &
Hotokezaka 2013). For a given density structure of the ejecta
and elemental abundances, this code computes the emission
in the ultraviolet, optical, and near-infrared wavelength ranges
by taking into account the detailed r-process opacities. In this
Letter, we include r-process elements with Z $ 40 assuming the
solar abundance ratios by Simmerer et al. (2004). More details
of the radiation transfer simulations are described in Tanaka &
Hotokezaka (2013); Tanaka et al. (2013).

The heating rate from the radioactive decay of r-process
elements is one of the important ingredients of radiative transfer
simulations. As a fiducial-heating model, we employ the heating
rate computed with the abundance distribution that reproduces
the solar r-process pattern (see Tanaka et al. 2013 for more
detail). Heating is due to β-decays only, which increase atomic
numbers from the neutron-rich region toward the β-stability
line without changing the mass number A. This heating rate is in
reasonable agreement with those from previous nucleosynthesis
calculations (Metzger et al. 2010; Goriely et al. 2011; Grossman
et al. 2013) except for the first several seconds.

We note that quantitative uncertainties could exist in the
heating rate as well as in the opacities. As an example, the
heating rate would be about a factor 2 higher if the r-process
abundances of A ∼ 130 (or those produced with the electron
fraction of Ye ∼ 0.2) were dominant in the ejecta (Metzger
et al. 2010; Grossman et al. 2013). To take into account such
uncertainties, we also consider the cases in which the light
curves of mergers are twice and half as luminous (high- and low-
heating models; only explicitly shown for the NS–NS models
in Figure 3) as those computed with the fiducial-heating model.

4. LIGHT CURVES AND POSSIBLE
PROGENITOR MODELS

The computed light curves and observed data in r and
H-band are compared in Figure 3. The left panel of Figure 3
shows the light curves of the NS–NS merger models SLy
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Ye distribu,on
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Figure 2. Color-coded distributions for density, temperature, Ye, and S/kB (from left to right) on the x–y (lower panels), x–z (positive sides of top panels), and y–z
(negative sides of top panels) planes at the end of simulation.
(A color version of this figure is available in the online journal.)
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Figure 3. Mass fractions outside 150 km from the center vs. Ye (top) and S/kB
(bottom) at the end of simulation for the x–y, x–z, and y–z planes. The widths
of Ye and S/kB are chosen to be ∆Ye = 0.01 and ∆S/kB = 1, respectively.
(A color version of this figure is available in the online journal.)

for the orbital and non-orbital planes, respectively (with higher
values for higher Ye), which are sizably greater than those in
Goriely et al. (2011, S/kB ∼ 1–3) with the Shen’s EOS.

3. THE r-PROCESS

The nucleosynthesis analysis makes use of the thermody-
namic trajectories of the ejecta particles traced on the orbital
plane. A representative particle is chosen from each Ye-bin (from
Ye = 0.09 to 0.44 with the interval of ∆Ye = 0.01 (Figure 3).
For simplicity, we analyze only the x-y components because of
the dominance of the ejecta masses close to the orbital plane.
Each nucleosynthesis calculation is initiated when the tempera-
ture decreases to 10 GK, where the initial composition is given
by Ye and 1 − Ye for the mass fractions of free protons and
neutrons.

The reaction network consists of 6300 species from single
neutrons and protons to the Z = 110 isotopes. Experimental
rates, when available, are taken from the latest versions of REA-
CLIB7 (Cyburt et al. 2010) and Nuclear Wallet Cards.8 Other-
wise, the theoretical estimates of fusion rates9 (TALYS; Goriely
et al. 2008) and β-decay half-lives (GT2; Tachibana et al.
1990) are adopted, where both are based on the same nuclear
masses (HFB-21; Goriely et al. 2010). Theoretical fission prop-
erties adopted are those estimated on the basis of the HFB-14
mass model. For fission fragments, a Gaussian-type distribution
is assumed with emission of four prompt neutrons per event.
Neutrino captures are not included, which make only slight
shifts of Ye (typically an increase of ∼0.01 from 10 GK to
5 GK).

The hydrodynamical trajectories end with temperatures
∼5 GK. Further temporal evolutions are followed by the density
drop such as t−3 and with the temperatures computed with the
EOS of Timmes & Swesty (2000) by adding the entropies gen-
erated by β-decay, fission, and α-decay. This entropy generation

7 https://groups.nscl.msu.edu/jina/reaclib/db/index.php
8 http://www.nndc.bnl.gov/wallet/
9 http://www.astro.ulb.ac.be/pmwiki/Brusslib/Brusslib
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slows the temperature drop around 1 GK (e.g., Korobkin et al.
2012). The effect is, however, less dramatic than those found
in previous works because of the higher ejecta entropies in our
result.

Figure 4 (top) displays the final nuclear abundances for
selected trajectories. We find a variety of nucleosynthetic
outcomes: iron-peak and A ∼ 90 abundances made in nuclear
quasi-equilibrium for Ye ! 0.4, light r-process abundances for
Ye ∼ 0.2–0.4, and heavy r-process abundances for Ye " 0.2.
In contrast to previous works, we find no fission recycling;
the nuclear flow for the lowest Ye (=0.09) trajectory reaches
A ∼ 280, the fissile point by neutron-induced fission, only at the
freezeout of r-processing. Spontaneous fission plays a role for
forming the A ∼ 130 abundance peak, but only for Ye < 0.15.

Figure 4 (bottom) shows the mass-averaged nuclear abun-
dances by weighting the final yields for the representative
trajectories with their Ye mass fractions on the orbital plane
(Figure 3). We find a good agreement of our result with the
solar r-process abundance distribution over the full-A range of
∼90–240 (although the pattern would be somewhat modified
by adding non-orbital components). This result, differing from
the previous works exhibiting the production of A ! 130 nu-
clei only, is a consequence of the wide Ye distribution predicted
from our full GR, neutrino transport simulation. Note also that

fission plays a subdominant role for the final nucleosynthetic
abundances. The second (A ∼ 130) and rare-Earth-element
(A ∼ 160) peak abundances are dominated by direct produc-
tion from the trajectories of Ye ∼ 0.2. Our result reasonably
reproduces the solar-like abundance ratio between the second
(A ∼ 130) and third (A ∼ 195) peaks as well, which is difficult
to explain by fission recycling.

Given that the model is representative of NS–NS mergers, our
result gives an important implication; the dynamical ejecta of
NS–NS mergers can be the dominant origin of all the Galactic
r-process nuclei. Other contributions from, e.g., the BH-torus
wind after collapse of HMNSs, as invoked in the previous
studies to account for the (solar-like) r-process universality,
may not be needed. The amount of entirely r-processed ejecta
Mej ≈ 0.01 M⊙ with present estimates of the Galactic event rate
(a few 10−5 yr−1, e.g., Dominik et al. 2012) is also compatible
with the mass of the Galactic r-process abundances as also
discussed in previous studies (Korobkin et al. 2012; Bauswein
et al. 2013).

4. RADIOACTIVE HEATING

The r-processing ends a few 100 ms after the merging. The
subsequent abundance changes by β-decay, fission, and α-decay
are followed up to t = 100 days; the resulting radioactive
heating is relevant for kilonova emission. Figure 5 displays the
temporal evolutions of the heating rates for selected trajectories
(top left) and those mass-averaged (top right). For comparison,
the heating rate for the nuclear abundances with the solar
r-process pattern (for A # 90, q̇solar−r ; the same as that used in
Hotokezaka et al. 2013b; Tanaka et al. 2014), β-decaying back
from the neutron-rich region, is also shown in each panel. The
short-dashed line indicates an analytical approximation defined
by q̇analytic ≡ 2 × 1010 t−1.3 (in units of erg g−1 s−1; t is time
in day, e.g., Metzger et al. 2010). The lower panels show the
heating rates relative to q̇analytic.

Overall, each curve reasonably follows q̇analytic by ∼1 day.
After this time, the heating is dominated by a few radioactivities
and becomes highly dependent on Ye. Contributions from the
ejecta of Ye > 0.3 are generally unimportant after ∼1 day. We
find that the heating for Ye = 0.34 turns to be significant after
a few tens of days because of the β-decays from 85Kr (half-life
of T1/2 = 10.8 yr; see Figure 4 for its large abundance), 89Sr
(T1/2 = 50.5 days), and 103Ru (T1/2 = 39.2 days). Heating rates
for Ye = 0.19 and 0.24, the abundances of which are dominated
by the second peak nuclei, are found to be in good agreement
with q̇solar−r . This is due to a predominance of β-decay heating
from the second peak abundances, e.g., 123Sn (T1/2 = 129 days)
and 125Sn (T1/2 = 9.64 days) around a few tens of days.

Our result shows that the heating rate for the lowest Ye
(=0.09) is the greatest after 1 day with a few times larger values
than those in previous works (with Ye ∼ 0.02–0.04 in Goriely
et al. 2011; Rosswog et al. 2014). In our case, the radioactive
heating is dominated by the spontaneous fissions of 254Cf and
259,262Fm. It should be noted that the heating from spontaneous
fission is highly uncertain because of the many unknown half-
lives and decay modes of nuclides reaching to this quasi-stable
region (A ∼ 250–260 with T1/2 of days to years). In fact,
tests with another set of theoretical estimates show a few times
smaller rates after ∼1 day (because of diminishing contributions
from 259,262Fm), being similar to the previous works. It appears
difficult to obtain reliable heating rates with currently available
nuclear data when fission plays a dominant role.

4

Ye par,ally becomes large due to shock hea,ng and neutrino irradia,on 
(cf. NS Ye~<0.1) Yet, lanthanide is synthesised→　κ~10cm^2/g

Ref:	S.	Wanajo	et	al.	2014 
Y.	Sekiguchi	et	al.	2015

Lpeak ⇡ 3.4⇥ 1040 ergs/s

✓
f

10�6

◆✓
M

0.01M�

◆1/2 ⇣ v

0.2c

⌘1/2
✓



10 cm2/g

◆�1/2

<latexit sha1_base64="PhH8f99oHmFlDjBwr+O1ZHyOV1Q="></latexit><latexit sha1_base64="PhH8f99oHmFlDjBwr+O1ZHyOV1Q="></latexit><latexit sha1_base64="PhH8f99oHmFlDjBwr+O1ZHyOV1Q="></latexit><latexit sha1_base64="PhH8f99oHmFlDjBwr+O1ZHyOV1Q="></latexit>

Tpeak ⇡ 1.5⇥ 103 K

✓
f

10�6

◆1/4 ✓ M

0.01M�

◆�1/8 ⇣ v

0.2c

⌘�1/8
✓



10 cm2/g

◆�3/8

<latexit sha1_base64="TWeCyZquatWO4w8Qq2biBNnYoj4="></latexit><latexit sha1_base64="TWeCyZquatWO4w8Qq2biBNnYoj4="></latexit><latexit sha1_base64="TWeCyZquatWO4w8Qq2biBNnYoj4="></latexit><latexit sha1_base64="TWeCyZquatWO4w8Qq2biBNnYoj4="></latexit>

tpeak ⇡ 5.9 days

✓
M

0.01M�

◆1/2 ⇣ v

0.2c

⌘�1/2
✓



10 cm2/g

◆1/2

<latexit sha1_base64="2gpTBwnflB+j4yBuUjkN+uW2akc="></latexit><latexit sha1_base64="2gpTBwnflB+j4yBuUjkN+uW2akc="></latexit><latexit sha1_base64="2gpTBwnflB+j4yBuUjkN+uW2akc="></latexit><latexit sha1_base64="2gpTBwnflB+j4yBuUjkN+uW2akc="></latexit>



Evolu,on a]er the merger

• For Mtot<2.8 M_sun, NS likely to remain a]er the merger.  
→neutrino irradia,on from the remnant NS would be important   



Evolu,on of Remnant NS & 
torus: Effec,ve viscosity
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FIG. 7. Same as Fig. 6, but for the ↵ parameter. The black-dashed horizontal lines are the time-averaged values for the 12.5
m run in Table I.
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Turbulence	in	the	contact	surface→amplificaKon	of	magneKc	field	
→effecKve	viscosity	would	play	a	role

Ref:	K.	Kiuchi	et	al.	2015,	2017	

←KH	instability



Viscous-radia,ve simula,on
Numerical-relaKvity	simulaKon	considering	 

the	effects	of	physical	viscosity	and	neutrino	radiaKon

Ref:	S.	Fujibayashi	et	al.	2018	



Post-merger mass ejec,on
Neutrino/Viscosity-driven Ejecta from NS-NS Merger remnant 11
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Figure 8. Time evolution of the baryon mass (panel (a)), kinetic
energy (panel (b)), and average velocity (panel (c)) of the ejecta,
mass ejection rate (panel (d)), and ratio of Ṁ

b,ej

to Ṁ
b,MNS

(panel
(e)). For all the panels, di↵erent colors of the curves indicate the
results for di↵erent models DD2-135135-0.00-H, DD2-135135-0.01-
H, DD2-135135-0.02-H, DD2-135135-0.04-H.

which is shown in the panel (b) of Fig. 8. Here, we as-
sumed that the internal energy of the ejecta would be
totally transformed into the kinetic energy during the
subsequent expansion. Unlike the mass accretion rate
and the neutrino emission rate shown in Sec. 3.3, the
mass and kinetic energy of the ejecta monotonically in-
crease with ↵

vis

for t . 0.2 s.
The panel (c) shows the evolution of the average veloc-

ity of the ejecta, which is defined by V
ej

=
p

2E
k,ej

/M
b,ej

.
For the early viscosity-driven ejecta, which is ejected for
t . 0.2 s, the average velocity is in the range 0.15–0.2 c,
and monotonically increases with ↵

vis

as the mass and
the kinetic energy of the ejecta. This is because the shock
driven by the early viscous e↵ect on the MNS is stronger
for the higher viscosity parameter model.

In our simulations, we suppose that the viscosity sud-
denly arises after the merger remnant settles to a quasi-
stationary state. We should note that the variation of
the quasi-equilibrium configuration occurs only if the vis-
cous e↵ect is enhanced after the dynamical phase of the
merger ends, e.g., by MHD turbulence induced by the
significantly amplified magnetic fields at the onset of the
merger (Kiuchi et al. 2014, 2015b, 2017).

Figure 9. Same figures as panels (a)–(c) of Fig. 8 but for the
material ejected toward the polar angle 0�  ✓  30� (solid curves)
and 30� < ✓  90� (dotted curves) by the late-time viscosity-driven
mass ejection for t � 0.5 s for the models DD2-135135-0.02-H (red
curves) and DD2-135135-0.04-H (green curves), respectively.

3.4.2. Late-time Viscosity-driven Mass Ejection

The mass ejection for t & 0.2 s is driven primarily by
the viscous e↵ects in the torus. The ejecta is launched
mainly toward the polar region for the relatively early
time with t . 1 s, as found in panels (4)–(6) of Fig. 2.
However, the major mass ejection mechanism is subse-
quently changed as discussed below. In the following, we
focus only on the models for ↵

vis

= 0.02 and 0.04 be-
cause long-term simulations are performed only for these
models.

Figure 9 shows the evolution of the mass, kinetic en-
ergy, and average velocity of the ejecta that becomes
unbound after t = 0.5 s for the components toward the
polar direction of 0�  ✓  30� and the other (equa-
torial) direction of 30� < ✓  90�, respectively. From
this figure, it is found that the material ejected toward
the polar direction has smaller than or approximately as
large as that ejected toward the equatorial direction. On
the other hand, the polar ejecta has larger kinetic energy
than that of the equatorial ejecta because the average ve-
locity of the polar ejecta is larger (⇠ 0.15 c) than that of
the equatorial ejecta (⇠ 0.05 c). This clearly shows that
there are two components for the ejecta in the late time.

As found in the top panel, for ↵
vis

= 0.04, the mass
ejection in this late-phase (for t & 0.5 s) is primarily
towards the equatorial direction, while for the fiducial
model (↵

vis

= 0.02), the equatorial mass ejection is as
weak as the polar one up to t ⇠ 2.7 s.

For ↵
vis

= 0.04, the early viscosity-driven mass ejec-
tion continues for later time than that for the fiducial
(↵

vis

= 0.02) model because the shock driven by the
early viscous e↵ect on the MNS is stronger for the larger
viscosity parameter models. This is the reason for the
larger mass ejection rate toward the equatorial direc-

16 S.Fujibayashi, K.Kiuchi, N.Nishimura, Y.Sekiguchi, and M.Shibata

Figure 13. Same as Figure 12 but at t = 1 s. For ↵
vis

= 0.02 (top panels), the ejecta shown in these panels is composed mainly of the
viscosity-driven component toward the polar direction, while for ↵

vis

= 0.04 (bottom panels), it is composed primarily of the viscosity-driven
component toward the equatorial direction.

Figure 14. Mass histogram of the ejecta as a function of Y
e

(left) and s/k
B

(right) at t = 1.3 s. The distributions of the elec-
tron fraction (left panel) and the specific entropy (right panel) are
plotted. The red and green curves denote the results for the models
DD2-135135-0.04-H and DD2-135135-0.02-H, respectively.

Figure 15. Mass fraction of the nuclei as a function of atomic
number for the model DD2-135135-0.04-H at t = 1.3 s. The dif-
ferent color curves correspond to the results in di↵erent angular
regions. The shaded region indicates the range of the lanthanide
elements (Z =57–71).

Ref:	S.	Fujibayashi	et	al.	2018	

Ejecta mass ~10^{-2}—10^{-1} M_sun  
Typical velocity 0.03 — 0.15 c 

depending on the viscous parameter and  
the life,me of the remnant NS



Ye distribu,on
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Figure 13. Same as Figure 12 but at t = 1 s. For ↵
vis

= 0.02 (top panels), the ejecta shown in these panels is composed mainly of the
viscosity-driven component toward the polar direction, while for ↵

vis

= 0.04 (bottom panels), it is composed primarily of the viscosity-driven
component toward the equatorial direction.
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(right) at t = 1.3 s. The distributions of the elec-
tron fraction (left panel) and the specific entropy (right panel) are
plotted. The red and green curves denote the results for the models
DD2-135135-0.04-H and DD2-135135-0.02-H, respectively.

Figure 15. Mass fraction of the nuclei as a function of atomic
number for the model DD2-135135-0.04-H at t = 1.3 s. The dif-
ferent color curves correspond to the results in di↵erent angular
regions. The shaded region indicates the range of the lanthanide
elements (Z =57–71).
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post-merger ejecta typically has Ye>0.25 due to neutrino irradia,on  
→ lanthanide-free → κ~0.1-1 cm^2/g

Ref:	S.	Fujibayashi	et	al.	2018	
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kilonova/macronova for  
different components 

• Dynamical	mass	ejec/on  
M~0.0001—0.01 M_sun, v~0.1-0.2 c  
Ye~0.1-0.5 
→t_peak~10 days, 
long-las,ng, dim, low temperature	  
(red)	kilonova 

• Post-merger	mass	ejec/on  
M~0.01—0.1 M_sun, v~0.03-0.15 c  
Ye~0.3-0.4 
→t_peak~1 days, 
short-las,ng, bright, high temperature  
(blue)	kilonova

Post-merger ejecta�

Ye ~ 0.05−0.5

→κ ~ 10 cm2 / g
M ~ 10−2M⊙

v / c = 0.1−0.9

Dynamical ejecta�

Ye ~ 0.3−0.4

→κ ~ 0.1 cm2 / g
M ~ 3×10−2M⊙

v / c = 0.03−0.1

Remnant  
   MNS 
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Figure 5 | A unified kilonova model explaining the optical/infrared counterpart of 

GW170817. The model is the superposition of the emission from two spatially distinct 

ejecta components: a ‘blue’ kilonova (light r-process ejecta with M = 0.025M
!

, vk = 0.3c 

and Xlan = 10"4) plus a ‘red’ kilonova (heavy r-process ejecta with M = 0.04M
!

, 

vk = 0.15c, and Xlan = 10"1.5). a, Optical–infrared spectral time series, where the black line 

is the sum of the light r-process (blue line) and heavy r-process (red line) contributions. 

b, Composite broadband light curves. The light r-process component produces the rapidly 

evolving optical emission while the heavy r-process component produces the extended 

infrared emission. The composite model predicts a distinctive colour evolution, spectral 

continuum shape and infrared spectral peaks, all of which resemble the properties of 

AT 2017gfo. 
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Mul,ple component 
 Kilonovae/macronovae

• Kilonova/macronova	model	with	mulKple	components	well	interprets	the	observaKon  
(see	e.g.,	Kasliwal	et	al.	2017,	Cowperthwaite	et	al.	2017,	Kasen	et	al.	2017,	Villar	et	al.	2017)	

• early-blue	component	(~1day)	from	lanthanide-free	ejecta	 
 
+	long-lasKng	red	component	(~10days)	from	lanthanide-rich	ejecta	

Ref:	D.	Kasen	et	al.	2017

Red	kilonova	
			M	~	0.03	Msun	
			v	~	0.1	c

Blue	kilonova		
			M	~	0.02	Msun	
			v	~	0.25c Too	fast		

as	post-merger	ejecta??

Too	massive	as	
dynamical	ejecta??

See	e.g.,	Metzger+18,	 
Waxman+18

What	is	the	origin	of	blue/red	kilonova?

Post-merger	ejecta		
Inside	of	dynamical	ejecta	
(less	dynamical	ejecta	 
near	the	pole)

Blue	(lanthanide-free)

Red	(lanthanide-rich)

ref)	Tanaka-san’s	slide



Problems
• MulKple	component	ejecta	kilonova/macronova	seem	to	work,	but…	

!

!

!

• lanthanide-rich	ejecta		with	>0.01	M_sun	seems	too	large	  
for	the	dynamical	ejecta	(typically	less	than	0.01	M_sun)	

• velocity	of	lanthanide-free	ejecta	~0.3	c	is	too	high	for	the	post-merger	ejecta 
(typically	~0.05	c)	

• Tension	between	observed	properKes	and	predicKons	of	numerical	relaKvity? 
(e.g.,	Waxman	et	al.	2017,	Metzger	et	al.	2018,	Matsumoto	et	al.	2018)	

• Photon	interplay	between	the	dynamical	&	post-merger	ejecta	is	not	taken	into	
account	(	only	simple	composi/on	of	each	lightcurve)
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Radia,ve transfer between 
different ejecta components

Post-merger ejecta�
Ye ~ 0.05−0.5

→κ ~ 10 cm2 / g
M ~ 10−2M⊙

v / c = 0.1−0.9

Dynamical ejecta�
Ye ~ 0.3−0.4

→κ ~ 0.1 cm2 / g
M ~ 3×10−2M⊙

v / c = 0.03−0.1

absorption�

Main energy source� Reprocessed Emission:  

Remnant  
   MNS 

We	perform	an	axisymmetric	radiaKve	transfer	simulaKon	for	kilonovae/macronovae 
taking	the	interplay	of	mulKple	ejecta	components	of	non-spherical	morphology	into	account.  
(KK.	et	al	2018,	see	also	Perego	et	al.	2017	for	studies	with	similar	setups)	



Radia,ve transfer simula,on
• We	employ	a	wavelength-dependent	Monte-Carlo	radiaKve	transfer	simulaKon	code  

(M.	Tanaka	et	al.	2013,	2014,	2017)	

• 	The	density,	velocity,	and	Ye	profiles	of	ejecta	are	employed	within	the	range	of	predicKons	 
by	numerical-relaKvity	simulaKons.	  
(e.g.,	Dietrich	et	al.	2016,	Hotokezaka	et	al.	2018,	Metzger&Fernandez	et	al.	2014 
,	Fujibayashi	et	al.	2018)	

• The	abundance	paPern	and	nuclear	heaKng	rate	are	given	based	on	r-process	nucleosynthesis	
calculaKons	by	(Wanajo	et	al.	2014)	

• RealisKc	opacity	table	constructed	by	the	atomic	structure	calculaKons 
(Se,	Ru,	Te,	Nd,	and	Er)

improved	points!

• The	grid	resoluKon	of	the	simulaKon	is	also	improved	by	an	oder	of	
magnitude	from	our	previous	works	by	imposing	axisymmetry.		

• special-relaKvisKc	effects	on	photon	transfer	are	fully	taken	into	account



Density distribu,on
2

relativistic simulations for binary NS mergers show that
the mass and velocity of the dynamical ejecta are typi-
cally 10�3–10�2 M� and 0.1–0.3 c, respectively, depend-
ing on the equation of state and each mass of NS, where c
is the speed of light. The electron fraction of the dynami-
cal ejecta distributes from 0.05–0.5, which leads to a large
value of opacity ⇡ 10 cm2/g. After the dynamical ejec-
tion, the mass ejection from the merger remnant driven
by viscous and neutrino heating follows (Dessart et al.
2009; Metzger & Fernández 2014; Just et al. 2015; Siegel
& Metzger 2017; Shibata et al. 2017; Fujibayashi et al.
2017) (we refer to these ejecta as post-merger ejecta.) It
is shown by general relativistic simulations considering
the e↵ects of physical viscosity and neutrino radiation
that 10�2–10�1 M� of the material can be ejected from
the massive NS and torus formed after the merger. The
velocity of the post-merger ejecta is typically . 0.1 c.
Due to the irradiation by neutrinos emitted from rem-
nant NS, the electron fraction of the post-merger ejecta
typically has a larger value (Ye ⇡ 0.3–0.4) than that of
the dynamical ejecta, and this leads to a smaller value of
opacity ⇡ 0.1 cm2/g.

Among the proposed models, a number of stud-
ies has shown that SSS17a is consistent with kilo-
nova/macronova models composed of two (or more)
ejecta components, such as the lanthanide-rich dynam-
ical ejecta with high opacity (⇡ 10 g/cm3) and the
lanthanide-free post-merger ejecta with low opacity (⇡
0.1 g/cm3) (Kasliwal et al. 2017; Cowperthwaite et al.
2017; Kasen et al. 2017; Tanaka et al. 2017; Villar et al.
2017). In such models, the blue optical emission observed
for ⇠ 1 day and the red near-infrared emission lasts for
⇠ 10 days are explained by the emissions from the post-
merger ejecta and the dynamical ejecta, respectively. On
the other hand, it is also pointed out that the ejecta pa-
rameters of the models that explain the observation are
inconsistent with the prediction of numerical-relativity
simulations. 10�2–10�1 M� is required for the mass of
the dynamical ejecta in these models to explain the near-
infrared lightcurves. However, it is an order magnitude
larger than the theoretical prediction. Moreover, a large
value of ejecta velocity & 0.1–0.3 c is required for the
post-merger component to explain the observed photo-
spheric velocity ⇡ 0.3 c (Kasliwal et al. 2017; Waxman
et al. 2017), while such high velocity is also not realized
in the numerical-relativity simulations (Fujibayashi et al.
2017).

In these kilonovae/macronovae models, contribution
from each ejecta component to the lightcurves is sep-
arately calculated and composited. However, in reality,
two ejecta components would interact each other through
the transfer of photons. Numerical-relativity simulations
give a picture that the post-merger ejecta are surrounded
by the dynamical ejecta because the latter has higher ve-
locity than the former. This suggests that a photon dif-
fuses from the post-merger ejecta cannot directly escape
from the system, but will be reprocessed in the dynami-
cal ejecta before it escapes.

In the presence of massive post-merger ejecta, the dy-
namical ejecta will be heated up. This implies that the
post-merger ejecta would be the main energy source for
the emission from the dynamical ejecta, and this gives
us a chance to explain the long-lasting near-infrared
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Fig. 1.— Density distributions of the ejecta employed in the
radiative-transfer simulation. Red and blue regions denote the re-
gions of the dynamical and the post-merger ejecta, respectively.
Axisymmetry with respect to the z-axis is imposed in the simula-
tion.

lightcurves by less massive dynamical ejecta. Numerical-
relativity simulations also show that most of the dynam-
ical ejecta is concentrated in ✓ � ⇡/4, and only a part of
the dynamical ejecta, which has high velocity, is present
in the polar region (✓  ⇡/4), where ✓ is the inclination
angle measured from the orbital axis of the binary (Ho-
tokezaka et al. 2013; Bauswein et al. 2013; Sekiguchi et al.
2016; Radice et al. 2016; Dietrich et al. 2017). However,
such low-density dynamical ejecta in the polar region can
still significantly modify the spectrum due to large opac-
ity determined by lanthinides (this is known as the lan-
thanide curtain e↵ect (Kasen et al. 2015; Wollaeger et al.
2017).) Since the dynamical ejecta have high velocity, we
can expect that the reprocess of photon in the dynami-
cal ejecta helps the photospheric velocity to be enhanced.
The gravitational-wave data analysis of GW170817 infers
that the event was observed from ✓ . 28� (Abbott et al.
2017a). Therefore, photon-reprocessing in both the low-
density and high-density dynamical ejecta would be im-
portant for the lightcurve prediction. A similar picture
was proposed and studied semi-analytically by Perego
et al. (2017) to explain the inconsistency between the
estimated mass of the dynamical ejecta and that of the
theoretical prediction.

In this letter, we perform an axisymmetric radiative-
transfer simulation for kilonovae/macronovae consider-
ing the interaction between two ejecta components. We
show that the near-infrared and optical lightcurves of
SSS17a can be explained by the ejecta model which
is consistent with the prediction of numerical-relativity
simulations.

2. METHOD AND MODEL

We calculate lightcurves and spectra of kilono-
vae/marconovae by employing a wavelength-dependent
radiative transfer code (Tanaka & Hotokezaka 2013;
Tanaka et al. 2017, 2018). The photon transfer is cal-
culated by the Monte Carlo method for given ejecta
density structure and element abundances. The nu-
clear heating rates are given based on the results of
r-process nucleosynthesis calculations by Wanajo et al.
(2014). We also consider the time-dependent thermal-

θ

Dynamical	ejecta:	0.009	M_sun,	0.08—0.9	c,	Ye=0.1-0.4,	p=-6  
Post-merger	ejecta:	0.02	M_sun,	0.025—0.08	c,	Ye=0.3-0.4,	p=-3

⇢ / r�p
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Axisymmetric

⇢⇥ 10�3
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Fig. 2.— Optical and near-infrared lightcurves of SSS17a compared with the kilonova model observed from 20�  ✓  28� (left panel)
and 86�  ✓  90� (right panel). The optical and near-infrared data points are taken from Villar et al. (2017). We assume that SSSa17 is
at a distance of 40 Mpc. All the magnitudes are given in AB magnitudes.
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Fig. 3.— Time evolution of optical and near-infrared spectral
energy distribution of the kilonova/macronova model. The spectra
at t =1.4, 3.7, and 6.8 days are shown. All the spectra are observed
from 20�  ✓  28� at a distance of 40 Mpc. The green solid curves
denote the best blackbody fits of the spectra.

of the Ye distribution of our model. Thus, a radiative-
transfer simulation employing realistic Ye distribution
based on numerical-relativity simulations is required to
examine whether the solar abundance of r-process ele-
ment can be explained consistently by the ejecta param-
eters inferred from the observation.

4. DISCUSSION & CONCLUSION

In this letter, we perform an axisynmmetric radiative-
transfer simulation for a kilonova/macronova with a
setup suggested by numerical-relativity simulations.
In particular, the interaction between two ejecta
components–the dynamical ejecta and the post-merger
ejecta– via photon transfer is consistently taken into ac-
count in the lightcurve prediction. We found that the
near-infrared and optical lightcurves are explained semi-
quantitatively by the numerical-relativity-simulation-
motivated model without any fine tuning. In particular,
we showed that the observed near-infrared lightcurves
can be explained by the dynamical ejecta of which mass
is consistent with the prediction of numerical simula-
tions. The mass of the dynamical ejecta in our model is
also consistent with that estimated by a semi-analytical
model (Perego et al. 2017). The observed blue optical
lightcurves as well as the photospheric velocity of ⇡ 0.3 c
can be explained by the photon-reprocessing in the low-
density dynamical ejecta, which locates at the polar re-
gion on the top of the post-merger ejecta. Furthermore,
we found that the mass-averaged element abundance of
the ejecta model is consistent with the solar abundance
of r-process element. These results suggest that the pre-
diction of numerical-relativity simulations is robust.

While the kilonova/macronova model which we showed
in this letter agrees semi-quantitatively with the observa-
tional data points, some di↵erences are also found. Thus,
we need to seek what kind of ejecta profile can explain the
observation more accurately. For example, the e↵ective
temperature and the photospheric velocity (or the pho-
tospheric radius) of our model were slightly lower and
higher, respectively, than those obtained from the ob-
servations. This suggests that the column density of the

Host	galaxy	NGC4993:	~40	Mpc	
GW	data	analysis	gave	a	constraint	on	θ	<~30°
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Fig. 2.— Optical and NIR lightcurves of SSS17a compared with the kilonova model observed from 20�  ✓  28� (left panel) and
86�  ✓  90� (right panel). The optical and NIR data points are taken from Villar et al. (2017). We assume that SSSa17 is at a distance
of 40 Mpc. All the magnitudes are given in AB magnitudes. Note that the large deviation of the model lightcurves in H-band may be due
to the incompleteness of the line list for the opacity estimation.
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Fig. 3.— Time evolution of optical and NIR spectral energy dis-
tribution of the kilonova/macronova model. The spectra at t =1.4,
3.7, and 6.8 days are shown. All the spectra are observed from
20�  ✓  28� at a distance of 40 Mpc. The green solid curves
denote the best blackbody fits of the spectra.

2012; Wanajo et al. 2014). Figure 5 compares the el-
emental abundance in our model with the solar abun-
dance. Though some abundance peaks are smaller than
those of the solar abundance, broadly speaking, the mass-
averaged element abundance of our model reproduces the
trend of the solar abundance for a wide range of r-process
elements, in particular, including the first (Z = 34) abun-
dance peaks.

4. DISCUSSION & CONCLUSION

In this letter, we showed a result of an axisymmetric
radiative transfer simulation for a kilonova/macronova
with a setup indicated by numerical-relativity simula-
tions. In particular, the interplay of multiple non-
spherical ejecta components via photon transfer are con-
sistently taken into account in the lightcurve prediction.

We found that the optical and NIR lightcurves of
SSS17a are reproduced naturally by the numerical-
relativity-simulation-motivated model observed from
20�  ✓  28�. In particular, we showed that the ob-
served NIR lightcurves can be interpreted by the emis-
sion from the dynamical ejecta of which mass is con-
sistent with the prediction of numerical relativity. The
observed lightcurves are reproduced by a smaller mass
of the post-merger ejecta than that estimated by pre-
vious studies (e.g., Kasliwal et al. 2017; Cowperthwaite
et al. 2017; Kasen et al. 2017; Perego et al. 2017; Vil-
lar et al. 2017) because the e↵ect of the photon di↵usion
preferentially to the polar direction is taken into account.
The observed blue optical lightcurves as well as the pho-
tospheric velocity of ⇡ 0.3 c can be interpreted by the
photon-reprocessing in the low-density dynamical ejecta,
which locates in the polar region above the post-merger
ejecta.

Our results indicate that there is no tension between
the prediction of numerical-relativity simulations and the
observation of SSS17a, and that the interplay of the
multiple non-spherical ejecta components plays a key
role for predicting kilonova/macronova lightcurves. Note
that Perego et al. (2017) showed a semi-analytical model
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Fig. 5.— The mass-averaged element abundance of our model
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ment (Simmerer et al. 2004) (green lines with points).

dynamical ejecta in the polar region is slightly lower than
our model in SSS17a. We can realize the lower column
density for the dynamical ejecta in many ways, for ex-
ample by either changing the mass, the density profile,
and the minimum velocity of the model. Likewise, there

may exist many sets of parameters that give results con-
sistent with the observation. Therefore, we also need to
examine the model in a wide range of parameter space
to clarify what can we learn about the ejecta profile from
the observed lightcurves. It is also important to explore
a wide range of parameter space to prepare for the fu-
ture kilonovae/macronovae observation. In particular,
since our radiative-transfer simulation can predict the ✓
dependence of the lightcurves consistently, we can test
our model by comparing the lightcurves with those of
kilonovae/macronovae with various observational angles
observed in future.
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Important points

• A	smaller	value	of	mass	the	dynamical	ejecta	(<~0.01	M_sun)	than	
previous	studies	is	needed	for	reproducing	the	observed	
lightcurves,	which	agrees	with	the	predicKon	of	NR	simulaKons	

• Velocity	of	the	post-merger	ejecta	(~<0.05	c)	also	agrees	within	  
the	predicKon	of	NR	simulaKons	

• The	total	mass	of	ejecta	is	smaller	than	the	predicKon	of	previous	
studies	(~0.04-0.08	M_sun		->	~0.03	M_sun)



Hea,ng up of dynamical 
ejecta by post-merger ejecta

• post-merger	ejecta	irradiate	and	heat	up	the	dynamical	ejecta,	 
and	help	the	long-lasKng	NIR	lightcurves	to	be	reproduced	by	less	massive	
dynamical	ejecta	(see	also	Perego	et	al.	2017)

2

relativistic simulations for binary NS mergers show that
the mass and velocity of the dynamical ejecta are typi-
cally 10�3–10�2 M� and 0.1–0.3 c, respectively, depend-
ing on the equation of state and each mass of NS, where c
is the speed of light. The electron fraction of the dynami-
cal ejecta distributes from 0.05–0.5, which leads to a large
value of opacity ⇡ 10 cm2/g. After the dynamical ejec-
tion, the mass ejection from the merger remnant driven
by viscous and neutrino heating follows (Dessart et al.
2009; Metzger & Fernández 2014; Just et al. 2015; Siegel
& Metzger 2017; Shibata et al. 2017; Fujibayashi et al.
2017) (we refer to these ejecta as post-merger ejecta.) It
is shown by general relativistic simulations considering
the e↵ects of physical viscosity and neutrino radiation
that 10�2–10�1 M� of the material can be ejected from
the massive NS and torus formed after the merger. The
velocity of the post-merger ejecta is typically . 0.1 c.
Due to the irradiation by neutrinos emitted from rem-
nant NS, the electron fraction of the post-merger ejecta
typically has a larger value (Ye ⇡ 0.3–0.4) than that of
the dynamical ejecta, and this leads to a smaller value of
opacity ⇡ 0.1 cm2/g.

Among the proposed models, a number of stud-
ies has shown that SSS17a is consistent with kilo-
nova/macronova models composed of two (or more)
ejecta components, such as the lanthanide-rich dynam-
ical ejecta with high opacity (⇡ 10 g/cm3) and the
lanthanide-free post-merger ejecta with low opacity (⇡
0.1 g/cm3) (Kasliwal et al. 2017; Cowperthwaite et al.
2017; Kasen et al. 2017; Tanaka et al. 2017; Villar et al.
2017). In such models, the blue optical emission observed
for ⇠ 1 day and the red near-infrared emission lasts for
⇠ 10 days are explained by the emissions from the post-
merger ejecta and the dynamical ejecta, respectively. On
the other hand, it is also pointed out that the ejecta pa-
rameters of the models that explain the observation are
inconsistent with the prediction of numerical-relativity
simulations. 10�2–10�1 M� is required for the mass of
the dynamical ejecta in these models to explain the near-
infrared lightcurves. However, it is an order magnitude
larger than the theoretical prediction. Moreover, a large
value of ejecta velocity & 0.1–0.3 c is required for the
post-merger component to explain the observed photo-
spheric velocity ⇡ 0.3 c (Kasliwal et al. 2017; Waxman
et al. 2017), while such high velocity is also not realized
in the numerical-relativity simulations (Fujibayashi et al.
2017).

In these kilonovae/macronovae models, contribution
from each ejecta component to the lightcurves is sep-
arately calculated and composited. However, in reality,
two ejecta components would interact each other through
the transfer of photons. Numerical-relativity simulations
give a picture that the post-merger ejecta are surrounded
by the dynamical ejecta because the latter has higher ve-
locity than the former. This suggests that a photon dif-
fuses from the post-merger ejecta cannot directly escape
from the system, but will be reprocessed in the dynami-
cal ejecta before it escapes.

In the presence of massive post-merger ejecta, the dy-
namical ejecta will be heated up. This implies that the
post-merger ejecta would be the main energy source for
the emission from the dynamical ejecta, and this gives
us a chance to explain the long-lasting near-infrared
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Fig. 1.— Density distributions of the ejecta employed in the
radiative-transfer simulation. Red and blue regions denote the re-
gions of the dynamical and the post-merger ejecta, respectively.
Axisymmetry with respect to the z-axis is imposed in the simula-
tion.

lightcurves by less massive dynamical ejecta. Numerical-
relativity simulations also show that most of the dynam-
ical ejecta is concentrated in ✓ � ⇡/4, and only a part of
the dynamical ejecta, which has high velocity, is present
in the polar region (✓  ⇡/4), where ✓ is the inclination
angle measured from the orbital axis of the binary (Ho-
tokezaka et al. 2013; Bauswein et al. 2013; Sekiguchi et al.
2016; Radice et al. 2016; Dietrich et al. 2017). However,
such low-density dynamical ejecta in the polar region can
still significantly modify the spectrum due to large opac-
ity determined by lanthinides (this is known as the lan-
thanide curtain e↵ect (Kasen et al. 2015; Wollaeger et al.
2017).) Since the dynamical ejecta have high velocity, we
can expect that the reprocess of photon in the dynami-
cal ejecta helps the photospheric velocity to be enhanced.
The gravitational-wave data analysis of GW170817 infers
that the event was observed from ✓ . 28� (Abbott et al.
2017a). Therefore, photon-reprocessing in both the low-
density and high-density dynamical ejecta would be im-
portant for the lightcurve prediction. A similar picture
was proposed and studied semi-analytically by Perego
et al. (2017) to explain the inconsistency between the
estimated mass of the dynamical ejecta and that of the
theoretical prediction.

In this letter, we perform an axisymmetric radiative-
transfer simulation for kilonovae/macronovae consider-
ing the interaction between two ejecta components. We
show that the near-infrared and optical lightcurves of
SSS17a can be explained by the ejecta model which
is consistent with the prediction of numerical-relativity
simulations.

2. METHOD AND MODEL

We calculate lightcurves and spectra of kilono-
vae/marconovae by employing a wavelength-dependent
radiative transfer code (Tanaka & Hotokezaka 2013;
Tanaka et al. 2017, 2018). The photon transfer is cal-
culated by the Monte Carlo method for given ejecta
density structure and element abundances. The nu-
clear heating rates are given based on the results of
r-process nucleosynthesis calculations by Wanajo et al.
(2014). We also consider the time-dependent thermal-
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Fig. 2.— Optical and near-infrared lightcurves of SSS17a compared with the kilonova model observed from 20�  ✓  28� (left panel)
and 86�  ✓  90� (right panel). The optical and near-infrared data points are taken from Villar et al. (2017). We assume that SSSa17 is
at a distance of 40 Mpc. All the magnitudes are given in AB magnitudes.
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Fig. 3.— Time evolution of optical and near-infrared spectral
energy distribution of the kilonova/macronova model. The spectra
at t =1.4, 3.7, and 6.8 days are shown. All the spectra are observed
from 20�  ✓  28� at a distance of 40 Mpc. The green solid curves
denote the best blackbody fits of the spectra.

of the Ye distribution of our model. Thus, a radiative-
transfer simulation employing realistic Ye distribution
based on numerical-relativity simulations is required to
examine whether the solar abundance of r-process ele-
ment can be explained consistently by the ejecta param-
eters inferred from the observation.

4. DISCUSSION & CONCLUSION

In this letter, we perform an axisynmmetric radiative-
transfer simulation for a kilonova/macronova with a
setup suggested by numerical-relativity simulations.
In particular, the interaction between two ejecta
components–the dynamical ejecta and the post-merger
ejecta– via photon transfer is consistently taken into ac-
count in the lightcurve prediction. We found that the
near-infrared and optical lightcurves are explained semi-
quantitatively by the numerical-relativity-simulation-
motivated model without any fine tuning. In particular,
we showed that the observed near-infrared lightcurves
can be explained by the dynamical ejecta of which mass
is consistent with the prediction of numerical simula-
tions. The mass of the dynamical ejecta in our model is
also consistent with that estimated by a semi-analytical
model (Perego et al. 2017). The observed blue optical
lightcurves as well as the photospheric velocity of ⇡ 0.3 c
can be explained by the photon-reprocessing in the low-
density dynamical ejecta, which locates at the polar re-
gion on the top of the post-merger ejecta. Furthermore,
we found that the mass-averaged element abundance of
the ejecta model is consistent with the solar abundance
of r-process element. These results suggest that the pre-
diction of numerical-relativity simulations is robust.

While the kilonova/macronova model which we showed
in this letter agrees semi-quantitatively with the observa-
tional data points, some di↵erences are also found. Thus,
we need to seek what kind of ejecta profile can explain the
observation more accurately. For example, the e↵ective
temperature and the photospheric velocity (or the pho-
tospheric radius) of our model were slightly lower and
higher, respectively, than those obtained from the ob-
servations. This suggests that the column density of the
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relativistic simulations for binary NS mergers show that
the mass and velocity of the dynamical ejecta are typi-
cally 10�3–10�2 M� and 0.1–0.3 c, respectively, depend-
ing on the equation of state and each mass of NS, where c
is the speed of light. The electron fraction of the dynami-
cal ejecta distributes from 0.05–0.5, which leads to a large
value of opacity ⇡ 10 cm2/g. After the dynamical ejec-
tion, the mass ejection from the merger remnant driven
by viscous and neutrino heating follows (Dessart et al.
2009; Metzger & Fernández 2014; Just et al. 2015; Siegel
& Metzger 2017; Shibata et al. 2017; Fujibayashi et al.
2017) (we refer to these ejecta as post-merger ejecta.) It
is shown by general relativistic simulations considering
the e↵ects of physical viscosity and neutrino radiation
that 10�2–10�1 M� of the material can be ejected from
the massive NS and torus formed after the merger. The
velocity of the post-merger ejecta is typically . 0.1 c.
Due to the irradiation by neutrinos emitted from rem-
nant NS, the electron fraction of the post-merger ejecta
typically has a larger value (Ye ⇡ 0.3–0.4) than that of
the dynamical ejecta, and this leads to a smaller value of
opacity ⇡ 0.1 cm2/g.

Among the proposed models, a number of stud-
ies has shown that SSS17a is consistent with kilo-
nova/macronova models composed of two (or more)
ejecta components, such as the lanthanide-rich dynam-
ical ejecta with high opacity (⇡ 10 g/cm3) and the
lanthanide-free post-merger ejecta with low opacity (⇡
0.1 g/cm3) (Kasliwal et al. 2017; Cowperthwaite et al.
2017; Kasen et al. 2017; Tanaka et al. 2017; Villar et al.
2017). In such models, the blue optical emission observed
for ⇠ 1 day and the red near-infrared emission lasts for
⇠ 10 days are explained by the emissions from the post-
merger ejecta and the dynamical ejecta, respectively. On
the other hand, it is also pointed out that the ejecta pa-
rameters of the models that explain the observation are
inconsistent with the prediction of numerical-relativity
simulations. 10�2–10�1 M� is required for the mass of
the dynamical ejecta in these models to explain the near-
infrared lightcurves. However, it is an order magnitude
larger than the theoretical prediction. Moreover, a large
value of ejecta velocity & 0.1–0.3 c is required for the
post-merger component to explain the observed photo-
spheric velocity ⇡ 0.3 c (Kasliwal et al. 2017; Waxman
et al. 2017), while such high velocity is also not realized
in the numerical-relativity simulations (Fujibayashi et al.
2017).

In these kilonovae/macronovae models, contribution
from each ejecta component to the lightcurves is sep-
arately calculated and composited. However, in reality,
two ejecta components would interact each other through
the transfer of photons. Numerical-relativity simulations
give a picture that the post-merger ejecta are surrounded
by the dynamical ejecta because the latter has higher ve-
locity than the former. This suggests that a photon dif-
fuses from the post-merger ejecta cannot directly escape
from the system, but will be reprocessed in the dynami-
cal ejecta before it escapes.

In the presence of massive post-merger ejecta, the dy-
namical ejecta will be heated up. This implies that the
post-merger ejecta would be the main energy source for
the emission from the dynamical ejecta, and this gives
us a chance to explain the long-lasting near-infrared
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Fig. 1.— Density distributions of the ejecta employed in the
radiative-transfer simulation. Red and blue regions denote the re-
gions of the dynamical and the post-merger ejecta, respectively.
Axisymmetry with respect to the z-axis is imposed in the simula-
tion.

lightcurves by less massive dynamical ejecta. Numerical-
relativity simulations also show that most of the dynam-
ical ejecta is concentrated in ✓ � ⇡/4, and only a part of
the dynamical ejecta, which has high velocity, is present
in the polar region (✓  ⇡/4), where ✓ is the inclination
angle measured from the orbital axis of the binary (Ho-
tokezaka et al. 2013; Bauswein et al. 2013; Sekiguchi et al.
2016; Radice et al. 2016; Dietrich et al. 2017). However,
such low-density dynamical ejecta in the polar region can
still significantly modify the spectrum due to large opac-
ity determined by lanthinides (this is known as the lan-
thanide curtain e↵ect (Kasen et al. 2015; Wollaeger et al.
2017).) Since the dynamical ejecta have high velocity, we
can expect that the reprocess of photon in the dynami-
cal ejecta helps the photospheric velocity to be enhanced.
The gravitational-wave data analysis of GW170817 infers
that the event was observed from ✓ . 28� (Abbott et al.
2017a). Therefore, photon-reprocessing in both the low-
density and high-density dynamical ejecta would be im-
portant for the lightcurve prediction. A similar picture
was proposed and studied semi-analytically by Perego
et al. (2017) to explain the inconsistency between the
estimated mass of the dynamical ejecta and that of the
theoretical prediction.

In this letter, we perform an axisymmetric radiative-
transfer simulation for kilonovae/macronovae consider-
ing the interaction between two ejecta components. We
show that the near-infrared and optical lightcurves of
SSS17a can be explained by the ejecta model which
is consistent with the prediction of numerical-relativity
simulations.

2. METHOD AND MODEL

We calculate lightcurves and spectra of kilono-
vae/marconovae by employing a wavelength-dependent
radiative transfer code (Tanaka & Hotokezaka 2013;
Tanaka et al. 2017, 2018). The photon transfer is cal-
culated by the Monte Carlo method for given ejecta
density structure and element abundances. The nu-
clear heating rates are given based on the results of
r-process nucleosynthesis calculations by Wanajo et al.
(2014). We also consider the time-dependent thermal-
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Fig. 2.— Optical and near-infrared lightcurves of SSS17a compared with the kilonova model observed from 20�  ✓  28� (left panel)
and 86�  ✓  90� (right panel). The optical and near-infrared data points are taken from Villar et al. (2017). We assume that SSSa17 is
at a distance of 40 Mpc. All the magnitudes are given in AB magnitudes.
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Fig. 3.— Time evolution of optical and near-infrared spectral
energy distribution of the kilonova/macronova model. The spectra
at t =1.4, 3.7, and 6.8 days are shown. All the spectra are observed
from 20�  ✓  28� at a distance of 40 Mpc. The green solid curves
denote the best blackbody fits of the spectra.

of the Ye distribution of our model. Thus, a radiative-
transfer simulation employing realistic Ye distribution
based on numerical-relativity simulations is required to
examine whether the solar abundance of r-process ele-
ment can be explained consistently by the ejecta param-
eters inferred from the observation.

4. DISCUSSION & CONCLUSION

In this letter, we perform an axisynmmetric radiative-
transfer simulation for a kilonova/macronova with a
setup suggested by numerical-relativity simulations.
In particular, the interaction between two ejecta
components–the dynamical ejecta and the post-merger
ejecta– via photon transfer is consistently taken into ac-
count in the lightcurve prediction. We found that the
near-infrared and optical lightcurves are explained semi-
quantitatively by the numerical-relativity-simulation-
motivated model without any fine tuning. In particular,
we showed that the observed near-infrared lightcurves
can be explained by the dynamical ejecta of which mass
is consistent with the prediction of numerical simula-
tions. The mass of the dynamical ejecta in our model is
also consistent with that estimated by a semi-analytical
model (Perego et al. 2017). The observed blue optical
lightcurves as well as the photospheric velocity of ⇡ 0.3 c
can be explained by the photon-reprocessing in the low-
density dynamical ejecta, which locates at the polar re-
gion on the top of the post-merger ejecta. Furthermore,
we found that the mass-averaged element abundance of
the ejecta model is consistent with the solar abundance
of r-process element. These results suggest that the pre-
diction of numerical-relativity simulations is robust.

While the kilonova/macronova model which we showed
in this letter agrees semi-quantitatively with the observa-
tional data points, some di↵erences are also found. Thus,
we need to seek what kind of ejecta profile can explain the
observation more accurately. For example, the e↵ective
temperature and the photospheric velocity (or the pho-
tospheric radius) of our model were slightly lower and
higher, respectively, than those obtained from the ob-
servations. This suggests that the column density of the
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relativistic simulations for binary NS mergers show that
the mass and velocity of the dynamical ejecta are typi-
cally 10�3–10�2 M� and 0.1–0.3 c, respectively, depend-
ing on the equation of state and each mass of NS, where c
is the speed of light. The electron fraction of the dynami-
cal ejecta distributes from 0.05–0.5, which leads to a large
value of opacity ⇡ 10 cm2/g. After the dynamical ejec-
tion, the mass ejection from the merger remnant driven
by viscous and neutrino heating follows (Dessart et al.
2009; Metzger & Fernández 2014; Just et al. 2015; Siegel
& Metzger 2017; Shibata et al. 2017; Fujibayashi et al.
2017) (we refer to these ejecta as post-merger ejecta.) It
is shown by general relativistic simulations considering
the e↵ects of physical viscosity and neutrino radiation
that 10�2–10�1 M� of the material can be ejected from
the massive NS and torus formed after the merger. The
velocity of the post-merger ejecta is typically . 0.1 c.
Due to the irradiation by neutrinos emitted from rem-
nant NS, the electron fraction of the post-merger ejecta
typically has a larger value (Ye ⇡ 0.3–0.4) than that of
the dynamical ejecta, and this leads to a smaller value of
opacity ⇡ 0.1 cm2/g.

Among the proposed models, a number of stud-
ies has shown that SSS17a is consistent with kilo-
nova/macronova models composed of two (or more)
ejecta components, such as the lanthanide-rich dynam-
ical ejecta with high opacity (⇡ 10 g/cm3) and the
lanthanide-free post-merger ejecta with low opacity (⇡
0.1 g/cm3) (Kasliwal et al. 2017; Cowperthwaite et al.
2017; Kasen et al. 2017; Tanaka et al. 2017; Villar et al.
2017). In such models, the blue optical emission observed
for ⇠ 1 day and the red near-infrared emission lasts for
⇠ 10 days are explained by the emissions from the post-
merger ejecta and the dynamical ejecta, respectively. On
the other hand, it is also pointed out that the ejecta pa-
rameters of the models that explain the observation are
inconsistent with the prediction of numerical-relativity
simulations. 10�2–10�1 M� is required for the mass of
the dynamical ejecta in these models to explain the near-
infrared lightcurves. However, it is an order magnitude
larger than the theoretical prediction. Moreover, a large
value of ejecta velocity & 0.1–0.3 c is required for the
post-merger component to explain the observed photo-
spheric velocity ⇡ 0.3 c (Kasliwal et al. 2017; Waxman
et al. 2017), while such high velocity is also not realized
in the numerical-relativity simulations (Fujibayashi et al.
2017).

In these kilonovae/macronovae models, contribution
from each ejecta component to the lightcurves is sep-
arately calculated and composited. However, in reality,
two ejecta components would interact each other through
the transfer of photons. Numerical-relativity simulations
give a picture that the post-merger ejecta are surrounded
by the dynamical ejecta because the latter has higher ve-
locity than the former. This suggests that a photon dif-
fuses from the post-merger ejecta cannot directly escape
from the system, but will be reprocessed in the dynami-
cal ejecta before it escapes.

In the presence of massive post-merger ejecta, the dy-
namical ejecta will be heated up. This implies that the
post-merger ejecta would be the main energy source for
the emission from the dynamical ejecta, and this gives
us a chance to explain the long-lasting near-infrared
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Fig. 1.— Density distributions of the ejecta employed in the
radiative-transfer simulation. Red and blue regions denote the re-
gions of the dynamical and the post-merger ejecta, respectively.
Axisymmetry with respect to the z-axis is imposed in the simula-
tion.

lightcurves by less massive dynamical ejecta. Numerical-
relativity simulations also show that most of the dynam-
ical ejecta is concentrated in ✓ � ⇡/4, and only a part of
the dynamical ejecta, which has high velocity, is present
in the polar region (✓  ⇡/4), where ✓ is the inclination
angle measured from the orbital axis of the binary (Ho-
tokezaka et al. 2013; Bauswein et al. 2013; Sekiguchi et al.
2016; Radice et al. 2016; Dietrich et al. 2017). However,
such low-density dynamical ejecta in the polar region can
still significantly modify the spectrum due to large opac-
ity determined by lanthinides (this is known as the lan-
thanide curtain e↵ect (Kasen et al. 2015; Wollaeger et al.
2017).) Since the dynamical ejecta have high velocity, we
can expect that the reprocess of photon in the dynami-
cal ejecta helps the photospheric velocity to be enhanced.
The gravitational-wave data analysis of GW170817 infers
that the event was observed from ✓ . 28� (Abbott et al.
2017a). Therefore, photon-reprocessing in both the low-
density and high-density dynamical ejecta would be im-
portant for the lightcurve prediction. A similar picture
was proposed and studied semi-analytically by Perego
et al. (2017) to explain the inconsistency between the
estimated mass of the dynamical ejecta and that of the
theoretical prediction.

In this letter, we perform an axisymmetric radiative-
transfer simulation for kilonovae/macronovae consider-
ing the interaction between two ejecta components. We
show that the near-infrared and optical lightcurves of
SSS17a can be explained by the ejecta model which
is consistent with the prediction of numerical-relativity
simulations.

2. METHOD AND MODEL

We calculate lightcurves and spectra of kilono-
vae/marconovae by employing a wavelength-dependent
radiative transfer code (Tanaka & Hotokezaka 2013;
Tanaka et al. 2017, 2018). The photon transfer is cal-
culated by the Monte Carlo method for given ejecta
density structure and element abundances. The nu-
clear heating rates are given based on the results of
r-process nucleosynthesis calculations by Wanajo et al.
(2014). We also consider the time-dependent thermal-
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Angular dependence of 
photon diffusion

• Photons	diffuse	preferenKally	to	the	polar	direcKon	in	the	presence	of	the	
opKcally	thick	dynamical	ejecta	in	the	equatorial	plane,	 
and	then,	luminosity	is	effecKvely	enhanced	in	the	polar	direcKon 
→less	ejecta	mass	is	required	to	reproduced	observed	(isotropic)	luminosity

2

relativistic simulations for binary NS mergers show that
the mass and velocity of the dynamical ejecta are typi-
cally 10�3–10�2 M� and 0.1–0.3 c, respectively, depend-
ing on the equation of state and each mass of NS, where c
is the speed of light. The electron fraction of the dynami-
cal ejecta distributes from 0.05–0.5, which leads to a large
value of opacity ⇡ 10 cm2/g. After the dynamical ejec-
tion, the mass ejection from the merger remnant driven
by viscous and neutrino heating follows (Dessart et al.
2009; Metzger & Fernández 2014; Just et al. 2015; Siegel
& Metzger 2017; Shibata et al. 2017; Fujibayashi et al.
2017) (we refer to these ejecta as post-merger ejecta.) It
is shown by general relativistic simulations considering
the e↵ects of physical viscosity and neutrino radiation
that 10�2–10�1 M� of the material can be ejected from
the massive NS and torus formed after the merger. The
velocity of the post-merger ejecta is typically . 0.1 c.
Due to the irradiation by neutrinos emitted from rem-
nant NS, the electron fraction of the post-merger ejecta
typically has a larger value (Ye ⇡ 0.3–0.4) than that of
the dynamical ejecta, and this leads to a smaller value of
opacity ⇡ 0.1 cm2/g.

Among the proposed models, a number of stud-
ies has shown that SSS17a is consistent with kilo-
nova/macronova models composed of two (or more)
ejecta components, such as the lanthanide-rich dynam-
ical ejecta with high opacity (⇡ 10 g/cm3) and the
lanthanide-free post-merger ejecta with low opacity (⇡
0.1 g/cm3) (Kasliwal et al. 2017; Cowperthwaite et al.
2017; Kasen et al. 2017; Tanaka et al. 2017; Villar et al.
2017). In such models, the blue optical emission observed
for ⇠ 1 day and the red near-infrared emission lasts for
⇠ 10 days are explained by the emissions from the post-
merger ejecta and the dynamical ejecta, respectively. On
the other hand, it is also pointed out that the ejecta pa-
rameters of the models that explain the observation are
inconsistent with the prediction of numerical-relativity
simulations. 10�2–10�1 M� is required for the mass of
the dynamical ejecta in these models to explain the near-
infrared lightcurves. However, it is an order magnitude
larger than the theoretical prediction. Moreover, a large
value of ejecta velocity & 0.1–0.3 c is required for the
post-merger component to explain the observed photo-
spheric velocity ⇡ 0.3 c (Kasliwal et al. 2017; Waxman
et al. 2017), while such high velocity is also not realized
in the numerical-relativity simulations (Fujibayashi et al.
2017).

In these kilonovae/macronovae models, contribution
from each ejecta component to the lightcurves is sep-
arately calculated and composited. However, in reality,
two ejecta components would interact each other through
the transfer of photons. Numerical-relativity simulations
give a picture that the post-merger ejecta are surrounded
by the dynamical ejecta because the latter has higher ve-
locity than the former. This suggests that a photon dif-
fuses from the post-merger ejecta cannot directly escape
from the system, but will be reprocessed in the dynami-
cal ejecta before it escapes.

In the presence of massive post-merger ejecta, the dy-
namical ejecta will be heated up. This implies that the
post-merger ejecta would be the main energy source for
the emission from the dynamical ejecta, and this gives
us a chance to explain the long-lasting near-infrared
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Fig. 1.— Density distributions of the ejecta employed in the
radiative-transfer simulation. Red and blue regions denote the re-
gions of the dynamical and the post-merger ejecta, respectively.
Axisymmetry with respect to the z-axis is imposed in the simula-
tion.

lightcurves by less massive dynamical ejecta. Numerical-
relativity simulations also show that most of the dynam-
ical ejecta is concentrated in ✓ � ⇡/4, and only a part of
the dynamical ejecta, which has high velocity, is present
in the polar region (✓  ⇡/4), where ✓ is the inclination
angle measured from the orbital axis of the binary (Ho-
tokezaka et al. 2013; Bauswein et al. 2013; Sekiguchi et al.
2016; Radice et al. 2016; Dietrich et al. 2017). However,
such low-density dynamical ejecta in the polar region can
still significantly modify the spectrum due to large opac-
ity determined by lanthinides (this is known as the lan-
thanide curtain e↵ect (Kasen et al. 2015; Wollaeger et al.
2017).) Since the dynamical ejecta have high velocity, we
can expect that the reprocess of photon in the dynami-
cal ejecta helps the photospheric velocity to be enhanced.
The gravitational-wave data analysis of GW170817 infers
that the event was observed from ✓ . 28� (Abbott et al.
2017a). Therefore, photon-reprocessing in both the low-
density and high-density dynamical ejecta would be im-
portant for the lightcurve prediction. A similar picture
was proposed and studied semi-analytically by Perego
et al. (2017) to explain the inconsistency between the
estimated mass of the dynamical ejecta and that of the
theoretical prediction.

In this letter, we perform an axisymmetric radiative-
transfer simulation for kilonovae/macronovae consider-
ing the interaction between two ejecta components. We
show that the near-infrared and optical lightcurves of
SSS17a can be explained by the ejecta model which
is consistent with the prediction of numerical-relativity
simulations.

2. METHOD AND MODEL

We calculate lightcurves and spectra of kilono-
vae/marconovae by employing a wavelength-dependent
radiative transfer code (Tanaka & Hotokezaka 2013;
Tanaka et al. 2017, 2018). The photon transfer is cal-
culated by the Monte Carlo method for given ejecta
density structure and element abundances. The nu-
clear heating rates are given based on the results of
r-process nucleosynthesis calculations by Wanajo et al.
(2014). We also consider the time-dependent thermal-
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Summary
• We	found	that	the	opKcal	and	NIR	lightcurves	as	well	as		
photospheric	velocity	of	SSS17a	are	reproduced	by	 
the	ejecta	model	which	is	within	the	predicKon	of	NR	simulaKons 
,	and	thus,	there	is	no	tension	between	the	predicKon	of	
numerical-relaKvity	simulaKons	and	the	observaKon	of	SSS17a	

• The	interplay	of	the	mulKple	non-spherical	ejecta	components	via	
photons	plays	a	key	role	for	the	kilonova/macronova	lightcurves.	

• Our	model	can	be	examined	by	the	kilonova/macronova	
observed	from	different	inclinaKon  
	(for	BNS	with	similar	total	mass)	



Future work

•  Varia,ons of Kilonova/macronova lightcurves should be studied: 
 ex) smaller total mass system, a black hole-neutron star merger 

• Systema,c & Quan,ta,ve study varying ejecta parameters, such as the 
masses and velocity of dynamical and post merger ejecta, are needed 
to understand the variety of kilonova/macronova lightcurves  

• Combined analysis of gravita,onal waves and kilonova/macronova 
lightcurves (+other EMs)  
 
Gravita,onal waves → total mass, inclina,on, ,dal deformability  
Electromagne,c waves → ejecta mass, Ye (weak process) informa,on



Toward rapid KN predic,on: 
Gaussian Process Regression 

• Gaussian process regression model may be useful to 
interpolate the data point of RT simula,ons 

• RT simula,on ~1 Day /model → ~1 -10Minutes/model

M
post

= 0.01, 0.03, 0.05M�

M
dyn,eq = 0.001, 0.005, 0.01(⇥0.72)M�

M
dyn,polar = 10�5, 5⇥ 10�5, 10�4(⇥0.28)M�
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RT	Data	sets	(3×3×3=27	models)	



Appendix



Contamina,on of  
Post-merger waveforms

• The gravita,onal-wave spectra for f>1000 Hz 
would be affected by the post-merger 
waveforms.  

• The post-merger waveforms can be modified 
by detailed physical effects that are not 
taken into account for our current 
numerical-rela,vity simula,ons  
 (e.g., M. Shibata et al. 2017) 

• we restrict the frequency range of 
gravita,onal-wave modelling to 10–1000 Hz 
to avoid the contamina,on from the post-
merger waveforms
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FIG. 1. The comparison of Fourier spectra of gravitational
waves from binary neutron stars with three di↵erent equations
of state and with two values of total mass. A(f), De↵ , and m0

denote the amplitude of the spectrum, the e↵ective distance
to the gravitational-wave source, and the total mass of the
binary, respectively. The vertical dashed line denotes f =
1000Hz.

the analysis in Sec. III and Sec. IV. The details and the
derivation of these point-particle models are presented in
Appendix A.

We note that, in this work, we focus only on gravita-
tional waves for f  1000Hz. The reason for this is that
the gravitational-wave spectra for f > 1000Hz would be
a↵ected by the post-merger waveforms: In Fig. 1, we
show the amplitude of the gravitational-wave spectra for
several binary neutron star models (see Sec. II A for the
details of binary neutron star models). Figure 1 shows
that the amplitude is no longer a monotonic function of
the gravitational-wave frequency for f & 1100Hz. This
suggests that both amplitude and phase of the spectra
are a↵ected by the waveforms after the merger that can
be modified by detailed physical e↵ects (see Appendix B
for a detailed analysis). Thus, we have to restrict our
attention to the frequency of f  1000Hz. In this work,
we also focus only on the case that the spins of neutron
stars are absent. We leave the extension of our waveform
model for the future task.

A. Time-domain hybrid waveforms

The hybrid waveforms employed for deriving and cal-
ibrating our waveform model in this paper are com-
posed of the high-frequency part (& 400Hz) and the low-
frequency part (. 400Hz). For the high-frequency parts,
we employ our latest numerical-relativity waveforms de-
rived partly in Ref. [29]. The simulations are performed
by using a numerical-relativity code, SACRA, in which
an adaptive-mesh-refinement (AMR) algorithm is imple-

mented (see Refs. [29] and [41] for details of the com-
putational setup). Binary neutron stars in quasi-circular
orbits with small eccentricity ⇠ 10�3 are numerically de-
rived for the initial conditions of the simulations using a
spectral-method library, LORENE [42], and an eccentricity-
reduction procedure described in Ref. [43].
We employ the numerical-relativity waveforms of bi-

nary neutron stars with m0 ⇡ 2.7M� and m0 = 2.5M�,
where m0 is the total mass of the binary at infinite sep-
aration. More precisely, equal-mass models with each
mass m1 = m2 = 1.35M� and 1.25M�, and unequal-
mass models with each mass (m1,m2) ⇡ (1.21, 1.51)M�
and (1.16, 1.58)M� are employed. We note that, for the
models with each mass (m1,m2) ⇡ (1.21, 1.51)M�, we
employ the results of the simulations of which grid resolu-
tions are improved from those presented in Ref. [29]. The
simulations for the new models are performed in the same
way as in Ref. [29]. The orbital angular velocity of the ini-
tial configuration, ⌦0, is chosen to bem0⌦0 ⇡ 0.0155 and
0.0150 for m0 ⇡ 2.7M� and m0 = 2.5M�, respectively.
Model parameters and grid configurations are summa-
rized in Table I. We note that the numerical-relativity
waveforms are expected to have a phase error by 0.2–
0.6 rad up to the time of peak amplitude (see Ref. [29]
and Appendix C for details of this estimation).
Five parameterized piecewise-polytropic equations of

state with two pieces [8, 16, 29, 44] are employed to
consider the cases for a wide range of binary tidal de-
formability, 300 . ⇤̃ . 1900. For any equations of state
employed in this paper, the maximum mass of spher-
ical neutron stars is larger than 2.0M�, which is the
approximate maximum mass among the observed neu-
tron stars to date [45, 46]. The radius and the dimen-
sionless tidal deformability of spherical neutron stars of
1.16, 1.21, 1.25, 1.35, 1.51, and 1.58M� are listed in Ta-
ble II. The 15H equation of state might be incompatible
with the observational results of GW170817 [3], because
the tidal deformability in this equations of state for the
neutron stars of mass 1.35–1.40,M� is larger than 1000.
However, the other equations of state are compatible with
the latest observational results.
For the low-frequency part, we employ the TEOB

waveforms of Refs. [26–28], which are currently among
the most successful approximants in which the tidal ef-
fects as well as higher PN e↵ects are taken into account.
There exist two types of the TEOB formalism depending
on the choice of point-particle baseline; the SEOBNRv2T
and SEOBNRv4T formalisms of which the point-particle
parts agree with the SEOBNRv2 and SEOBNRv4 for-
malisms [47], respectively. In this work, we employ the
SEOBNRv2T waveforms for the low-frequency part of
the hybrid waveforms. This is because the point-particle
baseline of the SEOBNRv2T formalism, i.e., the SEOB-
NRv2 formalism, is more suitable for deriving waveforms
for a non-spinning equal-mass binary (see Appendix A).
For each binary neutron star model in Table I, the

SEOBNRv2T waveforms are generated by specifying the
mass and dimensionless tidal deformability, ⇤i (i = 1, 2),
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FIG. 3. Averaged angular-velocity profiles along the cylindrical radius at selected time slices for the models with ↵
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= 0 (left
column), 0.01 (middle column), and 0.02 (right column).
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= 0, 0.01, and 0.02. Here we plot the real part of  
4

for the l = m = 2 spin-
weighted spherical-harmonics component. D and m

0

(= 2.7M�) are the distance from the source to the observer and initial
gravitational mass of the binary system. We assume that the observer of gravitational waves is located along the rotation axis
of the massive neutron star. Right: Evolution of the absolute value of  

4

. To clarify the exponential damping of the curves,
for plotting the right panel, we apply a filter to | 

4

| in order to erase high-frequency noises.

a long-term numerical-relativity simulation is one of our
future issues.

These viscous e↵ects are reflected intensely in gravita-
tional waves emitted by the remnant massive neutron
star. Figure 4 shows the gravitational waveforms for
↵
v

= 0, 0.01, and 0.02 all together. Here, we plot the real
part of the out-going components of the complex Weyl
scalar (the so-called  

4

) for the l = m = 2 spin-weighted
spherical-harmonics component. For ↵

v

= 0, quasi-
periodic gravitational waves are emitted for a timescale
much longer than 10ms, reflecting the fact that the non-
axisymmetric structure of the massive neutron star is pre-
served (this waveform is essentially the same as that we
found in our merger simulation [6]). The right panel of
Fig. 4 clearly shows that the amplitude of gravitational
waves is nearly constant for this case. By contrast, the
gravitational-wave amplitude decreases exponentially in
time in the viscous timescale for ↵

v

6= 0. This reflects the
fact that the non-axisymmetric structure of the massive
neutron star is damped in the viscous timescale. This
suggests that, in the presence of MHD turbulence which

would induce turbulence viscosity, the merger remnant of
binary neutron stars may not emit high-amplitude grav-
itational waves for a timescale longer than ⇠ 10ms.
The right panel of Fig. 4 shows that the amplitude

of gravitational waves damps in an exponential manner
/ exp(�t/⌧) where ⌧ is the e-holding damping timescale.
In the present results, ⌧ is approximately written as

⌧ ⇡ 3.6ms
⇣ ↵

v

0.01

⌘�1

. (4.2)

This timescale agrees approximately with the timescale
for the change of the angular velocity found in Fig. 3.
We note that the author of Ref. [18] recently performed

a viscous hydrodynamics simulation for the merger of
binary neutron stars. He also showed that the luminosity
of gravitational waves decreases with the increase of the
viscous coe�cient, although he focused only on the case
with a small viscous parameter (in the terminology of
alpha viscosity, he focuses only on the cases of ↵

v

=
O(10�3) or less).
Figure 5 plots the spectrum of gravitational waveforms

Dependence	of	the	post-merger	
waveforms	on	physical	viscosity

Ref:	M.	Shibata	&	K.	Kiuchi	2017	



Set up
• Binary neutron stars in quasi-circular orbits are numerically derived for the ini,al 

condi,ons of the simula,ons using a spectral-method library, LORENE  
(h�p://www.lorene.obspm.fr/) 

• small	orbital	eccentricity	∼10^{−3} is realized by an eccentricity-reduc,on 
procedure described in Kyutoku et al. 2014  

• The ini,al gravita,onal-wave frequency is ~400 Hz, and  
~30	gravita9onal	cycles	(>200	rad)	are obtained before the onset of merger 

• Grid resolu,on of the simula,on is improved by more	than	a	factor	of	2.  
(With these grid spacing, the semi-major diameter of the neutron stars is covered 
by about ~260 grid points.) 

• 540-650k core hours (~2 month for 16 core x 32 nodes) for the highest resolu,on 
models

http://www.lorene.obspm.fr/


Error and Convergence

• The phase error is dominated by that 
comes from the finite grid spacing 

• We es,mate the error of the phase at the 
,me of the peak amplitude by data with 6 
different grid-resolu,ons 

• The nearly convergent result is likely to be 
achieved for all the cases, and the order of 
the convergence is likely to be about 2-4. 

• The error of the peak phase for highest-
resolu,on run due to the finite grid spacing 
is conserva,vely about 0.1–0.6 rad.
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FIG. 15. Phase di↵erence between the highest resolution
run and the others at the time that the gravitational-
wave amplitude reaches the peak as a function of
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that with ±0.1 rad o↵sets, respectively. (Top) Models with
1.21-1.51M�. (Middle) Models with 1.16-1.58M�. (Bottom)
Models with 1.25-1.25M�.

refer to as the peak phase). We assume that the peak
phase for the run with the grid resolution N is written

as

�peak (N) = �peak (1)���peak (182)
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where �peak (1), ��peak (182), and p denote the peak
phase for the continuum limit, the error of the peak phase
for N = 182 run due to the finite grid spacing, and the
convergence order, respectively. The di↵erence of the
peak phase between N = 182 run and the other resolu-
tion runs can be written as

�peak (182)� �peak (N) = ��peak (182)
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,
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and we determine ��peak (182) and p by fitting the data
obtained by the simulations.

Figure 15 plots the di↵erence of the peak phase be-
tween N = 182 run and the other resolution runs as a
function of ��peak (182)

⇥�

182
N

�p � 1
⇤

employing the val-
ues of ��peak (182) and p determined for each binary
neutron star model. Figure 15 shows that the nearly con-
vergent result is likely to be achieved for all the cases, and
the order of the convergence is likely to be about 2 � 4.
However, the slight deviation of the data points from the
fitting function, Eq. (C2), is also found irrespective of
the value of N . This suggests that the error of ⇡ 0.1
rad which does not converge monotonically with the im-
provement of the grid resolution is present in the data.
For the equal-mass model with 1.25-1.25 M�, the conver-
gence order is larger than 4 for some cases, and this may
be due to the irregular error: Because the di↵erence of
the peak phase between N = 182 run and the other reso-
lution runs is typically smaller for the equal-mass model
with 1.25-1.25 M�, the fit can be a↵ected more strongly
by the irregular error than for the other mass models.
According to the determined values of ��peak (182), the
error of the peak phase for N = 182 run due to the finite
grid spacing is about 0.1–0.5 rad. Considering the pres-
ence of the irregular error, we conservatively conclude
that the phase error stemming from the finite grid spac-
ing is 0.2–0.6 rad. In particular, it is smaller than 0.3 rad
for the equal-mass models with 1.25-1.25M�, which are
used for determining the model parameters.

To quantify how the phase error due to the finite grid
spacing a↵ects our analysis, we also calculate the distin-
guishability between the hybrid waveforms derived em-
ploying the numerical-relativity waveforms of N = 182
and 150 runs. We find that the value of the distinguisha-
bility is always much smaller than 0.1 for the signal-
to-noise ratio 50. This indicates that the phase error
of numerical-relativity waveforms due to the finite grid
spacing has only a minor e↵ect on the results of the anal-
ysis performed in this paper.



Tidal part amplitude model
• Tidal part amplitude model for the 

hybrid waveforms is also derived based 
on 1PN order ,dal part formula 

• The same hybrid waveform as the ,dal 
part phase model is used for parameter 
determina,on (15H125-125)  

!

• The rela,ve error of the ,dal-part 
amplitude model is always within 5 % 
for f<~900 Hz, and always within 10 % 
for Λ<=850 at 1000 Hz
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for equal-mass cases, and then we extend it to unequal-
mass cases.

The tidal-part amplitude model for the hybrid wave-
forms is derived based on the 1 PN order (equal-mass)
formula for the tidal-part amplitude given by [11, 12, 36]
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where De↵ is the e↵ective distance to the binary (see
Ref. [36] for its definition). To take the higher-order PN
tidal e↵ects into account, we add a polynomial term to
Eq. (2.22) as
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where b and q are the fitting parameters. We determine
b and q by minimizing

I 000 =
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where AHybrid
tidal is the tidal-part amplitude of the hy-

brid waveforms, fmin and fmax are set to be 10Hz and
1000Hz, respectively. Employing the hybrid waveform
of 15H125-125 as a reference, we obtain b = �4251 and
q = 7.890.

As in the phase model, we extend Eq. (2.23) to
unequal-mass cases by replacing the leading order coef-
ficient,

p

5⇡/96, and ⇤ to
p

5⇡⌘/24 and ⇤̃, respectively,
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Figure 6 shows the relative error of the tidal-part ampli-
tude model defined by (AHybrid

tidal � Atidal)/AHybrid, where
AHybrid is the amplitude of the hybrid waveforms. For
⇤̃  850, the relative error of the tidal-part amplitude
model is always smaller than 10%. The relative error
is larger for ⇤̃ � 850, and in particular, it is larger than
15% for 15H135-135, 15H121-151, and 15H116-158. How-
ever, such large values of the error are only present for
f & 900Hz, and they have only minor e↵ects on the ac-
curacy of our waveform model as is shown in the next
section.

III. VALIDITY OF THE ANALYTIC MODEL

We constructed a frequency-domain gravitational-
waveform model for binary neutron stars by employing
the tidal-part and point-particle part models of gravi-
tational waves derived in the previous section and Ap-
pendix A, respectively, as

h̃model = h̃model
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(3.1)
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This waveform model has 6 parameters, {✓i}6i=1 =
n

Mc, ⌘, ⇤̃,�0, t0, De↵

o

. In this section we check the va-

lidity of our waveform model using the hybrid waveforms
as hypothetical signals.

A. Distinguishability

To check the validity of our waveform model derived in
the previous section, we calculate the distinguishability
between our waveform model and the hybrid waveforms
supposing advanced LIGO as a fiducial detector. For this
purpose, we define an inner product and the norm of the
waveforms by

⇣
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and

⇢ = ||h̃|| =
r
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⌘

, (3.3)
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of each neutron star is below 0.05 [3].

V. SUMMARY

In this paper, we derived a frequency-domain model for
gravitational waves from inspiraling binary neutron stars
employing the hybrid waveforms composed of the lat-
est numerical-relativity waveforms and the SEOBNRv2T
waveforms. In this work, we restrict the frequency range
of gravitational waves from 10Hz to 1000Hz to focus on
the inspiral-stage waveforms. We obtained the tidal cor-
rection to the gravitational-wave phase as

 tidal =
3

128⌘
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and to the gravitational-wave amplitude as

Atidal =
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We showed that our waveform model reproduces the
phase of the hybrid waveforms in the frequency domain
within 0.1 rad error for 300 . ⇤̃ . 1900 and for the
mass ratio between 0.73 and 1. We note that the model
parameters are determined using the hybrid waveform of
a specific equal-mass binary. The relative error of the
tidal-part amplitude model is always within 5% for f .
900Hz, and in particular, is always within 10% for ⇤̃ 
850 at 1000Hz.

We checked the validity of our waveform model by
computing the distinguishability and the mismatch with
respect to the hybrid waveforms. We showed that the
distinguishability for the signal-to-noise ratio 50 and the
mismatch between our waveform model and the hybrid
waveforms are always smaller than 0.25 and 1.1 ⇥ 10�5,
respectively. We found that the distinguishability and
the mismatch between the SEOBNRv2T waveforms and
the hybrid waveforms are as small as that of our wave-
form model for ⇤̃ . 600, but they become larger for
larger values of ⇤̃. Large values of the distinguishability
and the mismatch were found between the hybrid wave-
forms and waveform models employing PN tidal formulas
of Eqs. (3.6) and (3.7). We reconfirmed that the lack of
the higher-order PN terms in the point-particle part of
gravitational waves is problematic: We found that the
PN waveform model employing TaylorF2 as the point-
particle approximant of gravitational waves is not suit-
able for the case that the signal-to-noise ratio is larger
than 25 (which is smaller than the signal-to-noise ratio
of GW170817 [3]) irrespective of the values of Mc, ⌘, and
⇤̃.

We also computed the systematic error of our wave-
form model in the measurement of binary parameters em-
ploying the hybrid waveforms as hypothetical signals. We
found that the systematic error of our waveform model
in the measurement of ⇤̃ is always smaller than 20. We
also showed that it is smaller than or at most comparable
to the variation of ⇤̃ with respect to the mass ratio. On
the other hand, we found that ⇤̃ can be overestimated by
the order of 100 for ⇤̃ & 600 when employing PN tidal
formulas of Eqs. (3.6) and (3.7).

Assuming that the approximate correlation between
�⇤̃ and the value of distingusihability found in Fig. 7
holds for the SEOBNRv2T waveforms, we found that the
systematic error of the SEOBNRv2T waveforms in the
measurement of ⇤̃ is as large as ⇠ 50 for ⇤̃ & 1200, and
in particular, ⇠ 100 for ⇤̃ ⇡ 1900. This indicates that the
improvement of the TEOB formalism is needed for the
large values of ⇤̃ to constrain ⇤̃ accurately. We also note
that, while we restrict our analysis up to f = 1000Hz, the
di↵erence between the hybrid waveforms and the SEOB-
NRv2T waveforms would be more significant in a higher
frequency range [29] (the gravitational-wave frequency
at the time of the maximum amplitude is ⇡ 1500Hz for
15H125-125 or 15H135-135, and much higher for softer
equations of state).

We estimated the statistical error in the measurement
of binary parameters employing the standard Fisher-
matrix analysis. We obtained results consistent with the
previous studies [10, 12, 19]: We reconfirmed that the sta-
tistical error in the measurement of ⇤̃ depends strongly
on the upper-bound frequency of the analysis, and not
strongly on ⌘. We also reconfirmed that the values of the
statistical error in the measurement of Mc and ⌘ become
large, and in particular, the statistical error of ⌘ increases
by a factor of ⇠ 2 if the tides are considered in the analy-
sis. We found the statistical error for the measurement of
⇤̃ is more than 6 times larger than the systematic error
for a hypothetical event of the signal-to-noise ratio 50.
This suggests that for the events with the signal-to-noise
ratio . 100, the systematic error in our waveform model
is unlikely to cause serious problems in the parameter
estimation. We also showed that the statistical error for
the measurement of ⇤̃ is larger than the variation of ⇤̃
with respect to the mass ratio even for the signal-to-noise
ratio 100.

In this work, we focused only on the frequency up to
f = 1000Hz to avoid the contamination from the post-
merger waveforms for f & 1000Hz. Pushing the upper-
bound frequency of the analysis to the higher frequency is
important to constrain ⇤̃ more strongly. Thus, modeling
the post-merger waveforms is the next important task
for constructing the template of gravitational waves from
binary neutron stars.



Frequency-domain  
GW model for inspiralling BNS

• We constructed a frequency-domain gravita,onal-waveform model for binary 
neutron stars by employing the ,dal-part models and point-par,cle model 

• We employ the phenom-like point-par,cle model derived by and calibrated to 
the SEOBNRv2 waveforms 
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• We check the validity of our waveform model by comparing our waveform model 
and the hybrid waveforms supposing advanced LIGO as a fiducial detector.
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of each neutron star is below 0.05 [3].

V. SUMMARY

In this paper, we derived a frequency-domain model for
gravitational waves from inspiraling binary neutron stars
employing the hybrid waveforms composed of the lat-
est numerical-relativity waveforms and the SEOBNRv2T
waveforms. In this work, we restrict the frequency range
of gravitational waves from 10Hz to 1000Hz to focus on
the inspiral-stage waveforms. We obtained the tidal cor-
rection to the gravitational-wave phase as

 tidal =
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and to the gravitational-wave amplitude as
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We showed that our waveform model reproduces the
phase of the hybrid waveforms in the frequency domain
within 0.1 rad error for 300 . ⇤̃ . 1900 and for the
mass ratio between 0.73 and 1. We note that the model
parameters are determined using the hybrid waveform of
a specific equal-mass binary. The relative error of the
tidal-part amplitude model is always within 5% for f .
900Hz, and in particular, is always within 10% for ⇤̃ 
850 at 1000Hz.

We checked the validity of our waveform model by
computing the distinguishability and the mismatch with
respect to the hybrid waveforms. We showed that the
distinguishability for the signal-to-noise ratio 50 and the
mismatch between our waveform model and the hybrid
waveforms are always smaller than 0.25 and 1.1 ⇥ 10�5,
respectively. We found that the distinguishability and
the mismatch between the SEOBNRv2T waveforms and
the hybrid waveforms are as small as that of our wave-
form model for ⇤̃ . 600, but they become larger for
larger values of ⇤̃. Large values of the distinguishability
and the mismatch were found between the hybrid wave-
forms and waveform models employing PN tidal formulas
of Eqs. (3.6) and (3.7). We reconfirmed that the lack of
the higher-order PN terms in the point-particle part of
gravitational waves is problematic: We found that the
PN waveform model employing TaylorF2 as the point-
particle approximant of gravitational waves is not suit-
able for the case that the signal-to-noise ratio is larger
than 25 (which is smaller than the signal-to-noise ratio
of GW170817 [3]) irrespective of the values of Mc, ⌘, and
⇤̃.

We also computed the systematic error of our wave-
form model in the measurement of binary parameters em-
ploying the hybrid waveforms as hypothetical signals. We
found that the systematic error of our waveform model
in the measurement of ⇤̃ is always smaller than 20. We
also showed that it is smaller than or at most comparable
to the variation of ⇤̃ with respect to the mass ratio. On
the other hand, we found that ⇤̃ can be overestimated by
the order of 100 for ⇤̃ & 600 when employing PN tidal
formulas of Eqs. (3.6) and (3.7).

Assuming that the approximate correlation between
�⇤̃ and the value of distingusihability found in Fig. 7
holds for the SEOBNRv2T waveforms, we found that the
systematic error of the SEOBNRv2T waveforms in the
measurement of ⇤̃ is as large as ⇠ 50 for ⇤̃ & 1200, and
in particular, ⇠ 100 for ⇤̃ ⇡ 1900. This indicates that the
improvement of the TEOB formalism is needed for the
large values of ⇤̃ to constrain ⇤̃ accurately. We also note
that, while we restrict our analysis up to f = 1000Hz, the
di↵erence between the hybrid waveforms and the SEOB-
NRv2T waveforms would be more significant in a higher
frequency range [29] (the gravitational-wave frequency
at the time of the maximum amplitude is ⇡ 1500Hz for
15H125-125 or 15H135-135, and much higher for softer
equations of state).

We estimated the statistical error in the measurement
of binary parameters employing the standard Fisher-
matrix analysis. We obtained results consistent with the
previous studies [10, 12, 19]: We reconfirmed that the sta-
tistical error in the measurement of ⇤̃ depends strongly
on the upper-bound frequency of the analysis, and not
strongly on ⌘. We also reconfirmed that the values of the
statistical error in the measurement of Mc and ⌘ become
large, and in particular, the statistical error of ⌘ increases
by a factor of ⇠ 2 if the tides are considered in the analy-
sis. We found the statistical error for the measurement of
⇤̃ is more than 6 times larger than the systematic error
for a hypothetical event of the signal-to-noise ratio 50.
This suggests that for the events with the signal-to-noise
ratio . 100, the systematic error in our waveform model
is unlikely to cause serious problems in the parameter
estimation. We also showed that the statistical error for
the measurement of ⇤̃ is larger than the variation of ⇤̃
with respect to the mass ratio even for the signal-to-noise
ratio 100.

In this work, we focused only on the frequency up to
f = 1000Hz to avoid the contamination from the post-
merger waveforms for f & 1000Hz. Pushing the upper-
bound frequency of the analysis to the higher frequency is
important to constrain ⇤̃ more strongly. Thus, modeling
the post-merger waveforms is the next important task
for constructing the template of gravitational waves from
binary neutron stars.
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V. SUMMARY

In this paper, we derived a frequency-domain model for
gravitational waves from inspiraling binary neutron stars
employing the hybrid waveforms composed of the lat-
est numerical-relativity waveforms and the SEOBNRv2T
waveforms. In this work, we restrict the frequency range
of gravitational waves from 10Hz to 1000Hz to focus on
the inspiral-stage waveforms. We obtained the tidal cor-
rection to the gravitational-wave phase as
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We showed that our waveform model reproduces the
phase of the hybrid waveforms in the frequency domain
within 0.1 rad error for 300 . ⇤̃ . 1900 and for the
mass ratio between 0.73 and 1. We note that the model
parameters are determined using the hybrid waveform of
a specific equal-mass binary. The relative error of the
tidal-part amplitude model is always within 5% for f .
900Hz, and in particular, is always within 10% for ⇤̃ 
850 at 1000Hz.

We checked the validity of our waveform model by
computing the distinguishability and the mismatch with
respect to the hybrid waveforms. We showed that the
distinguishability for the signal-to-noise ratio 50 and the
mismatch between our waveform model and the hybrid
waveforms are always smaller than 0.25 and 1.1 ⇥ 10�5,
respectively. We found that the distinguishability and
the mismatch between the SEOBNRv2T waveforms and
the hybrid waveforms are as small as that of our wave-
form model for ⇤̃ . 600, but they become larger for
larger values of ⇤̃. Large values of the distinguishability
and the mismatch were found between the hybrid wave-
forms and waveform models employing PN tidal formulas
of Eqs. (3.6) and (3.7). We reconfirmed that the lack of
the higher-order PN terms in the point-particle part of
gravitational waves is problematic: We found that the
PN waveform model employing TaylorF2 as the point-
particle approximant of gravitational waves is not suit-
able for the case that the signal-to-noise ratio is larger
than 25 (which is smaller than the signal-to-noise ratio
of GW170817 [3]) irrespective of the values of Mc, ⌘, and
⇤̃.

We also computed the systematic error of our wave-
form model in the measurement of binary parameters em-
ploying the hybrid waveforms as hypothetical signals. We
found that the systematic error of our waveform model
in the measurement of ⇤̃ is always smaller than 20. We
also showed that it is smaller than or at most comparable
to the variation of ⇤̃ with respect to the mass ratio. On
the other hand, we found that ⇤̃ can be overestimated by
the order of 100 for ⇤̃ & 600 when employing PN tidal
formulas of Eqs. (3.6) and (3.7).

Assuming that the approximate correlation between
�⇤̃ and the value of distingusihability found in Fig. 7
holds for the SEOBNRv2T waveforms, we found that the
systematic error of the SEOBNRv2T waveforms in the
measurement of ⇤̃ is as large as ⇠ 50 for ⇤̃ & 1200, and
in particular, ⇠ 100 for ⇤̃ ⇡ 1900. This indicates that the
improvement of the TEOB formalism is needed for the
large values of ⇤̃ to constrain ⇤̃ accurately. We also note
that, while we restrict our analysis up to f = 1000Hz, the
di↵erence between the hybrid waveforms and the SEOB-
NRv2T waveforms would be more significant in a higher
frequency range [29] (the gravitational-wave frequency
at the time of the maximum amplitude is ⇡ 1500Hz for
15H125-125 or 15H135-135, and much higher for softer
equations of state).

We estimated the statistical error in the measurement
of binary parameters employing the standard Fisher-
matrix analysis. We obtained results consistent with the
previous studies [10, 12, 19]: We reconfirmed that the sta-
tistical error in the measurement of ⇤̃ depends strongly
on the upper-bound frequency of the analysis, and not
strongly on ⌘. We also reconfirmed that the values of the
statistical error in the measurement of Mc and ⌘ become
large, and in particular, the statistical error of ⌘ increases
by a factor of ⇠ 2 if the tides are considered in the analy-
sis. We found the statistical error for the measurement of
⇤̃ is more than 6 times larger than the systematic error
for a hypothetical event of the signal-to-noise ratio 50.
This suggests that for the events with the signal-to-noise
ratio . 100, the systematic error in our waveform model
is unlikely to cause serious problems in the parameter
estimation. We also showed that the statistical error for
the measurement of ⇤̃ is larger than the variation of ⇤̃
with respect to the mass ratio even for the signal-to-noise
ratio 100.

In this work, we focused only on the frequency up to
f = 1000Hz to avoid the contamination from the post-
merger waveforms for f & 1000Hz. Pushing the upper-
bound frequency of the analysis to the higher frequency is
important to constrain ⇤̃ more strongly. Thus, modeling
the post-merger waveforms is the next important task
for constructing the template of gravitational waves from
binary neutron stars.



Tidal part phase model
• The 2.5 PN order (equal-mass) ,dal-part phase  

(Damour et al. 2012) 
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• We find that the rela,ve devia,on can be well 
approximated by a power law in the PN parameter, x 

• Furthermore, we find that the rela,ve devia,on is 
approximately propor,onal to Λ^{2/3}
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the tidal part of the gravitational-wave phase computed
from the hybrid waveforms,  Hybrid

tidal (=  Hybrid �  pp,
where  Hybrid is the phase of the hybrid waveforms), for
the equal-mass binaries normalized by the 2.5 PN order
(equal-mass) tidal-part phase given by2 [12]

 2.5PN
tidal =

3

32

✓

�39

2
⇤

◆

x5/2

⇥


1 +
3115

1248
x� ⇡x3/2 +

28024205

3302208
x2 � 4283

1092
⇡x5/2

�

,

(2.14)

where x = (⇡m0f)
2/3 is a dimensionless PN parame-

ter, and ⇤ = ⇤1 = ⇤2 for the equal-mass cases. We
note that the tidal-part phase of the hybrid waveforms
in Fig. 2 is aligned with the 2.5 PN order tidal-part
phase given by Eq. (2.14) for 10Hz  f  50Hz employ-
ing Eqs. (2.12) and (2.13). We find that the tidal-part
phase of the hybrid waveforms deviates significantly from
the 2.5 PN order tidal-part phase in the high-frequency
range, f & 500Hz (x & 0.075 for m0 = 2.7M�), and the
deviation depends non-linearly on ⇤ (note the quantities
shown in Fig. 2 are already normalized by ⇤). This indi-
cates that the non-linear contribution of ⇤ is appreciably
present in  Hybrid

tidal for the high-frequency range.
In Fig. 3, we plot the relative deviation of the

tidal-part phase of the hybrid waveforms from the 2.5

2 Strictly speaking, this formula is not complete up to the 2.5 PN
order because the 2 PN order tidal correction to gravitational-
radiation reaction is neglected. We overlook such correction in
this work because it is expected to be sub-dominant [12].

PN order tidal-part phase normalized by ⇤2/3, i.e.,
( Hybrid

tidal / 2.5PN
tidal � 1)/⇤2/3. Figure 3 clearly shows that

the relative deviation can be well approximated by a
power law in x. Furthermore, it shows that the relative
deviation is approximately proportional to ⇤2/3 because
all the curves align. We note that, exceptionally, the rela-
tive deviation for the B equation of state shows a slightly
di↵erent trend from the other cases. The reason for this is
that the tidal deformability is so small that its e↵ect can-
not be accurately extracted from the numerical-relativity
waveform for such a soft equation of state.
To correct this deviation, we extend the 2.5 PN order

tidal-part phase formula of Eq. (2.14) by multiplying a
non-linear correction to ⇤ as

 em
tidal =

3
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where a and p are fitting parameters. We note that the
exponent of the nonlinear term in ⇤, p, is deduced to be
⇡ 2/3 even if it is also set to be a fitting parameter and
determined by employing several hybrid waveforms. The
fitting parameters, a and p, are determined by minimiz-
ing

I 00 =

Z f
max

f
min

�

�

�

 Hybrid
tidal (f)� em

tidal (f)� 2⇡ft0 + �0

�

�

�

2
df,

(2.16)

where t0 and �0 are parameters that correspond to the
degrees of freedom for choosing the time and phase ori-
gins. Thus, we minimize I 00 for the four parameters, a,
p, t0, and �0. The fitting is performed for fmin = 10Hz
and fmax = 1000Hz.
We use the hybrid waveform of 15H125-125 for deter-

mining the fitting parameters because the non-linear con-
tribution of ⇤ is most significant for this among the bi-
nary neutron star models employed in this work. Then
we obtain

a = 12.55,

p = 4.240. (2.17)

Figure 4 shows the phase di↵erence between the tidal-
part of the hybrid waveforms and the tidal-part phase
model of Eq. (2.15) for the equal-mass cases, where two
phases are aligned for 10Hz  f  1000Hz employing
Eqs. (2.12) and (2.13). Although the fitting parameters
are determined by employing only the hybrid waveform
of 15H125-125 as a reference, we find that the error in
the tidal-part phase model, Eq. (2.15), is always smaller
than 0.05 rad except for 15H135-135. This result indi-
cates that there is only a small di↵erence between the
waveform models determined from di↵erent hybrid wave-
forms (see Appendix D). The phase error for 15H135-135

x := (⇡m0f)
2/3 : PNparameter
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FIG. 3. The relative deviation of the tidal-part phase of the
hybrid waveforms from the 2.5 PN order tidal-part phase nor-
malized by ⇤2/3, i.e., ( Hybrid

tidal / 2.5PN
tidal � 1)/⇤2/3. Both verti-

cal and horizontal axes are plotted with logarithmic scales.

the tidal part of the gravitational-wave phase computed
from the hybrid waveforms,  Hybrid

tidal (=  Hybrid �  pp,
where  Hybrid is the phase of the hybrid waveforms), for
the equal-mass binaries normalized by the 2.5 PN order
(equal-mass) tidal-part phase given by2 [12]

 2.5PN
tidal =

3
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where x = (⇡m0f)
2/3 is a dimensionless PN parame-

ter, and ⇤ = ⇤1 = ⇤2 for the equal-mass cases. We
note that the tidal-part phase of the hybrid waveforms
in Fig. 2 is aligned with the 2.5 PN order tidal-part
phase given by Eq. (2.14) for 10Hz  f  50Hz employ-
ing Eqs. (2.12) and (2.13). We find that the tidal-part
phase of the hybrid waveforms deviates significantly from
the 2.5 PN order tidal-part phase in the high-frequency
range, f & 500Hz (x & 0.075 for m0 = 2.7M�), and the
deviation depends non-linearly on ⇤ (note the quantities
shown in Fig. 2 are already normalized by ⇤). This indi-
cates that the non-linear contribution of ⇤ is appreciably
present in  Hybrid

tidal for the high-frequency range.
In Fig. 3, we plot the relative deviation of the

tidal-part phase of the hybrid waveforms from the 2.5

2 Strictly speaking, this formula is not complete up to the 2.5 PN
order because the 2 PN order tidal correction to gravitational-
radiation reaction is neglected. We overlook such correction in
this work because it is expected to be sub-dominant [12].

PN order tidal-part phase normalized by ⇤2/3, i.e.,
( Hybrid

tidal / 2.5PN
tidal � 1)/⇤2/3. Figure 3 clearly shows that

the relative deviation can be well approximated by a
power law in x. Furthermore, it shows that the relative
deviation is approximately proportional to ⇤2/3 because
all the curves align. We note that, exceptionally, the rela-
tive deviation for the B equation of state shows a slightly
di↵erent trend from the other cases. The reason for this is
that the tidal deformability is so small that its e↵ect can-
not be accurately extracted from the numerical-relativity
waveform for such a soft equation of state.
To correct this deviation, we extend the 2.5 PN order

tidal-part phase formula of Eq. (2.14) by multiplying a
non-linear correction to ⇤ as

 em
tidal =

3
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where a and p are fitting parameters. We note that the
exponent of the nonlinear term in ⇤, p, is deduced to be
⇡ 2/3 even if it is also set to be a fitting parameter and
determined by employing several hybrid waveforms. The
fitting parameters, a and p, are determined by minimiz-
ing

I 00 =

Z f
max

f
min

�

�

�

 Hybrid
tidal (f)� em

tidal (f)� 2⇡ft0 + �0

�

�

�

2
df,

(2.16)

where t0 and �0 are parameters that correspond to the
degrees of freedom for choosing the time and phase ori-
gins. Thus, we minimize I 00 for the four parameters, a,
p, t0, and �0. The fitting is performed for fmin = 10Hz
and fmax = 1000Hz.
We use the hybrid waveform of 15H125-125 for deter-

mining the fitting parameters because the non-linear con-
tribution of ⇤ is most significant for this among the bi-
nary neutron star models employed in this work. Then
we obtain

a = 12.55,

p = 4.240. (2.17)

Figure 4 shows the phase di↵erence between the tidal-
part of the hybrid waveforms and the tidal-part phase
model of Eq. (2.15) for the equal-mass cases, where two
phases are aligned for 10Hz  f  1000Hz employing
Eqs. (2.12) and (2.13). Although the fitting parameters
are determined by employing only the hybrid waveform
of 15H125-125 as a reference, we find that the error in
the tidal-part phase model, Eq. (2.15), is always smaller
than 0.05 rad except for 15H135-135. This result indi-
cates that there is only a small di↵erence between the
waveform models determined from di↵erent hybrid wave-
forms (see Appendix D). The phase error for 15H135-135
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FIG. 3. The relative deviation of the tidal-part phase of the
hybrid waveforms from the 2.5 PN order tidal-part phase nor-
malized by ⇤2/3, i.e., ( Hybrid

tidal / 2.5PN
tidal � 1)/⇤2/3. Both verti-

cal and horizontal axes are plotted with logarithmic scales.

the tidal part of the gravitational-wave phase computed
from the hybrid waveforms,  Hybrid

tidal (=  Hybrid �  pp,
where  Hybrid is the phase of the hybrid waveforms), for
the equal-mass binaries normalized by the 2.5 PN order
(equal-mass) tidal-part phase given by2 [12]

 2.5PN
tidal =

3
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where x = (⇡m0f)
2/3 is a dimensionless PN parame-

ter, and ⇤ = ⇤1 = ⇤2 for the equal-mass cases. We
note that the tidal-part phase of the hybrid waveforms
in Fig. 2 is aligned with the 2.5 PN order tidal-part
phase given by Eq. (2.14) for 10Hz  f  50Hz employ-
ing Eqs. (2.12) and (2.13). We find that the tidal-part
phase of the hybrid waveforms deviates significantly from
the 2.5 PN order tidal-part phase in the high-frequency
range, f & 500Hz (x & 0.075 for m0 = 2.7M�), and the
deviation depends non-linearly on ⇤ (note the quantities
shown in Fig. 2 are already normalized by ⇤). This indi-
cates that the non-linear contribution of ⇤ is appreciably
present in  Hybrid

tidal for the high-frequency range.
In Fig. 3, we plot the relative deviation of the

tidal-part phase of the hybrid waveforms from the 2.5

2 Strictly speaking, this formula is not complete up to the 2.5 PN
order because the 2 PN order tidal correction to gravitational-
radiation reaction is neglected. We overlook such correction in
this work because it is expected to be sub-dominant [12].

PN order tidal-part phase normalized by ⇤2/3, i.e.,
( Hybrid

tidal / 2.5PN
tidal � 1)/⇤2/3. Figure 3 clearly shows that

the relative deviation can be well approximated by a
power law in x. Furthermore, it shows that the relative
deviation is approximately proportional to ⇤2/3 because
all the curves align. We note that, exceptionally, the rela-
tive deviation for the B equation of state shows a slightly
di↵erent trend from the other cases. The reason for this is
that the tidal deformability is so small that its e↵ect can-
not be accurately extracted from the numerical-relativity
waveform for such a soft equation of state.
To correct this deviation, we extend the 2.5 PN order

tidal-part phase formula of Eq. (2.14) by multiplying a
non-linear correction to ⇤ as

 em
tidal =

3
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where a and p are fitting parameters. We note that the
exponent of the nonlinear term in ⇤, p, is deduced to be
⇡ 2/3 even if it is also set to be a fitting parameter and
determined by employing several hybrid waveforms. The
fitting parameters, a and p, are determined by minimiz-
ing

I 00 =

Z f
max

f
min

�

�

�

 Hybrid
tidal (f)� em

tidal (f)� 2⇡ft0 + �0
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2
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(2.16)

where t0 and �0 are parameters that correspond to the
degrees of freedom for choosing the time and phase ori-
gins. Thus, we minimize I 00 for the four parameters, a,
p, t0, and �0. The fitting is performed for fmin = 10Hz
and fmax = 1000Hz.
We use the hybrid waveform of 15H125-125 for deter-

mining the fitting parameters because the non-linear con-
tribution of ⇤ is most significant for this among the bi-
nary neutron star models employed in this work. Then
we obtain

a = 12.55,

p = 4.240. (2.17)

Figure 4 shows the phase di↵erence between the tidal-
part of the hybrid waveforms and the tidal-part phase
model of Eq. (2.15) for the equal-mass cases, where two
phases are aligned for 10Hz  f  1000Hz employing
Eqs. (2.12) and (2.13). Although the fitting parameters
are determined by employing only the hybrid waveform
of 15H125-125 as a reference, we find that the error in
the tidal-part phase model, Eq. (2.15), is always smaller
than 0.05 rad except for 15H135-135. This result indi-
cates that there is only a small di↵erence between the
waveform models determined from di↵erent hybrid wave-
forms (see Appendix D). The phase error for 15H135-135

m0 = m1 +m2 : totalmass of binary
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Mismatch (2.5 PN ,dal)

• Large values of mismatch (                            ) between the  2.5 PN ,dal waveforms

2.5	PNKdal:	same	as	our	model  
but	with	2.5	PN	Kdal	phase	formula 
(and	1PN	Kdal	amplitude	formula)

Model ⇤̃ our waveform model 2.5PNtidal
15H135-135 1211 4.1⇥ 10�6 1.4⇥ 10�3

125H135-135 863 4.0⇥ 10�6 5.6⇥ 10�4

H135-135 607 2.9⇥ 10�6 1.8⇥ 10�4

HB135-135 422 2.6⇥ 10�6 5.0⇥ 10�5

B135-135 289 2.0⇥ 10�6 1.3⇥ 10�5

15H121-151 1198 6.3⇥ 10�6 1.6⇥ 10�3

125H121-151 856 2.5⇥ 10�6 5.7⇥ 10�4

H121-151 604 2.8⇥ 10�6 1.8⇥ 10�4

HB121-151 422 3.0⇥ 10�6 5.2⇥ 10�5

B121-151 290 3.1⇥ 10�6 1.1⇥ 10�5

15H116-158 1185 1.1⇥ 10�5 1.7⇥ 10�3

125H116-158 848 3.8⇥ 10�6 6.3⇥ 10�4

H116-158 601 3.0⇥ 10�6 1.9⇥ 10�4

HB116-158 421 4.0⇥ 10�6 5.1⇥ 10�5

B116-158 291 5.0⇥ 10�6 1.0⇥ 10�5

15H125-125 1875 1.6⇥ 10�6 2.5⇥ 10�3

125H125-125 1352 1.6⇥ 10�6 1.1⇥ 10�3

H125-125 966 3.5⇥ 10�6 3.7⇥ 10�4

HB125-125 683 5.0⇥ 10�6 1.0⇥ 10�4

B125-125 476 8.3⇥ 10�6 1.8⇥ 10�5
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respectively, where Sn denotes the one-sided noise spec-
trum density of the detector. The distinguishability be-
tween two waveforms, h̃1 and h̃2, is defined by [16, 51]

�⇢
⇣

h̃1, h̃2

⌘

= min
�
0

,t
0

||h̃1 � h̃2 (�0, t0) ||, (3.4)

where �0 and t0 are arbitrary phase and time shifts of the
waveforms, respectively. We also define the mismatch (or
unfaithfulness) between two waveforms, h̃1 and h̃2, by

F̄ = 1�max
�
0

,t
0

⇣

h̃1

�

�

�

h̃2 (�0, t0)
⌘

||h̃1|| ||h̃2||
. (3.5)

Throughout this paper, we employ the noise spectrum
density of the ZERO DETUNED HIGH POWER configuration
of advanced LIGO [52] for Sn. The lower and upper
bounds of the integration in Eq. (3.2) are set to be 10Hz
and 1000Hz, respectively. We note that ⇢ corresponds
to the signal-to-noise ratio [50], and �⇢ = 1 indicates
that two waveforms are distinguishable approximately at
the 1� level [51]. The signal-to-noise ratio and the distin-
guishability are proportional to the inverse of the e↵ective
distance, De↵ .

In Table III, we summarize the distinguishability be-
tween our waveform model and the hybrid waveforms.
Here, the signal-to-noise ratio is always fixed to be 50 by
adjusting De↵ because the tidal deformability is clearly
measurable only for events with a high signal-to-noise ra-
tio. For comparison, we also compute the distinguisha-
bility of the SEOBNRv2T waveforms and PN waveform
models with respect to the hybrid waveforms. For the
tidal part of the PN waveform models, we employ the
2.5 PN order phase and the 1 PN order amplitude for-
mulas given by [11, 12, 36]

 2.5PN0

tidal =
3

128⌘

✓

�39

2
⇤̃

◆

x5/2

⇥


1 +
3115

1248
x� ⇡x3/2 +

28024205

3302208
x2 � 4283

1092
⇡x5/2

�

,

(3.6)

and

A1PN0

tidal =

r

5⇡⌘

24

m2
0

De↵
⇤̃x�7/4

✓

�27

16
x5 � 449

64
x6

◆

, (3.7)

respectively.3 “PNtidal(TF2)” and “PNtidal(TF2+)” in
Table III denote PN waveform models employing Tay-
lorF2 and TF2+ (see Appendix A) as the point-particle

3 We note that, for Eqs. (3.6) and (3.7), the dependence on the
mass ratio is considered only up to the leading order for simplic-
ity. This can be justified by the fact that the asymmetric-tidal
correction is expected to be sub-dominant [19]. Indeed, we find
that employing PN tidal formulas with full dependence on the
mass ratio changes the results in Table III only by . 10%.

parts of gravitational waves, respectively. Here, the 3.5
PN and 3 PN order formulas are employed for the phase
and amplitude, respectively, for the point-particle part of
TaylorF2 [38].
For all the cases, the distinguishability and the mis-

match between our waveform model and the hybrid wave-
forms are smaller than 0.25 and 1.1⇥ 10�5, respectively.
This means that the distinguishability of our waveform
model from the hybrid waveforms is smaller than unity
even for ⇢ = 200 in the frequency range of 10–1000Hz.
In Sec. IID, we found that the error of the tidal-part
amplitude model is relatively large for ⇤̃ � 850. Never-
theless, the results in Table III show that our waveform
model agrees with the hybrid waveforms in reasonable
accuracy.
The SEOBNRv2T waveforms also show good agree-

ments with the hybrid waveforms for ⇤̃ . 600. On the
other hand, the SEOBNRv2T waveforms have larger val-
ues of the distinguishability and the mismatch than our
waveform model for ⇤̃ & 700 with respect to the hy-
brid waveforms. The value of the distinguishability is
larger than 0.5 for the cases with the 15H equation of
state, and in particular, the distinguishability is ⇡ 0.8
for 15H125-125. These results are consistent with the
results of Refs. [26, 29] in which larger phase di↵erence
between the SEOBNRv2T waveforms and the numerical-
relativity waveforms is found for the larger values of ⇤̃.
We note that the SEOBNRv2T formalism is a time-
domain approximant, and thus, the computational costs
for data analysis would be higher than our frequency-
domain waveform model.
PN waveform models, PNtidal(TF2) and PNti-

dal(TF2+), show poor agreements with the hybrid wave-
forms. For PNtidal(TF2), the distinguishability and the
mismatch are always larger than 2 and 8⇥ 10�3, respec-
tively, and in particular, the distinguishability is larger
than 4 for 15H121-151, 15H116-158, and 15H125-125.
This large distinguishability is not only due to the lack
of higher-order terms in the tidal part but also due to
the lack of those terms in the point-particle part of PN-
tidal(TF2) waveforms. Indeed, the distinguishability of
PNtidal(TF2+) from the hybrid waveforms, which purely
reflects the di↵erence of PNtidal(TF2+) from the hybrid
waveforms in the tidal parts of gravitational waves, is
always smaller than that of PNtidal(TF2), and in partic-
ular, is as small as ⇠ 0.3 for the cases with the B equation
of state. However, even for PNtidal(TF2+), the distin-
guishability is larger than ⇡ 1.4 for ⇤̃ � 850. This indi-
cates that PN tidal formulas of Eqs. (3.6) and (3.7) are
not suitable for the data analysis if ⇤̃ & 850 and ⇢ & 35
no matter how the point-particle model is accurate.

B. Systematic error

Next, we estimate the systematic error of our wave-
form model in the measurement of binary parameters.
Employing the hybrid waveforms as hypothetical signals,
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respectively, where Sn denotes the one-sided noise spec-
trum density of the detector. The distinguishability be-
tween two waveforms, h̃1 and h̃2, is defined by [16, 51]

�⇢
⇣

h̃1, h̃2

⌘

= min
�
0

,t
0

||h̃1 � h̃2 (�0, t0) ||, (3.4)

where �0 and t0 are arbitrary phase and time shifts of the
waveforms, respectively. We also define the mismatch (or
unfaithfulness) between two waveforms, h̃1 and h̃2, by

F̄ = 1�max
�
0

,t
0

⇣

h̃1
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�

h̃2 (�0, t0)
⌘

||h̃1|| ||h̃2||
. (3.5)

Throughout this paper, we employ the noise spectrum
density of the ZERO DETUNED HIGH POWER configuration
of advanced LIGO [52] for Sn. The lower and upper
bounds of the integration in Eq. (3.2) are set to be 10Hz
and 1000Hz, respectively. We note that ⇢ corresponds
to the signal-to-noise ratio [50], and �⇢ = 1 indicates
that two waveforms are distinguishable approximately at
the 1� level [51]. The signal-to-noise ratio and the distin-
guishability are proportional to the inverse of the e↵ective
distance, De↵ .

In Table III, we summarize the distinguishability be-
tween our waveform model and the hybrid waveforms.
Here, the signal-to-noise ratio is always fixed to be 50 by
adjusting De↵ because the tidal deformability is clearly
measurable only for events with a high signal-to-noise ra-
tio. For comparison, we also compute the distinguisha-
bility of the SEOBNRv2T waveforms and PN waveform
models with respect to the hybrid waveforms. For the
tidal part of the PN waveform models, we employ the
2.5 PN order phase and the 1 PN order amplitude for-
mulas given by [11, 12, 36]

 2.5PN0

tidal =
3
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✓
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2
⇤̃

◆

x5/2

⇥


1 +
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and
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✓

�27
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x5 � 449
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x6

◆

, (3.7)

respectively.3 “PNtidal(TF2)” and “PNtidal(TF2+)” in
Table III denote PN waveform models employing Tay-
lorF2 and TF2+ (see Appendix A) as the point-particle

3 We note that, for Eqs. (3.6) and (3.7), the dependence on the
mass ratio is considered only up to the leading order for simplic-
ity. This can be justified by the fact that the asymmetric-tidal
correction is expected to be sub-dominant [19]. Indeed, we find
that employing PN tidal formulas with full dependence on the
mass ratio changes the results in Table III only by . 10%.

parts of gravitational waves, respectively. Here, the 3.5
PN and 3 PN order formulas are employed for the phase
and amplitude, respectively, for the point-particle part of
TaylorF2 [38].
For all the cases, the distinguishability and the mis-

match between our waveform model and the hybrid wave-
forms are smaller than 0.25 and 1.1⇥ 10�5, respectively.
This means that the distinguishability of our waveform
model from the hybrid waveforms is smaller than unity
even for ⇢ = 200 in the frequency range of 10–1000Hz.
In Sec. IID, we found that the error of the tidal-part
amplitude model is relatively large for ⇤̃ � 850. Never-
theless, the results in Table III show that our waveform
model agrees with the hybrid waveforms in reasonable
accuracy.
The SEOBNRv2T waveforms also show good agree-

ments with the hybrid waveforms for ⇤̃ . 600. On the
other hand, the SEOBNRv2T waveforms have larger val-
ues of the distinguishability and the mismatch than our
waveform model for ⇤̃ & 700 with respect to the hy-
brid waveforms. The value of the distinguishability is
larger than 0.5 for the cases with the 15H equation of
state, and in particular, the distinguishability is ⇡ 0.8
for 15H125-125. These results are consistent with the
results of Refs. [26, 29] in which larger phase di↵erence
between the SEOBNRv2T waveforms and the numerical-
relativity waveforms is found for the larger values of ⇤̃.
We note that the SEOBNRv2T formalism is a time-
domain approximant, and thus, the computational costs
for data analysis would be higher than our frequency-
domain waveform model.
PN waveform models, PNtidal(TF2) and PNti-

dal(TF2+), show poor agreements with the hybrid wave-
forms. For PNtidal(TF2), the distinguishability and the
mismatch are always larger than 2 and 8⇥ 10�3, respec-
tively, and in particular, the distinguishability is larger
than 4 for 15H121-151, 15H116-158, and 15H125-125.
This large distinguishability is not only due to the lack
of higher-order terms in the tidal part but also due to
the lack of those terms in the point-particle part of PN-
tidal(TF2) waveforms. Indeed, the distinguishability of
PNtidal(TF2+) from the hybrid waveforms, which purely
reflects the di↵erence of PNtidal(TF2+) from the hybrid
waveforms in the tidal parts of gravitational waves, is
always smaller than that of PNtidal(TF2), and in partic-
ular, is as small as ⇠ 0.3 for the cases with the B equation
of state. However, even for PNtidal(TF2+), the distin-
guishability is larger than ⇡ 1.4 for ⇤̃ � 850. This indi-
cates that PN tidal formulas of Eqs. (3.6) and (3.7) are
not suitable for the data analysis if ⇤̃ & 850 and ⇢ & 35
no matter how the point-particle model is accurate.

B. Systematic error

Next, we estimate the systematic error of our wave-
form model in the measurement of binary parameters.
Employing the hybrid waveforms as hypothetical signals,

Ref.	Vines	et	al.	2011,	Damour	et	al.	2012,	
Hotokezaka	et	al.	2016

10�3 � 10�4
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Systema,c error (2.5 PN ,dal)

• We found that Λ can be 
overes,mated by the order of 100  
 for Λ~600 when employing PN 
,dal formulas (assuming the hybrid 
waveforms are the realis,c signal) 

• In the absence of the non-linear 
enhancement of Λ , spuriously 
larger values of Λ are needed for 
2.5PN ,dal formula to complement 
the enhancement of ,dal effects. 

Model 2.5PNtidal

⇤̃ �Mc [M�] �⌘ �⇤̃ �Mc [M�] �⌘ �⇤̃
15H135-135 1211 3.8⇥ 10�6 3.1⇥ 10�4 250
125H135-135 863 3.1⇥ 10�6 2.5⇥ 10�4 177
H135-135 607 2.0⇥ 10�6 1.6⇥ 10�4 105
HB135-135 422 1.4⇥ 10�6 1.0⇥ 10�4 59
B135-135 289 7.8⇥ 10�7 5.5⇥ 10�5 28.9

15H121-151 1198 3.9⇥ 10�6 3.1⇥ 10�4 245
125H121-151 856 3.2⇥ 10�6 2.5⇥ 10�4 175
H121-151 604 2.1⇥ 10�6 1.6⇥ 10�4 105
HB121-151 422 1.4⇥ 10�6 1.0⇥ 10�4 59
B121-151 290 8.0⇥ 10�7 5.5⇥ 10�5 27

15H116-158 1185 4.0⇥ 10�6 3.2⇥ 10�4 243
125H116-158 848 3.4⇥ 10�6 2.6⇥ 10�4 176
H116-158 601 2.2⇥ 10�6 1.6⇥ 10�4 105
HB116-158 421 1.5⇥ 10�6 1.0⇥ 10�4 58
B116-158 291 7.7⇥ 10�7 5.2⇥ 10�5 24

15H125-125 1875 2.5⇥ 10�6 2.6⇥ 10�4 296
125H125-125 1352 3.2⇥ 10�6 3.0⇥ 10�4 265
H125-125 966 2.2⇥ 10�6 2.0⇥ 10�4 168
HB125-125 683 1.4⇥ 10�6 1.2⇥ 10�4 93
B125-125 476 7.8⇥ 10�7 6.2⇥ 10�5 39
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Comparison with Dietrich et al. 2017

• A BNS GW model is also derived in  
Dietrich et al. 2017 based on NR waveforms 

• Different NS waveforms and the TidalEOB 
waveforms used for the model calibra,on 

• The waveform model is derived in the ,me 
domain, and then, is transformed to a 
frequency-domain waveform model 
employing the sta,onary-phase approxima,on 

• While their model and our model agrees quite 
well, some difference is found for a large value 
of Λ due to the  to the difference that the non-
linear ,dal correc,on
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FIG. 2. Comparison of NR simulations with model wave-
forms obtained following Eq. (3). The panels show the real
part of the GW signals (NR data – gray, tidal approximant
– orange). We also include the phase between the NR data
with respect to our tidal approximant Eq. (5), to Taylor T2
tidal approximant Eq. (4) (cyan), and for some cases to EOB
(green dashed [8], green dot dashed [7]. We also indicate the
estimated uncertainty of the NR data (blue shaded) and the
alignment region (gray shaded). Simulations use the same
notation as in Fig. 1 except for the unequal mass case of [13]
with EOSMA+MB .

tively. Although the final fit depends only weakly on
the exact number of points of the interpolating grid, us-
ing more points at lower frequencies helps constraining
the fit in that regime. Our approximant is defined by
Eq. (5) with the fitting coe�cients n = (-17.941,57.983,-
298.876,964.192,-936.844), and d3/2 = 43.446.

A time-domain approximant of a generic spin-aligned
BNS configuration is computed by prescribing 

T
2 and

adding Eq. (5) to a BBH baseline that includes the spin
contribution. The time-domain phasing is then calcu-
lated by numerically integrating t =

R
d�/!̂(�) in order

to obtain a parametric representation of the tidal phase.
We stop the integration once �(!̂) reaches its maximum.

Examples of such constructed waveforms are reported
in Fig. 2. There, we use the nonspinning BBH waveforms
from the SXS-database [30, 31], in particular setup 66 for
the equal mass cases and setup 7 for the q = XA/XB =
1.5 configuration. In order to compare with the BNS
configuration with �e↵ = +0.123 we add to the nonspin-
ning NR BBH curve the spin-orbit contributions given
in Eq. (417) of [27]. In general a spinning binary black
hole baseline should be used.

In most cases our new waveforms are compatible with
the NR data within the estimated uncertainties. The pro-
posed tidal approximant remains accurate also for longer
waveforms. Phase di↵erences with respect to hybrid tidal
EOB-NR waveforms and accumulated over the last 300
orbits before merger are of the order of ⇠ 1 rad, see [25].
In the nonspinning cases, our results can be directly com-
pared to the tidal EOB waveforms of [7, 8] [see green lines
in Fig. 2]; comparable performances are observed in spite
of the simplicity of our model.
Although the fit has been derived with an equal mass

ansatz, it gives a good prediction also for the unequal
mass case. That is partly due to the leading-order
dependence on the mass ratio contained in the tidal
coupling constants, Eq. (2). Also, while we use NR
data up to !̂ = 0.17, the model remains accurate
also for BNSs with smaller 

T
2 that merge at higher

frequencies. Let us stress that the model performances
are independent of the BBH baseline, provided the latter
is a faithful representation of BBH waveforms.

Frequency-domain tidal approximant. In the fre-
quency domain h̃(f) = f

�7/6
Ã(f)e�i (f). The expres-

sion of the tidal phase is computed using the stationary
phase approximation (SPA) [29]

d

2 SPA
T

d!

2
f

=
Q!(!f )

!

2
f

, (6)

where !f is the Fourier domain circular frequency !f =
2⇡Mf , and Q!(!) = d�/d log!. The integration of
Eq. (6) with (5) is performed numerically; the constants
of integration are fixed by demanding continuity with the
TaylorF21PN in the limit f ! 0. The resulting expression
 NR

T can be approximated by a Padé function:

 NRP
T = �

T
2

c̃Newt

XAXB
x

5/2 ⇥ (7)

1 + ñ1x+ ñ3/2x
3/2 + ñ2x

2 + ñ5/2x
5/2

1 + d̃1x+ d̃3/2x
3/2

with c̃Newt = 39/16 and d̃1 = ñ1 � 3115/1248, the other
parameters read: ñ = (-17.428,31.867,-26.414,62.362)
and d̃3/2 = 36.089.
Figure 3 compares the obtained tidal approximants

 NR
T , NRP

T with the TaylorF21PN and the 2.5PN approx-
imants given in [29] (TaylorF22.5PN). Because of the con-
struction of Eq. (7) the low frequency behavior of Tay-
lorF2 is recovered. At higher frequencies PN expressions
predict smaller tidal e↵ects than  NR

T . Considering the
accuracy of  NRP

T , the Padé fit recovers  NR
T with frac-

tional errors . 1%.
To further test the performance of the proposed

frequency-domain model we compute the unfaithfulness
(F̄ = 1 � F , one minus faithfulness) which is the mis-
match for the fixed intrinsic binary parameters with re-
spect to tidal EOB waveforms starting at ⇠ 25Hz and

Ref:	Dietrich	et	al.	2017	



Radia,ve transfer simula,on
• We	employ	a	wavelength-dependent	radiaKve	transfer	simulaKon	code  

(M.	Tanaka	et	al.	2013,	2014,	2017)	

• 	The	density,	velocity,	and	Ye	profiles	of	ejecta	are	employed	within	the	range	of	predicKons	 
by	numerical-relaKvity	simulaKons.	  
(e.g.,	Dietrich	et	al.	2016,	Hotokezaka	et	al.	2018,	Metzger&Fernandez	et	al.	2014,	Fujibayashi	et	al.	2018)	

• The	abundance	paPern	and	nuclear	heaKng	rate	are	given	based	on	r-process	nucleosynthesis	
calculaKons	by	(Wanajo	et	al.	2014)	

• RealisKc	opacity	table	constructed	by	the	atomic	structure	calculaKons 
(Se,	Ru,	Te,	Nd,	and	Er)

improved	points!

• The	grid	resoluKon	of	the	simulaKon	is	also	improved	by	an	oder	of	
magnitude	from	our	previous	works	by	imposing	axisymmetry.		

• special-relaKvisKc	effects	on	photon	transfer	are	fully	taken	into	account



R-process	nucleosynthesis
Credit)	Sho	Fujibayashi
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