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Consistent with GR?

Probing Various Gravitational Theories (Yagi-san)



Numerical Relativity

• Strongest test of GR

• Numerical relativity simulation for binary black holes

• Inspiral-merger-ringdown waveforms

(Kiuchi-san)
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NR waveform



Numerical Relativity

• Strongest test of GR

• Numerical relativity simulation for binary black holes

• Two papers

• Directly comparing GW150914 with numerical solutions of 
Einstein‘s equations for binary black hole coalescence
Phys. Rev. D 94, 064035 (2016) [arXiv:1606.01262 [gr-qc]].

• Modeling the source of GW150914 with targeted numerical-
relativity simulations
arXiv:1607.05377 [gr-qc].

(Kiuchi-san)



Phys. Rev. D 94, 064035 (2016)

• Directly comparing GW150914 with numerical solutions 
of Einstein’s equations for binary black hole coalescence

• 1139 distinct simulations

• quasicircular inspiral and coalescence

• 7 parameters (mass ratio (1), spin directions (6))

𝑥

𝑧

𝑚1, 𝝌1

𝑚2, 𝝌2

𝑞 = 𝑚1/𝑚2



Simulations
Mass ratio / spin / initial orbital frequency / remnant mass / spin

A simple combination of spins: 



• Directly comparing GW150914 with numerical solutions 
of Einstein’s equations for binary black hole coalescence

• 1139 distinct simulations

• quasicircular inspiral and coalescence

• 7 parameters (mass ratio (1), spin directions (6))

• Redshifted total mass (1)

• 7 extrinsic parameters
(spacetime coordinates for the event (4),
Euler angles of binary’s orientation (3))
--> marginalized out

Phys. Rev. D 94, 064035 (2016)



Rankings

(L=2, m=all), 𝑓𝑙𝑜𝑤 = 30Hz

(L=2 and 3, m=all), 𝑓𝑙𝑜𝑤 = 30Hz

Mass ratio / spin / redshifted total mass / start frequency

• Uncertainty in parameter estimation



• Gravitational wave at infinity (Weyl scalar 𝜓4 from NR)

• 𝜓4 extracted from a finite radius, need extrapolation

• But, there is a problem … We will see later.

Advertisement



arXiv:1607.05377 [gr-qc]

• Two completely independent codes

Exception: [38] Pfeiffer and York, Phys. Rev. D 67, 044022 (2003).
A new class of covariant decompositions of the extrinsic curvature

RIT SXS



Mass ratio / spin / initial frequency / radial velocity / separation / eccentricity

Target
• GW150914



• Initial parameters for BBH (𝑀 = 𝑚1 +𝑚2)

• Comparison of the (L, m) = (2, 2) mode extracted 
from two simulations from SpEC and LazEv.

Difference between waveforms

Total mass = 70 Msun, 0.1s ~ 290M



Difference between waveforms

• Quantitative treatment

• Match (with time and phase shifts only)

• Overlap with Advanced LIGO design power spectrum (𝑆𝑛)

• Integration for |𝑓| ≥ 𝑓𝑚𝑖𝑛



Difference between waveforms

Mismatch (1-Match) between SXS (>15.7Hz)
and RIT (>19.5Hz) (L=2, m=2)-mode waveforms,
against one another and against a corresponding 
SEOBNRv2 (analytical-modeling) template

Total mass = 70 Msun
Ringdown freq. ~ 256Hz



Difference between waveforms

Match between SXS (L6) and RIT waveforms.

𝑓𝑚𝑖𝑛 = 22 Hz
or 22𝑚 Hz



Difference between waveforms

Dominant (L, m) modes



Difference between waveforms

-----> Higher resolution

-->             --> 

-->             --> 



Difference between waveforms

Worse for lower m modes



Extrapolating gravitational-wave data

• Taylor series fitting with respect to 
1

𝑟
in SXS

𝐴 =෍
𝐴(𝑛)

𝑟𝑛

• Perturbative extrapolation

•

න𝑑𝑡 →
1

𝜔
, 𝜔 = 𝑚 𝑀/𝑟0

3

Boyle and Mroué, Phys. Rev. D 80, 124045 (2009).



• The length of the waveforms for lower masses is 
challenging to model with pure NR.

• It is more efficient to match the early part of the binary 
evolution to PN waveforms and build up a hybrid data-
bank.

• Challenging corners of the parameter space: small mass 
ratios and high spins.

• Still NR to provide further simulations for BH/NS and 
NS/NS systems

--- By Carlos O. Lousto in GR21

Brief summary

Two months!
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Ringdown gravitational waves
• Did we really observe the ringdown waves?

LIGO Scientific Collaboration
and Virgo Collaboration,
Phys. Rev. Lett.  116, 061102 (2016).



Ringdown gravitational waves
• Did we really observe the ringdown waves?

LIGO Scientific Collaboration
and Virgo Collaboration,
Phys. Rev. Lett.  116, 061102 (2016).

a~0.62

a~0.89

a~0.97



Ringdown of GW150914

LIGO Scientific Collaboration and Virgo Collaboration,
Phys. Rev. Lett. 116, 221101 (2016).

After the merger time

Derived from
the full waveform



Ringdown and quasinormal modes

• Ringdown GWs are described by 
damped sinusoidal waves.

• Central frequency: 𝑓𝑐, quality factor: 𝑄,
𝑡0, 𝜑0: initial time and phase

• If the remnant is BH, then BH’s QNMs!
The dominant (L=2, m=2), least-damped (n=0) mode

Berti, Cardoso and Will, Phys. Rev. D 73, 064030 (2006). 



Simple GR test

Schwarzschild line (𝛼𝑟𝑒𝑚 = 0): 
If below the line, something wrong in GR.

(5.0ms)
SNR ~ 6.3, 90% CL



Ringdown (real and imaginary freq.)

Prohibited
region

Nakano, Tanaka, Nakamura, Phys. Rev. D92, 064003 (2015).



Typical Pop III BBHs
(Kinugawa-san)

Kinugawa, Inayoshi, Hotokezaka, Nakauchi and Nakamura, 
MNRAS 442, 2963 (2014).

Kinugawa, Miyamoto, Kanda and Nakamura,
MNRAS 456, 1093 (2016).

• Total mass: 60M_sun, equal mass

• (assuming nonspinning BBHs)

• Simply use the phenomenological fitting formulas 
for the remnant mass and spin

Healy, Lousto and Zlochower,
Phys. Rev. D 90, 104004 (2014).



Simple GR test

Prohibited
region

Kinugawa, Nakano, Nakamura, arXiv:1606.00362



SNR=35?

LIGO Scientific Collaboration
and Virgo Collaboration,
arXiv:1606.04856

GW150914                   LVT151012                   GW151226



With B-DECIGO

T. Nakamura et al., Prog. Theor. Exp. Phys. 093E01 (2016) 
[arXiv:1607.00897 [astro-ph.HE]].

Total mass

SNR for ringdown GW

Redshift = 0.2

Redshift = 10
SNR=35

(Sato-san)



• Strong test by numerical relativity

• Simple GR test with QNM

• Cf. Testing GR (BH) with multi QNMs

• Main stream (?) Extraction of Ringdown GWs is important!

• New physics from deviation

• Yagi-san’s presentation on
“Probing Various Gravitational Theories” 

Inspiral phase
(𝑚1, 𝑚2, 𝑺1, 𝑺2)

Ringdown phase
(𝑀rem, 𝛼rem)

QNM spectrum

Merger phase
Numerical 
relativity

--> Fitting formula

Summary





Kerr BH and QNMs

• Starting from Kerr metric

• Master equation for perturbations

Teukolsky equation

S. A. Teukolsky, ApJ. 185, 635 (1973).Ringdown



Sasaki-Nakamura equaiton
• V: Potential of radial Teukolsky Eq.: Long-range

• To short-range one
Sasaki, Nakamura, Phys. Lett. A 89, 68 (1982).
Sasaki, Nakamura, Prog. Theor. Phys. 67, 1788 (1982).
Nakamura, Sasaki, Phys. Lett. A 89, 185 (1982).

For QNMs, vacuum perturbation

0



• Schutz and Will, ApJ, 291, L33 (1985).

• Nakamura, Nakano, Tanaka, Phys. Rev. D 93, 044048 (2016).

WKB analysis of QNMs

QNM GWs from potential peak

InfinityHorizon

QNM Freq. --> Location of GW emission



Accuracy in WKB

Nondimensional spin parameter

Rel. Diff.

Real and imaginary
parts of QNM Freq.



 An analysis for the uncertainty
(in the limit of spin parameter, q=a/M  1)

Nakano, Sago, Tanaka, Nakamura,
Prog. Theor. Exp. Phys., 083E01 (2016).

 Peak location:

 Event horizon:

Uncertainty of peak location



Various radius

Nakamura, Nakano, 
Prog. Theor. Exp. Phys., 041E01 (2016). 

Nondimensional spin


