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Historical Supernova Event

SN1987A in LMC
20 events @ Kamiokande-II and IMB detectors
• Lν ~ 3 × 1053 erg
• Eν ~ 10 MeV
• tν ~ 10 sec

Ø Confirmed our understanding of CCSN physics.

BeforeAfter
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Supernovae & Neutrinos

Core collapse

ν-trapping

Core bounce

Shock stalled

ν-heating

Shock revival

Neutrino-heating process:
• Shock wave stalls due to the accreting matters and fails to explode.
• Neutrinos deposit the energy to the stalled shock and power the explosion.

SN Event rate ~ O(1/100) yr. 
• Theoretical studies/predictions are essential.

Massive star ≳ 8 M⦿
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Neutrino Oscillations vs. CCSNe

PNS
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Stalled Shock
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Flavor Conversion

⌫e + n ! p+ e�

⌫̄e + p ! n+ e+
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Neutrino heating

nAbsorption

Flavor-dependent reactions:
1. Explodability
2. Nucleosynthesis
3. Observation
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MSW Resonance

Detection

Envelop
r ~ O(1000) km
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Flavor mixing in CCSNe
Three types of neutrino oscillations: (Collision term)

Vacuum
(Neutrino mass)

Matter
(Background matter)

Collective
(ν-ν interactions)

Oscillation scale:
• Vacuum     : ω ∝ Eν-1 ~ O(1) km (for 10 MeV neutrinos)

• Matter        : λ ∝ ne ≲ O(1) cm (in the decoupling region)

• Collective : μ ∝ nν ≲ O(1) cm (in the decoupling region)

Much smaller (& faster) than stellar evolution.

νe

νµ

ντ

<latexit sha1_base64="XCOo1mzVcuRvvpdmbxi6RLwg2jA="></latexit>

(@t + v ·rx + F ·rp)⇢⌫ = �i [Hvac +Hmat +H⌫⌫ , ⇢⌫ ] + C
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Flavor mixing in CCSNe
Three types of neutrino oscillations: (Collision term)

Vacuum
(Neutrino mass)

Matter
(Background matter)

Collective
(ν-ν interactions)

νe

νµ

ντ

<latexit sha1_base64="XCOo1mzVcuRvvpdmbxi6RLwg2jA="></latexit>

(@t + v ·rx + F ·rp)⇢⌫ = �i [Hvac +Hmat +H⌫⌫ , ⇢⌫ ] + C
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A
• ραα is a flavor content of α.

• ραβ is a flavor correlation 
between α and β.

The growth of ραβ indicates the occurrence of flavor conversion.

Neutrino density matrix:
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In the dense neutrino media Nν~1058 (L ~ 1053erg/s), 
νν interactions can’t be ignored.

<latexit sha1_base64="QedEe56arMHPCJkP5bDdCxJAqj8="></latexit>
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Mean-field approx.
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⌫↵(p)

⌫�(q)

⌫�(p)

⌫↵(q)

Vacuum oscillation
(Neutrino mass)

Matter oscillation
(Electron density) Collective neutrino oscillation

(ν-ν forward scattering)

Momentum exchange

Many-body problem.
(e.g., Balantekin+ ’06)
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Proto-Neutron
Star

(Neutrino Sphere)

ν

ν

ν
Dense neutrino gases

In the dense neutrino media, the neutrino self-interaction has
<latexit sha1_base64="gCX6VB4+YgFKlg6kZmspV2i5haA="></latexit>

H⌫⌫ =
p
2GF

Z
d3q(1� vp · vq)(⇢⌫ � ⇢̄⌫)

Non-linearity & Asymmetry

Coupling

c.f., Pantalone 1992
Duan+ ‘06



Collective neutrino oscillation is triggered by the spectral difference 𝜌 − �̅� .

The existence of ``crossing’’ in the difference between phase-space 
distributions of 𝜈 & �̅�.

10Spectral Crossings
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(Morinaga ’21 and Dasgupta ’21)

Γ : phase-space

Crossing

<latexit sha1_base64="+SbWO2ExyLKURpTS4FUYiK0XFaI="></latexit>

n⌫(�)� n⌫̄(�)

0

< 0

> 0

(Eν or v)



<latexit sha1_base64="JkHQeiysuGHHkjYG+1ykFdZm2MY="></latexit>

µs =

s
�m2

2E⌫

p
2GFn⌫ ⇠ O(1) m�1

Ø Crossing in the energy dist.

Ø Driven by ν-ν & vacuum terms.

Ø Relatively long (slow) scale
Ø Likely to be suppressed by the 

other physical scales.
Ø ex.) matter oscillation

11Oscillation Modes
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e.g., 
・Sawyer ’05 & ‘16
・Izaguirre+ ‘17

e.g., 
・Duan+ ’06
・Chakraborty+ ‘16

Ø Crossing in the angular dist.

Ø Driven only by the self-interaction
Ø independent of mass term

Ø Short (fast) scale.
Ø Can evolve promptly.

Fast mode
(Fast Flavor Conversion, FFC)

Slow mode
(Slow Flavor Conversion)

<latexit sha1_base64="x9JSu4zGB+WCdA7839lJcBEd99w="></latexit>

µf =
p
2GFn⌫ ⇠ O(1) cm�1
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H = Hvac +H⌫⌫
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µs =

s
�m2

2E⌫

p
2GFn⌫ ⇠ O(1) m�1

Ø Crossing in the energy dist.

Ø Driven by ν-ν & vacuum terms.

Ø Traditionally, slow flavor conversion 
has been investigated.

13Oscillation Modes
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e.g., 
・Sawyer ’05 & ‘16
・Izaguirre+ ‘17

e.g., 
・Duan+ ’06
・Chakraborty+ ‘16

Ø Crossing in the angular dist.

Ø Driven only by the self-interaction
Ø independent of mass term

Ø Short (fast) scale.
Ø Can evolve promptly.

Fast mode
(Fast Flavor Conversion, FFC)

Slow mode
(Slow Flavor Conversion)
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Crossings in Energy

・Energy distribution.

Crossing
Crossing

There always exists at least one crossing at E=0 or∞.
= Globally satisfied.

<latexit sha1_base64="Oh6h0uS7oHTt4vAUc7PTTcdIhvI="></latexit>⌫
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⌫̄
(Negative energy)

𝜌 − �̅�
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g(E) =

(
f⌫e(E)� f⌫X (E) (for E > 0)

�f⌫̄e(E) + f⌫̄X (E) (for E < 0)



15

Bulb Model

ρν({t}, {r, Θ, Φ}, {E, θ, φ}) : (1+3+3)-D, 7-dimensional systems

ρν({r, Θ, Φ}, {E, θ, φ}) : (3+3)-D

ρν({r}, {E, θ, φ}) : (1+3)-D

ρν({r}, {E, θ}) : (1+2)-D

Stationary

Spherical symmetry

Axial symmetry (Bulb model)

PNS

νi

νk
θi

Ψ(r, E, θ) : 3-D problem

Duan+ ‘06
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Neutrinosphere

Rν

θ

ν

ν 
θR

r

Spectral splits

Duan+ ’06, Fogli+ ‘07

Bulb model: ρν(r, E, θ) , 3-D problem

splits

Nontrivial flavor evolution
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From a systematic study of the flavor evolution at different
time snapshots during the accretion phase, we find (i) a
complete matter suppression of the self-induced transfor-
mations for tpb & 0:2 s, (ii) partial matter suppression for
0:2 s & tpb & 0:35 s, and (iii) again complete suppression
for 0:35 s & tpb & 0:6 s. This feature suggests a time-
dependent pattern for the ! conversions, i.e., complete-
partial-complete suppression.

The behavior, analyzed for this specific example of the
10:8M! SN explosion model, is generic also for more
massive iron-core SNe. It is independent from the explo-
sion scenarios and applies also for nonexploding models.
Indeed, in any case, the density of the material, enclosed
inside the standing bounce shock, can only increase due to
mass accretion from the iron-core envelope. Only after the
onset of an explosion, when mass accretion vanishes, does
the matter density decrease. However, for the low-mass
O-Ne-Mg-core SNe, where the matter density profile is
very steep, the suppression is never complete. As a con-
sequence, the different features induced by the dense mat-
ter effects on the oscillations may allow us to distinguish
iron-core SNe from O-Ne-Mg-core SNe [25].

Our results have been obtained considering a spherically
symmetric neutrino emission. All the previous analysis in
the field has relied on this assumption to make the flavor
evolution equations numerically tractable. It remains to
be investigated if the removal of a perfect spherical
symmetry can provide a different behavior in the flavor
evolution [26]. Moreover, in multidimensional SN models,
density fluctuations are expected behind the standing
bounce shock, due to the presence of convection and
hydroinstabilities. These can range at most between 10%
to a factor of 2–3 (see, e.g., [14,27]). Therefore, even in this
case, the matter suppression of the collective oscillations
will still remain relevant. This claim is supported by a
recent analysis of the matter suppression, performed with
two-dimensional SN simulations [28].

Oscillated SN neutrino fluxes.—Figure 4 shows the !!e

distribution function at the neutrinosphere (solid thin
curve), as well as after self-induced and matter effects at
r ¼ 2# 103 km (solid thick curve). We compare the case
of complete matter suppression at tpb ¼ 0:1 s (left panel,
where the thin and thick solid curves coincide) and com-
plete flavor mixture at tpb ¼ 0:3 s (right panel). We also

show the oscillated flux for ne ¼ 0, where a complete
!!e ! !!x swap occurs (dashed curve). The difference in
the final !!e flux with or without matter suppression is
striking. It is plausible that a high-statistics detection of a
future galactic SN ! signal would monitor the abrupt
spectral changes between the phases of complete and
partial matter suppression, probing this scenario. These
peculiar time variations in the ! signal during the accretion
would represent also a new tool to extract information
on the ! mass ordering, since the effects of dense
matter would show up only in the case of inverted mass
hierarchy.
Earth matter effect.—A further consequence of the mat-

ter suppression is a significant change in the interpretation
of the Earth matter effect on the SN ! signal during the
accretion phase, occurring when !’s oscillate inside the
Earth before being detected (see, e.g., [29]). In the case of
complete matter suppression of the self-induced oscilla-
tions (at tpb & 0:2 s for iron-core SNe), the observable SN
! fluxes at Earth have been already calculated in the
literature, antecedent to the inclusion of the collective
effects. For definiteness, here we consider the Earth effects
on the !!e spectrum, observable through inverse beta decay
reactions !!e þ p ! nþ eþ at large volume Cherenkov or
scintillation detectors (see, e.g., [19]).
The !!e flux at Earth, FD

!!e
in the normal mass hierarchy

for any value of the mixing angle "13, is given by FD
!!e
¼

cos2"12F !!e
þ sin2"12F !!x

[19], where "12 is the 1–2 mixing
angle, with sin2"12 ’ 0:3 [21]. In the inverted mass
hierarchy case, for ‘‘large’’ "13 (i.e., for sin

2"13 * 10%3),
FD

!!e
¼F !!x

, while, for ‘‘small’’ "13 (i.e., for sin
2"13&10%5),

FIG. 3 (color online). Radial profiles of the !!e survival proba-
bility Pee at selected postbounce times from multiangle simula-
tions in matter (dark gray continuous curves) and for ne ¼ 0
[light gray (pink) curve].

FIG. 4. Distribution functions for !!e at the neutrinosphere
(solid thin curve) and after self-induced and matter effects at
r ¼ 2# 103 km (solid thick curve) in the case of complete
matter suppression (Pee ¼ 0 at tpb ¼ 0:1 s, left) and complete

flavor mixture (Pee ¼ 1=2 at tpb ¼ 0:3 s, right). For comparison,

the oscillated !!e spectra obtained for ne ¼ 0 are also shown
(dashed thin curve).

PRL 107, 151101 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending
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151101-3

(Chakraborty+ ‘11, Zaizen+ ‘18)

Fig. 4. This means that the single-angle approximation
enhances the flavor conversion in spite of the high electron
density. In order to obtain physically reliable results for
neutrino oscillation, we must adopt the multiangle approxi-
mation including the matter suppression.
Figure 6 shows the radial evolution of the survival

probability of electron neutrinos Pee at 20 MeVat the other
time steps, tpb ¼ 30, 100, 500 ms. We find that the multi-
angle matter suppression dominates over collective neutrino
oscillation at all time steps. In the low-density case, flavor
conversion starts at r ∼ 400 km for tpb ¼ 100 ms. The onset

of collective neutrino oscillation is delayed, compared with
tpb ¼ 500 and 600 ms. Figure 7 shows the strength of the
neutrino self-interaction and the matter effect at the corre-
sponding time steps. As the shock wave is still located
around r ∼ 100 km at tpb ¼ 100 ms, the radius satisfying
μ ∼ λ=100 is large. However, it is small at tpb ¼ 500 and
600 ms. Therefore, the development of the flavor instability
is slow at tpb ¼ 100 ms.
On the other hand, at tpb ¼ 30 ms, when the neutroni-

zation burst occurs, the flavor transition cannot be seen
for both cases in Fig. 6. In this phase, the excess of νe
flux, ΦðνeÞ ≫ ΦðνxÞ ≫ Φðν̄eÞ, is achieved [49]. We can
describe bipolar oscillations as the simultaneous pair
conversion of νe ↔ νx and ν̄e ↔ ν̄x. This excess situation
suppresses the bipolar conversions and causes only
synchronized oscillations due to the large neutrino-anti-
neutrino asymmetry [13]. These synchronized oscillations
are also suppressed by the high density. Therefore, collec-
tive neutrino oscillations do not occur at the neutroniza-
tion burst.

B. The MAA instability

Next, we show the linearized analysis results in the
normal mass ordering at tpb ¼ 600 ms as a representative
case. Figure 8 shows the density profile for our failed
supernova model and the unstable regions with the growth
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FIG. 5. The strength of the matter interaction λ and neutrino
self-interaction μ with the radial coordinate at tpb ¼ 600 ms.
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Failed SNe with 40 M☉CCSNe with 10.8 M☉

Dense background matter can suppress the collective effects. 
(Esteban-Pretel+’08, Chakraborty+‘11, Dasgupta+’12, Wu+‘14, MZ+’18 & ‘20, Sasaki+’20)

Collective slow flavor oscillation is likely to be suppressed in massive 
progenitors.

tpb = 50 - 850ms

<latexit sha1_base64="0xMnqGFBeLk8Xk2Wa6cL1go8qO8="></latexit>
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Symmetry Breaking

ρν(t, {r , Θ}, {Eν , θν , φν}) : (1+2+3)-D

ρν({r}, {Eν , θν}) + 𝓒 : (1+2)-D ρν({r}, {Eν , θν , φν}) : (1+3)-D

ρν({r}, {Eν , θν}) : (1+2)-D
Slow mode

Symmetry breakings can enhance the neutrino self-interaction
or weaken  the matter suppression.

Dasgupta+’15, Capozzi+’16, Zaizen+ in prep.

Spatio-Temporal instability

Halo effects (Inclusion of scattering) Axial symmetry breaking

(Bulb model)

Cherry+‘12 & ’13, Cirigliano+‘18, Zaizen+‘20 Raffelt+’13, Chakraborty+’14, Zaizen+‘21
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Axial-symmetry Breaking
Axisymmetry (1+2D)Symmetry breaking (1+3D)

Neutrinos

Antineutrinos

Spectral splits

⌫̄fe ⇠ ⌫̄iX
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Zaizen+ ‘21
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Symmetry Breaking vs. Suppression

P (↵) =

Z
d�0|⇢e↵| cos'0
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Left panel is the same time snapshot as the previous slide.
Flavor instability exponentially evolves and break the matter suppression.

But, at the other snapshots, more dense matter suppresses the rapid evolution.

No rapid evolution

Zaizen+ ‘21
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Symmetry Breaking

ρν(t, {r , Θ}, {Eν , θν , φν}) : (1+2+3)-D

ρν({r}, {Eν , θν}) + 𝓒 : (1+2)-D ρν({r}, {Eν , θν , φν}) : (1+3)-D

ρν({r}, {Eν , θν}) : (1+2)-D
Slow mode

Symmetry breakings can enhance the neutrino self-interaction
or weaken  the matter suppression.

But,
Matter suppression is still dominant against slow flavor conversion.

Dasgupta+’15, Capozzi+’16, Zaizen+ in prep.

Spatio-Temporal instability

Halo effects (Inclusion of scattering) Axial symmetry breaking

(Bulb model)

Cherry+‘12 & ’13, Cirigliano+‘18, Zaizen+‘20 Raffelt+’13, Chakraborty+’14, Zaizen+‘21
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Outlines
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µs =

s
�m2

2E⌫

p
2GFn⌫ ⇠ O(1) m�1

Ø Crossing in the energy dist.

Ø Driven by ν-ν & vacuum terms.

Ø Relatively long (slow) scale
Ø Likely to be suppressed by the 

other physical scales.
Ø ex.) matter oscillation

23Oscillation Modes
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e.g., 
・Sawyer ’05 & ‘16
・Izaguirre+ ‘17

e.g., 
・Duan+ ’06
・Chakraborty+ ‘16

Ø Crossing in the angular dist.

Ø Driven only by the self-interaction
Ø independent of mass term.

Ø Newly found.

Fast mode
(Fast Flavor Conversion, FFC)

Slow mode
(Slow Flavor Conversion)

<latexit sha1_base64="x9JSu4zGB+WCdA7839lJcBEd99w="></latexit>
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p
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H = Hvac +H⌫⌫
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Crossings in Angle

If 𝜈𝑋 = �̅�𝑋, NFLN is reduced to ELN.

Electron lepton number (ELN)

・Neutrino-flavor lepton number (NFLN) angular distribution.

Crossing

Angular crossings are not always generated.
= Locally satisfied.

𝜌 − �̅�

<latexit sha1_base64="u2dRRuCQoFaCGhz5esZ+2J7Ylow="></latexit>
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Morinaga et al. 2019):
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This approximate expression is partially motivated by the fact
that unstable solutions appear when the ELN crossing occurs.
Its validity will be checked at some selected points (see
Section 4.1 for more details).

4. Results

In this section, we present main results of this paper. We first
summarize the stability analysis of the fast flavor conversion in
Section 4.1. Then, we discuss the role of asymmetric neutrino
emissions, paying particular attention to the ELN crossings in
Section 4.2.

4.1. Stability of Fast Flavor Conversion

Figure 2 displays spatial maps of the growth rate of the fast
flavor conversion for some selected snapshots, in which colors
other than white represent the unstable region. Note that the
growth rate is computed based on Equation (3). One of the
common properties among all these snapshots is that unstable
modes exist in the wide areas at large radii (see, e.g., the pre-
shock region with r200 km in the top panels of Figure 2).
The occurrence of ELN crossing is also confirmed in the
region: νe is dominant over ne¯ in the outgoing (cos θν=1)
direction whereas the trend is opposite in the backward (cos
θν=−1) direction. This implies that the crossing occurs
somewhere in between. Below, we describe the essence of the
mechanism (but see Morinaga et al. 2019 for more details).

Accreted matter in pre-shock region is mostly composed by
heavy nuclei (see, e.g., the right panel of Figure 11 in Nagakura
et al. 2019b). Some neutrinos emitted from PNS experiences
scatterings by these nuclei and then turn their directions. Since
the outgoing neutrinos are several orders of magnitude more
abundant than those in the inward direction, the scattered
neutrinos govern the neutrino population in the inward
direction (see also Figure 2(b) in Morinaga et al. 2019). Note
also that, since the average energy of ne¯ is higher than that of
n n,e e¯ experiences more scatterings with nuclei than νe, which
makes ne¯ be more abundant than νe in the inward direction.
Thus, the ELN sign is negative in the inward direction, which is
opposite to that in outgoing direction (see, e.g., Tamborra et al.
2017), i.e., the ELN crossing appears.
Noted that the ELN crossing in the pre-shock region has

been overlooked so far even in most recent papers (see, e.g.,
Abbar et al. 2019; Delfan Azari et al. 2019; Shalgar &
Tamborra 2019). There are probably some reasons for this.
Almost every previous work has considered the possibility of
fast flavor conversion only in the post-shock region—in
particular, the vicinity of PNS (Abbar & Volpe 2019; Delfan
Azari et al. 2019)—where neutrinos are more abundant than in
the pre-shock region. In addition to this, although the ELN
property in the inward direction at pre-shock region is crucial
ingredient for the fast flavor conversion, it has received little
attention. This is because neutrinos have strongly forward-
peaked angular distributions at large radii, which have eluded
recognition of the ELN crossing. As pointed out in Morinaga
et al. (2019), the ELN crossing is tiny but the growth rate is
large enough to induce the flavor conversion, which may give
an impact on terrestrial observations of CCSN neutrinos. Note
that the neutrino signals in early post-bounce phase will not
be affected by the fast flavor conversion, since ne¯ emissions are
much smaller than νe at this phase. Indeed, we observe the ELN
crossings from Tb50 ms in this model.

Figure 2. Color contours of the growth rate of the fast flavor conversion. From left to right panels, the times are Tb=100, 150, 200, 250, and 300 ms, respectively.
The location of shock wave is also marked by a black dashed line. The bottom panels focus on the region with r100 km.
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Search for ELN crossings in neutrino data of CCSN simulations.

component, i.e., Ωi ¼ ImðΩÞ > 0. In this case the wave
amplitude can grow exponentially on the time scale of
lfast=c. Such unstable normal modes with fast growing
amplitudes can exist when the ELN distribution Gv crosses
0 at some angle(s) [31,34].

III. ELN CROSSINGS IN MULTI-D
SUPERNOVA MODELS

We study the angular distributions of the neutrinos which
are obtained by solving the Boltzmann transport equation
(without any flavor transformation) for several fixed super-
nova profiles [41]. These profiles were taken from the
representative snapshots at tpb ¼ 100, 150 and 200 ms post
the core bounce, respectively, of a 2D and a 3D supernova
simulations by using the Lattimer and Swesty equation of
state [53] with an approximate neutrino transport and with
an 11.2 M⊙ progenitor model [54,55]. The spatial reso-
lutions of the Boltzmann calculations are (256,64,1) and
(256,64,32) for the 2D and 3D models, respectively, for
radius up to 2613 km from the original simulations, where
ðNr; NΘ; NΦÞ are the numbers of spatial zones in the
spherical coordinates ðr;Θ;ΦÞ. The momentum resolution
ðNEν

; Nθν ; Nϕν
Þ of the neutrino flux in each spatial zone is

(14,6,12), where θν and ϕν are the zenith and azimuthal
angles of the neutrino velocity v with respect to the radial
direction, respectively.
Out of the three snapshots of the 2D model we find

regions with ELN crossings within and above the decou-
pling region in the one at tpb ¼ 200 ms. At this time, the
deformed shock has reached over 500 km and is poised to
explode the star with the help of a bipolar growth of the
hydrodynamic instabilities. Depending on their flavors and

energies, neutrinos decouple from matter at radius
∼50–70 km which can be viewed as the “surface” or
neutrino sphere of the PNS. In the first two panels of
Fig. 1 we show the number densities nν ¼

R d3p
ð2πÞ3 fνðpÞ and

average flux densities jν ¼
R d3p

ð2πÞ3 fνðpÞv in this snapshot
for ν ¼ νe and ν̄e, respectively. Both nν and jν are mostly
spherically symmetric in this snapshot with jν generally
pointing in the radial direction with some cases of nonradial
fluxes. Naively, one may think that ELN crossings may
occur below the neutrino sphere where jνe and jν̄e can point
in very different directions. This is not the case, however,
because fνðpÞ is highly isotropic in this region, and we find
no ELN crossing here.
In our study, ELN crossings usually begin to appear in

the region where the neutrinos begin to decouple from
matter as shown in the right panels of Fig. 1. Furthermore,
we find that, at the radii where ELN crossings do occur,
they usually appear in the angular zones with the ν̄e-to-νe
ratio α ¼ nν̄e=nνe close to 1. The correlation between α and
ELN crossings is not really a surprise. In the neutrino
decoupling region, fνðpÞ becomes more and more peaked
in the forward direction. Because the PNS is rich in
neutrons, ν̄e’s decouple from matter at smaller radii than
νe’s do and thus obtain a more forwardly peaked distribu-
tion. However, this difference in fνeðpÞ and fν̄eðpÞ is
usually not large enough to result in an ELN crossing
unless ν̄e has a flux density very close to that of νe. This is
likely the reason why no ELN crossing was found in a
previous study of 1D supernova models [38]. In the 2D
model presented in Fig. 1, however, α can vary across
angular zones at the same radius which leads to ELN
crossings in some regions.

FIG. 1. The neutrino number densities nνe and nν̄e (left panels) and their ratio α ¼ nν̄e=nνe (right panels) in the tpb ¼ 200 ms snapshot
of the 2D supernova model. The lengths and orientations of the arrows in the left panels indicate the magnitudes and directions of the
average neutrino flux densities jνe and jν̄e in the corresponding spatial zones. The white crosses in the right panels mark the zones where
the ELN crossing occurs. There is almost no difference between angle averaged properties of the neutrinos solved in the low and high
resolutions (with Nθν ¼ 6 and 36, respectively) except for the spatial extent over which the ELN crossing occurs.
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where x ≡ (t, x) defines the position in space-time, ! ≡
(E , v) specifies the energy and the flight direction, and the
flavor-isospin convention f(E ) = fν (E ) and f(−E ) = −fν̄ (E )
with E > 0 is employed, with (vµ) ≡ (1, v); the Hamilto-
nian H is given as H(x,!) = Hvac(E ) + Hint (x, v) with the
vacuum-mass term Hvac(E ) ≡ M2/2E and the potential term
Hint (x, v) ≡ v · Λ(x), in which M2 is the mass-squared ma-
trix and Λ is the 4-current of leptons defined as Λµ(x) ≡√

2GF [ diag[{ jµα (x)}] +
∫

d!f(x,!)vµ], with jµ the number
current of the charged lepton specified by α and

∫
d! ≡∫ ∞

−∞
dEE2

2π2

∫ d2v
4π

; C is the collision term.
In the region of our current concern, Hvac is much smaller

than Hint and plays just the role of an instigator of the flavor
conversion, generating initial perturbations. We hence drop it
in the following analysis. This also implies that only the fast
flavor conversion is considered. If the maximum wave num-
ber of vacuum oscillation kvac ≡ 1

h̄c
%m2

max
2E = 10 MeV

E × 6.6 ×
10−6 cm−1 [45] becomes comparable to the growth rate σ
(discussed below) of the fast flavor conversion, however, Hvac
should be reinstated and the slow mode also needs to be
considered [29]. The collision term C[ f ] is also neglected in
this study, since it is important not in the flavor conversion
itself but in setting the background for it [31].

We work in the framework of two-flavor mixing. Then a
small perturbation around the flavor eigenstate is expressed as

f(x,!) =
(

fνe (!) 0
0 fνx (!)

)
+ fc(!)

2

(
0 S(x,!)

S̄(x,!) 0

)
,

(4)

where fc(!) ≡ fνe (!) − fνx (!) and the small off-diagonal
component is denoted by S. Defining further the
energy-integrated off-diagonal component S (x, v) ≡
ei'c·x

∫ ∞
−∞

dEE2

2π2 S(x,!), with 'µ
c ≡

√
2GF [ jµe − jµx +∫

d! fc(!)vµ] and the angular intensity of ELN
G (v) ≡

√
2GF

∫ ∞
−∞

dEE2

2π2 fc(!), we can recast Eq. (3) for
the off-diagonal component into

v · (i∂ )S (x, v) +
∫

d2v′

4π
G (v′)v · v′S (x, v′) = 0 (5)

to the linear order of S . Note that the variation of ' is
neglected, since we consider a patch of space much smaller
than the background scale height and a period of time much
shorter than the typical hydrodynamical timescale. For the
plane wave ansatz S (x, v) ≡ Q(v)eik·x, a nontrivial solution
of Eq. (5) exists if and only if

det )(k) = 0 (6)

is satisfied for the polarization tensor given as

)µν (k) = ηµν +
∫

d2v

4π
G (v)

vµvν

v · k
. (7)

The fast flavor conversion, which is regarded here as
instability of the flavor eigenstate, occurs when the solution
of Eq. (6), k0 = ω(k), has a positive imaginary part for some
k ∈ R3. Since analytic solutions are not expected in general,
we need to solve Eq. (6) numerically, which is not an easy
task [26,33,38–40].
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FIG. 1. Radial profiles of the baryonic mass density (orange solid
line) and the number density of νe (cyan solid line) and ν̄e (red solid
line) multiplied by

√
2GF (h̄c)2. The black solid and gray dashed

lines represent the growth rate of the fast flavor conversion for
the standard-resolution [(NE , Nµ) = (20, 10)] and high-resolution
[(NE , Nµ) = (30, 40)] simulations, respectively (NE and Nµ denote
the numbers of energy and angular grid points, respectively). The
time is 100 ms after the bounce and the shock wave is located
at ∼223 km.

IV. REALISTIC MODELS

Below we vindicate the above argument given for the bulb
model by quantitatively analyzing the data obtained in our
CCSN simulations with the full Boltzmann neutrino transport.
Importantly, the ELN crossings in the preshock region are
confirmed in all of our 1D and 2D models [46–49] and also in
the 1D models of Tamborra et al., which are publicly available
[50]. Tamborra et al. [18] reported that there was no ELN
crossing in the latter models, which is not true however.2

In the following analysis, we employ the numerical data
of a spherically symmetric 11.2M) CCSN model [47] as a
representative case.

Figure 1 portrays the radial profiles of neutrino number
densities and baryonic mass density as well as the approxi-
mate estimate of the growth rate of the fast flavor conversion
given by the formula

σ ∼

√

−
(∫

G (v)>0

d2v

4π
G (v)

)(∫

G (v)<0

d2v

4π
G (v)

)
, (8)

which is motivated by the analysis of the two-beam model (see
footnote 1) and not bad indeed as confirmed later by linear
analysis. As shown in Fig. 1, the fast flavor conversion occurs
at the preshock region and its growth rate is ∼10−4 cm−1.
It should be stressed that the result is not an artifact of nu-
merical diffusions in our CCSN simulations; indeed, the same
simulation but with much higher resolutions yields essentially
the same results (the gray dashed line in the same figure).3

2It seems that they overlooked or discarded this tiny crossing,
which is almost invisible if the ELN distributions are plotted in linear
scale.

3For this simulation and another with the coherent scattering turned
off, only neutrino transport was recomputed for the fixed matter
background. We confirmed the validity of this treatment, employing
the standard setting.
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about tpb ¼ 190 ms, when we find the crossings to
happen. Although the maximum value of Γ exceeds
unity at later times, the ELN crossings still occur in the
regions, where the value of Γ is ≈1 at these times.
The widths of the unstable regions look very narrow but

are still much wider than the conversion length scale, in
fact. This is understood from Fig. 5 as follows: the
difference between the values of Γ is ΔΓ ¼ 0.1 for the
adjacent contour lines that are separated spatially by
∼0.5 × 103 m; since the ELN is a fraction ∼10−3 of the
individual number densities of νe and ν̄e in the region,
where the ELN crossing occurs, the width of that region
may be estimated as ∼5 m, which should be compared with
the length of the fast conversion, ∼0.01 m (see Fig. 4).

In Fig. 6 we present, instead of their ratios, the number
densities of νe (left panel) and ν̄e (right panel) themselves at
tpb ¼ 190 ms as color contours. On top of them are the flux
vectors of each species of neutrinos. In each panel, the left
half is for the laboratory frame and the right half is for the
fluid-rest frame. It is observed that νe becomes more
abundant at smaller radii whereas ν̄e is almost absent at
r≲ 10 km. This is due to the strong Fermi-degeneracy of
νe in this region. It is also obvious that ν̄e is most abundant
off center at r ∼ 15 km (see the yellow half-circles in the
right panel of Fig. 6). This corresponds to the region, where
the ratio Γ is largest. The neutrino fluxes are trailing the
convective matter motions irrespective of species in the
laboratory frame as can be seen in the left half of each

FIG. 5. The contour plots of the ratio of the number density of ν̄e to that of νe number densities, Γ, for the three different times. Black
crosses for tpb ¼ 190 and 275 ms indicate the places where the crossings are observed. Three contour lines correspond to Γ ¼ 0.9
(white), 1.0 (black), and 1.1 (red). It is evident that the crossings occur when the value of Γ is very close to 1.

FIG. 6. The number fluxes (arrows) and color contours of the number densities of νe (left two panels) and ν̄e (right two panels),
respectively. The left and right halves of each panel are for the laboratory and fluid-rest frames, respectively.
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of CCSNe.
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(nucleon-scattering + α    1 + cold matter)
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Space-time diagram of ELN-angular crossings in CCSNe

�

� 1 s

�200 km

FIG. 4. Space-time diagram for appearance of ELN crossings. The bold red line portrays a time
trajectory for the shock wave in exploding models. The thin and dashed line represents the counterpart
of shock trajectory for non-exploding models. The color code for enclosed regions distinguishes types
of ELN crossing. The green, blue, and brown color denote Type I, Type II, and any type of crossings,
respectively. In each region, we provide some representative characteristics of ELN-crossings. The
remark ”Exp-only” denotes that the ELN-crossing appears only in exploding models. See text for
more detail.

anism for these is di↵erent. In Sec. III B, we conduct an
in-depth analysis of their physical origin.

We provide a schematic space-time diagram of ELN
crossings in Fig. 4. This figure summarizes the over-
all trends of crossings observed in our CCSN models.
We note that crossings relevant to PNS convection and
the pre-shock region drawn in Fig. 4 are not included in
Fig. 3. There is a technical reason why we do not include
the case with PNS convection in Fig. 3. This issue will be
discussed later. To facilitate the readers’ understanding,
the color in Fig. 4 distinguishes types of ELN-crossings.
Below, we turn our attention to the physical origin of
ELN crossing generation.

B. Generation mechanism of ELN crossings

1. Type-II crossings at early post-bounce phase

Let us start by analyzing the Type-II crossings that
appear at the early post-bounce phase (⇠ 100 ms) in all
CCSN models (see the top left panel in Fig. 3). We first
present the result from the 12 solar mass model as a rep-
resentative case. The progenitor-dependence is discussed
later. In Fig. 5, we show Mollweide projections of the
ELN crossing and some important quantities at 130 km
for the 12 solar mass model case. We find that the Type
II crossing has a rather scattered distribution (see the

top left panel). To see the trend more quantitatively, we
show �Gout in the left middle panel in Fig. 5, which cor-
responds to the ELN at µ = 1. Here �Gout and �Gin

are defined as follows. The energy-integrated number of
neutrinos at µ = 1 and �1 are written as

Gout =

Z
d(

"3

3
)fout("),

Gin =

Z
d(

"3

3
)fin("),

(2)

respectively, where " denotes the neutrino energy in units
of MeV. We stress that both fout and fin in Eq. 2 are the
basic output of our angular reconstruction computation
complemented by the ray-tracing method (see Sec. II B).
Here �G is the di↵erence of the ⌫e and ⌫̄e G values:

�G = G⌫e �G⌫̄e , (3)

where we omit the subscript ”out” or ”in” in Eq. 3. As
shown in Fig. 5, we find that ⌫̄e dominates over ⌫e in
some regions (blue-colored area), and these regions are
in one-to-one correspondence to the regions of Type-II
crossings. The one-to-one correspondence is attributed
to the fact that ⌫e always overwhelms ⌫̄e in µ = �1
(incoming) direction.
We find some interesting correlations between the

Type-II crossings and other physical quantities. These
correlations provide useful insight for studying the phys-
ical origin of the crossings. To quantify the correlations,

26Possibility of ELN Crossings
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Figure 4. Instability rates for di↵erent values of a and b, for evolution in time, without including
inward going modes (left panel) and including inward going modes (right panel). These instabilities
are azimuthally asymmetric, and we found no instabilities if the azimuthal symmetry were to be exact.
There is no dependence on �.
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Figure 5. Growth of instability for evolution in time, as predicted by numerical solution of the
nonlinear evolution of ⌫̄e, for representative values of a and b. The left panel shows quantity Aeµ =
log10 |S| as a measure of the extent of flavor conversion. The right panel shows the angle-integrated
survival probabilities Pee. These instabilities are azimuthally asymmetric and independent of �.

where the ⌫e are emitted isotropically along all zenith angles (see right panel of figure 2). It
is clear that, for the same value of a and b, the presence of the backward travelling modes
of ⌫e greatly amplify the instabilities. What this means in practice is that closer to the
neutrinosphere, the fast instability can be stronger due to the presence of these inward going
neutrinos.

We have also numerically solved the fully nonlinear EoMs for the spectrum correspond-
ing to the left panel in figure 4 (no inward going modes). The EoMs were discretized in
vz and ', with 100 modes for 0  vz  1 and 10 modes in ', and the ⌫-⌫ interaction
strength was taken to be µ = 4 ⇥ 105 km�1. In figure 5 we show these numerically evaluated
angle-integrated amplitudes of the flavor conversions for the ⌫̄e,

Aeµ(t) = log10 |S(t)| , (3.18)
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where the ⌫e are emitted isotropically along all zenith angles (see right panel of figure 2). It
is clear that, for the same value of a and b, the presence of the backward travelling modes
of ⌫e greatly amplify the instabilities. What this means in practice is that closer to the
neutrinosphere, the fast instability can be stronger due to the presence of these inward going
neutrinos.

We have also numerically solved the fully nonlinear EoMs for the spectrum correspond-
ing to the left panel in figure 4 (no inward going modes). The EoMs were discretized in
vz and ', with 100 modes for 0  vz  1 and 10 modes in ', and the ⌫-⌫ interaction
strength was taken to be µ = 4 ⇥ 105 km�1. In figure 5 we show these numerically evaluated
angle-integrated amplitudes of the flavor conversions for the ⌫̄e,
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Figure 2. Sketches of the schematic zenith angle distributions of ⌫e (blue) and ⌫̄e (red), used for
the calculations in this section. The left panel shows a spectrum that corresponds to eq. (3.2) with
no ingoing ⌫e or ⌫̄e, while the right panel shows a spectrum with ingoing ⌫e and ⌫̄e as in eq. (3.17).
The ⌫e and ⌫̄e have a flux ratio 1 + a, i.e., more ⌫e than ⌫̄e when a > 0, and the ⌫̄e have a more
forward-peaked distribution, controlled by the parameter b which we always choose to be larger than
the min(vz) for ⌫e.

where vT is the velocity vector of the neutrino projected on the x-y-plane. For now, we
assume translation invariance of the solutions along the transverse directions and drop the
term involving the @T ; we will comment on this issue at the end this section.

Our discussion pertains to a situation where µ � �m2/(2E) for all relevant neutrino
energies E. We can then ignore the vacuum term, and integrate eq. (3.1) under

R
d! g!,vz ,'

to find that the evolution of S̃vz ,' ⌘
R

d! g!,vz ,' S!,vz ,' depends on spectrum g!,vz ,' only
through g̃vz ,' ⌘

R
d! g!,vz ,', i.e., the di↵erence of the flux-weighted angular spectra of the

neutrinos and antineutrinos. Explicitly, when g!,vx,' / (d�⌫e/d��d�⌫x/d�)!>0+(d�⌫̄e/d��

d�⌫̄x/d�)!<0 is integrated over !, the ⌫x and ⌫̄x dependent terms cancel each other. As a
result, the ⌫x and ⌫̄x distributions do not enter the EoMs as long as they are equal.1 At this
point, one could integrate out ! and study the stability of S̃vz ,'. However, we will study the
stability of S!,vz ,', keeping our equations general and explicitly retaining !, setting it to zero
only at the end.

In this section, we consider only ⌫e and ⌫̄e with the spectrum

g!,vz ,' =
1

2⇡


(1 + a)f⌫e(!)⇥(vz)⇥(1 � vz) �

1

(1 � b)
f⌫̄e(!)⇥(vz � b)⇥(1 � vz)

�
, (3.2)

which, once integrated over their normalized !-distributions f⌫e(!) and f⌫̄e(!), encodes the
di↵erence of the flux-weighted zenith-angle distributions of ⌫e and ⌫̄e. These distributions
are individually shown in figure 2 (left panel). The factor 1 + a encodes the ratio of the
total neutrino to antineutrino flux, which we expect to be larger than 1. Note that the
spectrum is independent of '. However, we shall find that this azimuthal symmetry often
gets spontaneously broken. Most importantly, however, the zenith angle distributions for the
neutrinos and antineutrinos are not the same. While neutrinos are emitted over the entire
forward hemisphere (0  vz  1), the antineutrinos are contained in a narrower forward cone
b  vz  1, with b > 0. As long as 1/(1 � b) > 1 + a, there is a crossing of the two flux-
weighted angular spectra. This kind of a “non-trivial” flavor-dependent angular distribution
is believed to be be crucial for fast conversion.

We will also investigate the impact of extending the range of vz to negative values, i.e.,
(�1  vz  1) for neutrinos and with b > �1, as shown in the right panel of figure 2, to
understand the role of inward going neutrinos and antineutrinos. However, we limit our focus
to physically motivated spectra such that ⌫e have larger fluxes and wider distributions in the
zenith angle, compared to ⌫̄e.

1
We are grateful to Georg Ra↵elt for clarifying this issue to us.

– 6 –

Angular distribution (Toy model)
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FIG. 3. Snapshots of P3(z, vz) at di↵erent simulation times for the same systems shown in Fig. 2 when the initial perturbations
have grown to the non-linear regime. Flavor waves with coherent structures develop and propagate. Small scale structures
form when flavor waves interact and breaks the coherent structure.

B. Non-linear regime: point-source like
perturbations

When the perturbations grow to the non-linear regime,
wave-like oscillatory features develop [37]. In Fig. 3, we
show the snapshots of P3(z, vz) at di↵erent times for
↵ = 0.9 and 1.1 using the same point-source like per-
turbations as in Sec. III A. For the case of ↵ = 0.9, the
flavor evolution behavior of the system is in general sim-
ilar to those reported in Ref. [37]. Flavor waves develop
and mainly propagate toward the positive z direction.
This is consistent with the growth of perturbations in
the linear regime discussed earlier. An interesting fea-
ture shown here is that although the flavor oscillations
initially can a↵ect all vz modes, illustrated by the verti-
cal stripes in the upper two sub-panels in Fig. 3(a), this
e↵ect diminishes when time proceeds and flavor conver-
sions are roughly confined in vz

>
⇠ vz,c ' 0.65.

Another interesting feature is: When the forward-
traveling wavefront interacts with the slowly backward
propagating part after t >⇠ 1200, it pushes the whole pat-
tern to drift toward positive z direction. Meanwhile, this
interaction breaks the coherent wave-like pattern. Sub-
structures in smaller scale develop such that the orienta-
tion of the neutrino polarization vectors varies rapidly in
z for vz >

⇠ vz,c. Consequently, although at each location
z, neutrinos with di↵erent vz

>
⇠ vz,c still have |P| = 1,

the “average polarization vector” over the z domain can
shrink due to their misalignment. Such a flavor state was

referred as “flavor depolarization” in Ref. [40, 41] and we
will discuss its behavior in more detail in the next section.
For vz <

⇠ vz,c, most neutrinos remain una↵ected.
For ↵ = 1.1 shown in panel (b), flavor conversions

quickly develop toward both the positive and negative z

directions and produces coherent and wave-like structure,
once again consistent with that indicated by the growth
of perturbations in the linear regime. Similarly, when
the forward and backward propagating modes interact
after t >

⇠ 665, smaller structures develop and cause a
major part of vz reaching closer to flavor depolarization.
One important di↵erence from the previous ↵ = 0.9 case
is: now flavor depolarization happens mostly in vz

<
⇠

vz,c ' 0.45. We will also discuss this feature and its
consequences in Sec. IVB.
For the other ⌫ELN spectra with ↵ = 1.0, 1.2 and 1.3,

the behaviors are qualitatively similar to that with ↵ =
1.1. Full simulation animations are available at https:
//mengruwuu.github.io/COSEv1dbox/.

C. Non-linear regime: random perturbations

Now, let us look at how the flavor systems evolve when
we adopt di↵erent seed of random perturbations. We
show again P3(z, vz) at di↵erent time snapshots in Fig. 4
for ↵ = 0.9 and 1.1. With random perturbations, some
locations have larger P? initially such that flavor con-
versions develop faster around those locations (see the

Wu+ ‘21

Flavor equilibrium.
Interference with flavor waves.

Cascade in spatial modes (+inverse)

A. Effective two-flavor case only with ELN crossing

We first present the case omitting the vacuum term
in the effective two-flavor case. Figure 3 shows the
time evolution of the angle-averaged off-diagonal term
jρnKex j ¼ hjðP̃K

ω;vÞð1Þ − iðP̃K
ω;vÞð2Þji. The flavor evolution in

Fourier space displays two branches at early time
t < 6 μs. The spatial Fourier space that the excited modes
span is consistent with the two right unstable branches in
Fig. 2. On the other hand, the dispersion relation gives
three branches, and the leftmost flavor instability with the
smallest growth rate is missing. The growth rate of the
leftmost flavor instability is about ImΩ ∼ ð4 μsÞ−1 and
an order of magnitude smaller than the peak in the
rightmost branch with the largest growth rate. It means
that the initial perturbation grows only about 4.5 times by
the critical time t ∼ 6 μs when the nonlinear effects
appear. As shown in Fig. 3, spatial modes that would
otherwise remain stable grow fast via the nonlinear
convolution term after t ∼ 6 μs and a cascade develops
into all Fourier modes. Therefore, the other unstable
branches reach the nonlinear regime first and cover up
this tiny flavor instability before it grows sufficiently.
Finally, all spatial Fourier modes receive the flavor
instability, and complicated oscillation behaviors appear.
Figure 4 shows the time evolution of the off-diagonal

term jρnKex j for some spatial modes. The top panel is for two
spatial modes 0.66 m−1 and 0.693 m−1, and the bottom is
for spatial modes 0.8778 m−1 and 1.056 m−1. For each

panel, one corresponds to an unstable mode (as we can
confirm in Fig. 2) and the other to a stable mode. The
growth rates during the linear phase, estimated from Fig. 4,
are ImΩ ¼ 1.57 μs−1 and 2.50 μs−1 for K ¼ 0.693 m−1

and 0.8778 m−1, respectively. These growth rates are
consistent with the peak of the two branches predicted
by the dispersion relation in Fig. 2. On the other hand, the
stable modes in Fig. 2 indeed do not grow in the linear
phase before t ∼ 6 μs, while they quickly grow after that
due to the nonlinear effect.
As a comparison, we perform a similar simulation

including the vacuum term and present it in Fig. 5. In this
case, perturbation seeds are naturally given by mixing angles
and then lead to fast flavor conversion by the self-interaction
potential. The narrow components corresponding to the
middle branch in Fig. 2 is prominent, while the modes that
seem to correspond to the rightmost branch are much
broader, and there is no gap between the two branches. In
the preshock region, the self-interaction potential Φ is not

FIG. 3. The case neglecting the vacuum term within the
effective two-flavor framework. The time evolution of the
angle-averaged off-diagonal term jρnKex j for various spatial Fourier
modes K in the case neglecting the vacuum term within the
effective two-flavor framework. Spatial modes around K ¼
0.7 m−1 and 0.9 m−1 are first excited and then the flavor
instabilities spread to different modes due to the nonlinear term
after t ∼ 6 μs.

FIG. 4. The time evolution of the off-diagonal term jρnKex j for
some spatial Fourier modes in the case omitting the vacuum term.
The top panel is with K ¼ 0.66 m−1 and 0.693 m−1, inside and
outside the middle branch, respectively. The bottom panel is with
K ¼ 0.8778 m−1 and 1.056 m−1, inside and outside the right-
most branch, respectively.
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Consider spatial structure recently.

Neutrino dist.: ρ(t, z, vz)

But it remains
• 1D-space
• Periodical box.

<latexit sha1_base64="WrxNGKMatJwhWP3QXle6DTeKzAM="></latexit>

Pee = 0.5



μ is a ubiquitous dimensional quantity.

We can recast it dimensionless by setting μ=1.

29Quantum Kinetic Equation
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QKE for flavor evolution：
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(Example)
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Model

Crossing

ELN angular distribution

Crossing
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Pure electron state. XLN is zero.
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Nonlinear simulation
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Randomly spatial perturbation

Simulation box
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Nonlinear simulation
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Spatial Structure

Flavor evolution
• Generate smaller-scale 

structure in time.
• FFC occurs only within 

crossing.
• FFC reaches nonlinear 

saturation at t ~ 2000.

Saturation
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Spatial Average

No Crossing in ELN-XLN !!

FFC reaches nonlinear saturation due to the disappearance of angular crossing.
Further flavor conversion does not occur.

FFC works to eliminate the angular crossings.
And the saturation timescale is in O(ns).
We can employ FFC as sub-grid models in CCSN simulation!!

ELN still has a crossing.
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Summary & Future Prospect

• Flavor mixings in core-collapse supernovae
– May affect the dynamics and the observables.

• Slow & Fast flavor conversions
– Triggered by spectral crossings in phase-space distributions.
– Slow: dramatic spectral splits, but likely to be suppressed.
– Fast  : locally but evolve promptly due to the faster timescale.

• Nonlinear saturation in fast flavor conversion
– Eliminate the angular crossings.

• Sub-grid model of nonlinear flavor conversion in CCSN 
simulation?


